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Preface

This textbook is based on the one-semester course “Introduction to Astrophysics”,
taken by third-year Physics students at Tel-Aviv University, which I taught several
times in the years 2000-2005. My objective in writing this book is to provide an
introductory astronomy text that is suited for university students majoring in physi-
cal science fields (physics, astronomy, chemistry, engineering, etc.), rather than for
a wider audience, for which many astronomy textbooks already exist. I have tried
to cover a large and representative fraction of the main elements of modern astro-
physics, including some topics at the forefront of current research. At the same
time, I have made an effort to keep this book concise.

I covered this material in approximately 40 lectures of 45 min each. The text
assumes a level of math and physics expected from intermediate-to-advanced un-
dergraduate science majors, namely, familiarity with calculus and differential equa-
tions, classical and quantum mechanics, special relativity, waves, statistical me-
chanics, and thermodynamics. However, I have made an effort to avoid long math-
ematical derivations, or physical arguments, that might mask simple realities. Thus,
throughout the text, I use devices such as scaling arguments and order-of-magnitude
estimates to arrive at the important basic results. Where relevant, I then state the re-
sults of more thorough calculations that involve, e.g., taking into account secondary
processes which I have ignored, or full solutions of integrals, or of differential equa-
tions.

Undergraduates are often taken aback by their first encounter with this order-of-
magnitude approach. Of course, full and accurate calculations are as indispensable
in astrophysics as in any other branch of physics (e.g., an omitted factor ofπ may
not be important for understanding the underlying physics of some phenomenon,
but it can be very important for comparing a theoretical calculation to the results of
an experiment). However, most physicists (regardless of subdiscipline), when faced
with a new problem, will first carry out a rough, “back-of-the-envelope” analysis,
that can lead to some basic intuition about the processes and the numbers involved.
Thus, the approach we will follow here is actually valuable and widely used, and
the student is well-advised to attempt to become proficient at it. With this objective
in mind, some derivations and some topics are left as problems at the end of each
chapter (usually including a generous amount of guidance), and solving most or
all of the problems is highly recommended in order to get the most out of this
book. I have not provided full solutions to the problems, in order to counter the
temptation to peek. Instead, at the end of some problems I have provided short
answers that permit to check the correctness of the solution, although not in cases
where the answer would give away the solution too easily (physical science students
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are notoriously competent at “reverse engineering” a solution – not necessarily
correct – to an answer!).

There is much that doesnot appear in this book. I have excluded almost all de-
scriptions of the historical developments of the various topics, and have, in general,
presented them directly as they are understood today. There is almost no attri-
bution of results to the many scientists whose often-heroic work has led to this
understanding, a choice that certainly does injustice to many individuals, past and
living. Furthermore, not all topics in astrophysics are equally amenable to the type
of exposition this book follows, and I naturally have my personal biases about what
is most interesting and important. As a result, the coverage of the different subjects
is intentionally uneven: some are explored to considerable depth, while others are
presented only descriptively, given brief mention, or completely omitted. Similarly,
in some cases I develop from “first principles” the physics required to describe a
problem, but in other cases I begin by simply stating the physical result, either be-
cause I expect the reader is already familiar enough with it, or because developing
it would take too long. I believe that all these choices are essential in order to keep
the book concise, focused, and within the scope of a one-term course. No doubt,
many people will disagree with the particular choices I have made, but hopefully
will agree that all that has been omitted here can be covered later by more advanced
courses (and the reader should be aware that proper attribution of resultsis the strict
rule in the research literature).

Astronomers use some strange units, in some cases for no reason other than
tradition. I will generally use cgs units, but also make frequent use of some other
units that are common in astronomy, e.g.,Ångstroms, kilometers, parsecs, light-
years, years, Solar masses, and Solar luminosities. However, I have completely
avoided using or mentioning “magnitudes”, the peculiar logarithmic units used by
astronomers to quantify flux. Although magnitudes are widely used in the field,
they are not required for explaining anything in this book, and might only cloud the
real issues. Again, students continuing to more advanced courses and to research
can easily deal with magnitudes at that stage.

A note on equality symbols and their relatives. I use an “=” sign, in addition to
cases of strict mathematical equality, for numerical results that are accurate to better
than ten percent. Indeed, throughout the text I use constants and unit transforma-
tions with only two significant digits (they are also listed in this form in “Constants
and Units”, in the hope that the student will memorize the most commonly used
among them after a while ), except in a few places where more digits are essential.
An “≈” sign in a mathematical relation (i.e., when mathematical symbols, rather
than numbers, appear on both sides) means some approximation has been made,
and in a numerical relation it means an accuracy somewhat worse than ten percent.
A “∝” sign means strict proportionality between the two sides. A “∼” is used in
two senses. In a mathematical relation it means an approximate functional depen-
dence. For example, ify = ax2.2, I may writey ∼ x2. In numerical relations, I
use “∼” to indicate order-of-magnitude accuracy.

This book has benefitted immeasurably from the input of the following col-
leagues, to whom I am grateful for providing content, comments, insights, ideas,
and many corrections: T. Alexander, R. Barkana, M. Bartelmann, J.-P. Beaulieu, D.
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Bennett, D. Bram, D. Champion, M. Dominik, H. Falcke, A. Gal-Yam, A. Ghez, O.
Gnat, A. Gould, B. Griswold, Y. Hoffman, M. Kamionkowski, S. Kaspi, V. Kaspi,
A. Laor, A. Levinson, J. R. Lu, J. Maos, T. Mazeh, J. Peacock, D. Poznanski, P.
Saha, D. Spergel, A. Sternberg, R. Webbink, L. R. Williams, and S. Zucker. The
remaining errors are, of course, all my own. Orit Bergman patiently produced most
of the figures – one more of the many things she has granted me, and for which I
am forever thankful.

D.M.
Tel-Aviv, 2006
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Constants and Units

(to two significant digits)

Gravitational constant G = 6.7× 10−8 erg cm g−2

Speed of light c = 3.0× 1010 cm s−1

Planck’s constant h = 6.6× 10−27 erg s
h̄ = h/2π = 1.1× 10−27 erg s

Boltzmann’s constant k = 1.4× 10−16 erg K−1

= 8.6× 10−5 eV K−1

Stefan-Boltzmann constantσ = 5.7× 10−5 erg cm−2 s−1 K−4

Radiation constant a = 4σ/c = 7.6× 10−15 erg cm−3K−4

Proton mass mp = 1.7× 10−24 g
Electron mass me = 9.1× 10−28 g
Electron charge e = 4.8× 10−10 esu
Electron volt 1 eV = 1.6× 10−12 erg
Thomson cross section σT = 6.7× 10−25 cm2

Wien’s Law λmax = 2900 Å 104 K/T
hνmax = 2.4 eV T/104 K

Ångstrom 1Å = 10−8 cm
Solar mass M¯ = 2.0× 1033 g
Solar luminosity L¯ = 3.8× 1033 erg s−1

Solar radius r¯ = 7.0× 1010 cm
Solar distance d¯ = 1 AU = 1.5× 1013 cm
Jupiter mass MJ = 1.9× 1030 g
Jupiter radius rJ = 7.1× 109 cm
Jupiter distance dJ = 5 AU = 7.5× 1013 cm
Earth mass M⊕ = 6.0× 1027 g
Earth radius r⊕ = 6.4× 108 cm
Moon mass Mmoon = 7.4× 1025 g
Moon radius rmoon = 1.7× 108 cm
Moon distance dmoon = 3.8× 1010 cm
Astronomical unit 1 AU = 1.5× 1013 cm
Parsec 1 pc = 3.1× 1018 cm = 3.3 l.y.
Year 1 yr = 3.15× 107 s
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Chapter One

Introduction

Astrophysics is the branch of physics that studies, loosely speaking, phenomena on
large scales – the Sun, the planets, stars, galaxies, and the Universe as a whole. But
this definition is clearly incomplete; much of astronomy1 also deals, e.g., with phe-
nomena at the atomic and nuclear levels. We could attempt to define astrophysics
as the physics of distant objects and phenomena, but astrophysics also includes the
formation of the Earth, and the effects of astronomical events on the emergence
and evolution of life on Earth. This semantic difficulty perhaps simply reflects the
huge variety of physical phenomena encompassed by astrophysics. Indeed, as we
will see, practically all the subjects encountered in a standard undergraduate physi-
cal science curriculum – classical mechanics, electromagnetism, thermodynamics,
quantum mechanics, statistical mechanics, relativity, and chemistry, to name just
some – play a prominent role in astronomical phenomena. Seeing all of them in
action is one of the exciting aspects of studying astrophyics.

Like other branches of physics, astronomy involves an interplay between ex-
periment and theory. Theoretical astrophysics is carried out with the same tools
and approaches used by other theoretical branches of physics. Experimental as-
trophysics, however, is somewhat different from other experimental disciplines, in
the sense that astronomers cannot carry out controlled experiments2, but can only
performobservationsof the various phenomena provided by nature. With this in
mind, there is little difference, in practice, between the design and the execution
of an experiment in some field of physics, on the one hand, and the design and the
execution of an astronomical observation, on the other. There is certainly no par-
ticular distinction between the methods of data analysis in either case. But, since
everything we will discuss in this book will ultimately be based on observations, let
us begin with a brief overview of how observations are used to make astrophysical
measurements.

1.1 OBSERVATIONAL TECHNIQUES

With several exceptions, astronomical phenomena are almost always observed by
detecting and measuring electromagnetic (EM) radiation from distant sources. (The

1We will use the words “astrophysics” and “astronomy” interchangeably, as they mean the same
thing nowadays. For example, the four leading journals in which astrophysics research is published are
namedThe Astrophysical Journal, The Astronomical Journal, Astronomy and Astrophysics, andMonthly
Notices of the Royal Astronomical Society, but their subject content is the same.

2An exception is the field of “laboratory astrophysics”, in which some particular properties of astro-
nomical conditions are simulated in the lab.
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Figure 1.1 The various spectral regions of electromagnetic radiation, their common astro-
nomical nomenclature, and their approximate borders in terms of wavelength,
frequency, energy, and temperature. Temperature is here associated with photon
energyE via the relationE = kT , wherek is Boltzmann’s constant.

exceptions are in the fields of cosmic ray astronomy, neutrino astronomy, and grav-
itational wave astronomy.) Figure 1.1 shows the various, roughly defined, regions
of the EM spectrum. To record and characterize EM radiation, one needs, at least,
a camera, that will focus the approximately plane EM waves arriving from a distant
source, and a detector at the focal plane of the camera, which will record the signal.
A “telescope” is just another name for a camera that is specialized for viewing dis-
tant objects. The most basic such camera-detector combination is the human eye,
which consists (among other things) of a lens (the camera) that focuses images on
the retina (the detector). Light-sensitive cells on the retina then translate the light
intensity of the images into nerve signals that are transmitted to the brain. Figure
1.2 sketches the optical principles of the eye and of two telescope configurations.

Until the introduction of telescope use to astronomy by Galileo in 1609, observa-
tional astronomy was carried out solely using human eyes. However, the eye as an
astronomical tool has several disadvantages. Theaperture of a dark-adapted pupil
is < 1 cm in diameter, providing limitedlight gathering area and limitedangular
resolution. The light-gathering capability of a camera is set by the area of its aper-
ture (e.g., of the objective lens, or of the primary mirror in a reflecting telescope).
The larger the aperture, the more photons, per unit time, can be detected, and hence
fainter sources of light can be observed. For example, the largest visible-light tele-
scopes in operation today have 10-meter primary mirrors, i.e., more than a million
times the light gathering area of a human eye.

The angular resolution of a camera or a telescope is the smallest angle on the sky
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Figure 1.2 Optical sketches of three different examples of camera-detector combinations.
Left: Human eye, shown with parallel rays from two distant sources, one source
on the optical axis of the lens and one at an angle to the optical axis. The lens,
which serves as the camera in this case, focuses the light onto the retina (the
detector), on which two point images are formed.Center:A reflecting telecope
with a detector at its “prime focus”. Plotted are parallel rays from a distant source
on the optical axis of the telescope. The concave mirror focuses the rays onto
the detector at the mirror’s focal plane, where a point image is formed.Right:
Reflecting telescope, but with a “secondary”, convex, mirror, which folds the
beam back down and through a hole in the primary concave mirror, to form an
image on the detector at the so-called “Cassegrain focus”.

between two sources of light which can be discerned as separate sources with that
camera. From wave optics, a plane wave of wavelengthλ passing through a circular
aperture of diameterD, when focused onto a detector, will produce a diffraction
pattern of concentric rings, centered on the position expected from geometrical
optics, with a central spot having an angular radius (in radians) of

θ = 1.22
λ

D
. (1.1)

Consider, for example, the image of a field of stars obtained through some camera,
and having also a bandpass filter that lets through light only within a narrow range
of wavelengths. The image will consist of a set of such diffraction patterns, one at
the position of each star (see Fig. 1.3). Actually seeing these diffraction patterns
requires that blurring of the image not be introduced, either by imperfectly built
optics or by other elements, e.g., Earth’s atmosphere. The central spots from the
diffraction patterns of two adjacent sources on the sky will overlap, and will there-
fore be hard to distinguish from each other, when their angular separation is less
than aboutλ/D. Similarly, a source of light with an angular size smaller than this
“diffraction limit ” will produce an image that is “unresolved”, i.e., indistinguish-
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Figure 1.3 Simulated diffraction-limited image of a field of stars, with the characteristic
diffraction pattern due to the telescope’s finite circular aperture at the position of
every star. Pairs of stars separated on the sky by an angleθ < λ/D (e.g., on
the right-hand side of the image) are hard to distinguish from single stars. Real
conditions are always worse than the diffraction limit, due to, e.g., imperfect
optics and atmospheric blurring.

able from the image produced by apoint sourceof zero angular extent. Thus, in
principle, a 10-meter telescope working at the same visual wavelengths as the eye
can have an angular resolution that is 1000 times better than that of the eye.

In practice, it is difficult to achieve diffraction-limited performance with ground-
based “optical” telescopes, due to the constantly changing, blurring effect of the
atmosphere. (The “optical” wavelength range of EM radiation is roughly defined
as0.32− 1 µm.) However, observations with angular resolutions at the diffraction
limit are routine in radio and infrared astronomy, and much progress in this field has
been achieved recently in the optical range as well. Angular resolution is important
not only for discerning the fine details of astronomical sources (e.g., seeing the
moons and surface features of Jupiter, the constituents of a star-forming region, or
subtle details in a galaxy), but also for detecting faint unresolved sources against
the background of emission from the Earth’s atmosphere, i.e., the “sky”. The night
sky shines due to scattered light from the stars, from the Moon, if it is up, and
from artificial light sources, but also due to fluorescence of atoms and molecules
in the atmosphere. The better the angular resolution of a telescope, the smaller the
solid angle over which the light from, say, a star, will be spread out, and hence the
higher the contrast of that star’s image over the statistical fluctuations of the sky
background (See Fig. 1.4). A high sky background combined with limited angular
resolution are among the reasons why it is difficult to see stars during daytime.

A third limitation of the human eye is its fixed integration time, of about 1/30
second. In astronomical observations, faint signals can be collected on a detector
during arbitrarily long exposures (sometimes accumulating to months), permitting
the detection of extremely faint sources. Another shortcoming of the human eye is
that it is sensitive only to a narrow “visual” range of wavelengths of EM radiation
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Figure 1.4 Cuts through the positions of a star in two different astronomical images, illus-
trating the effect of angular resolution on the detectability of faint sources on
a high background. The vertical axis shows the counts registered in every pixel
along the cut, as a result of the light intensity falling on that pixel. On the left, the
narrow profile of the stellar image stands out clearly above the Poisson fluctua-
tions in the sky background, the mean level of which is indicated by the dashed
line. On the right, the counts from the same star are spread out in a profile that is
twice as wide, and hence the contrast above the background noise is lower.

(about0.4 − 0.7 µm, i.e., within the “optical” range defined above), while astro-
nomical information exists in all regions of the EM spectrum, from radio, through
infrared, optical, ultraviolet, X-ray, and gamma-ray bands. Finally, a detector other
than the eye allows keeping an objective record of the observation, which can then
be examined, analyzed, and disseminated among other researchers. Astronomical
data are almost always saved in some digital format, in which they are most readily
later processed using computers. All telescopes used nowadays for professional
astronomy are equipped with detectors that record the data (whether an image of a
section of sky, or otherwise – see below). The popular perception of astronomers
peering through the eyepieces of large telescopes is a fiction. The type of detec-
tor that is used in optical, near-ultraviolet and X-ray astronomy is almost always
a charge-coupled device(CCD), the same type of detector that is found in com-
mercially available digital cameras. A CCD is a slab of silicon that is divided into
numerous “pixels”, by a combination of insulating buffers that are etched into the
slab, and the application of selected voltage differences along its area. Photons
reaching the CCD liberate “photoelectrons” via the photoelectric effect. The pho-
toelectrons accumulated in every pixel during an exposure period are then read out
and amplified, and the measurement of the resulting current is proportional to the
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Figure 1.5 Schematic view (highly simplified) of a CCD detector. On the left, a photon is
absorbed by the silicon in a particular pixel, releasing an electron which is stored
in the pixel until the CCD is read out. On the right are shown other photoelec-
trons that were previously liberated and stored in several pixels on which, e.g.,
the image of a star has been focused. At the end of the exposure, the accumu-
lated charge is transferred horizontally from pixel to pixel by manipulating the
voltages applied to the pixels, until it is read out on the right-hand side (arrows)
and amplified.

number of photons that reached the pixel. This allows forming a digital image of
the region of the sky that was observed (see Fig. 1.5).

So far, we have discussed astronomical observations only in terms of producing
an image of a section of sky by focusing it onto a detector. This technique is called
“imaging”. However there is an assortment of other measurements that can be
made. Every one of the parameters that characterize an EM wave can carry useful
astronomical information. Different techniques have been designed to measure
each of these parameters. To see how, consider a plane-parallel, monochromatic
(i.e., having a single frequency), EM wave, with electric field vector described by

E = êE(t) cos(2πνt− k · r + φ). (1.2)

The unit vector̂e gives the direction of polarization of the electric field,E(t) is
the field’s time-dependent (apart from the sinusoidal variation) amplitude,ν is the
frequency, andk is the wave vector, having the direction of the wave propagation,
and magnitude|k| = 2π/λ. The wavelengthλ and the frequencyν are related by
the speed of light,c, throughν = λ/c. The phase shift of the wave isφ.

Imaging involves determining the direction, on the sky, to a source of plane-
parallel waves, and therefore implies a measurement of the direction ofk. From
an image, one can also measure the strength of the signal produced by a source
(e.g., in a photon counting device, by counting the total number of photons col-
lected from the source over an integration time.) As discussed in more detail in
Chapter 2, the photon flux is related to the “intensity”, which is the time-averaged
electric-field amplitude squared,〈E2(t)〉. Measuring the photon flux from a source
is called “photometry”. In “time-resolved photometry”, one can perform repeated
photometric measurements as a function of time, and thus measure the long-term
time dependence of〈E2〉.

The wavelength of the light,λ (or equivalently, the frequency,ν), can be deter-
mined in several ways. A band-pass filter before the detector (or in the “receiver”
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Figure 1.6 Schematic example of a spectrograph. Light from a distant point source con-
verges at the Cassegrain focus of the telecope at the left. The beam is then al-
lowed to diverge again and reaches a “collimator” lens sharing the same focus as
the telecope, so that a parallel beam of light emerges. The beam is then trans-
mitted through a dispersive element, e.g., a transmission grating, which deflects
light of different wavelengths by different angles, in proportion to the wave-
length. The paths of rays for two particular wavelengths,λ1 andλ2, are shown.
A “camera” lens refocuses the light onto a detector at the camera’s focal plane.
The light from the source, rather than being imaged into a point, has been spread
into a spectrum (grey vertical strip).

in radio astronomy) will allow only EM radiation in a particular range of wave-
lengths to reach the detector, while blocking all others. Alternatively, the light can
be reflected off, or transmitted through, a dispersing element, such as a prism or
a diffraction grating, before reaching the detector. Light of different wavelengths
will be deflected by different angles from the original beam, and hence will land on
the detector at different positions. A single source of light will thus be spread into
aspectrum, with the signal at each position along the spectrum proportional to the
intensity at a different wavelength. This technique is called “spectroscopy”, and an
example of a telescope-spectrograph combination is illustrated in Fig. 1.6.

The phase shiftφ of the light wave arriving at the detector can reveal informa-
tion on the precise direction to the source, and on effects, such as scattering, that
the wave underwent during its path from the source to the detector. The phase
can be measured by combining the EM waves received from the same source by
several different telescopes, and forming an interference pattern. This is called “in-
terferometry”. In interferometry, the “baseline” distanceB between the two most
widely spaced telescopes replaces the aperture in determining the angular resolu-
tion, λ/B. In radio astronomy, the signals from radio telescopes spread over the
globe, and even in space, are often combined, providing baselines of order104 km,
and very high angular resolutions.

Finally, the amount of polarization (“unpolarized”, i.e., having random polariza-
tion direction, or “polarized” by a fraction between 0 and 100%), its type (linear,
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circular), and the orientation on the sky of the polarization vectorê can be deter-
mined. For example, in optical astronomy this can be achieved by placing polariz-
ing filters in the light beam, allowing only a particular polarization component to
reach the detector. Measurement of the polarization properties of a source is called
“polarimetry”.

Ideally, one would like always to be able to characterize all of the parameters
of the EM waves from a source, but this is rarely feasible in practice. Never-
theless, it is often possible to measure several characteristics simultaneously, and
these techniques are then referred to by the appropriate names, e.g., spectro-photo-
polarimetry, in which both the intensity and the polarization of light from a source
are measured as a function of wavelength.

In the coming chapters, we will study some of the main topics with which astro-
physics deals, generally progressing from the near to the far. Most of the volume of
this book is dedicated to the theoretical understanding of astronomical phenomena.
However, it is important to remember that the discovery and quantification of those
phenomena are the products of observations, using the techniques that we have just
briefly reviewed.

PROBLEMS

1. a. Calculate the best angular resolution that can, in principle, be achieved
with the human eye. Assume a pupil diameter of 0.5 cm and the wavelength
of green light,∼ 0.5 µm. Express your answer in arcminutes, where an ar-
cminute is 1/60 of a degree. (In practice, the human eye does not achieve
diffraction limited performance, because of imperfections in the eye’s optics
and the coarse sampling of the retina by the light-sensitive “rod” and “cone”
cells that line it.)
b. What is the angular resolution, in arcseconds (1/3600 of a degree), of the
Hubble Space Telescope (with an aperture diameter of 2.4 m) at a wavelength
of 0.5 µm?
c. What is the angular resolution, expressed as a fraction of an arcsecond, of
the Very Long Baseline Interferometer (VLBI)? VLBI is an network of radio
telescopes (wavelengths∼ 1− 100 cm), spread over the globe, that combine
their signals to form one large interferometer.
d. From the Table of Constants and Units, find the distances and physical
sizes of the Sun, Jupiter, and a Sun-like star 10 light years away. Calculate
their angular sizes, and compare to the angular resolutions you found above.

2. A CCD detector at the focal plane of a 1-meter-diameter telescope records
the image of a certain star. Due to the blurring effect of the atmosphere (this
is called “seeing” by astronomers) the light from the star is spread over a
circular area of radiusR pixels. The total number of photoelectrons over
this area, accumulated during the exposure, and due to the light of the star, is
Nstar. Light from the sky producesnsky photoelectrons per pixel in the same
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exposure.
a. Calculate the signal-to-noise ratio (S/N) of the photometric measurement
of the star, i.e., the ratio of the counts from the star to the uncertainty in this
measurement. Assume Poisson statistics, i.e., that the “noise” is the square
root of the total counts, from all sources.
b. The same star is observed with the same exposure time, but with a 10-
meter-diameter telescope. This larger telescope naturally has a larger light
gathering area, but also is at a site with a more stable atmosphere, and there-
fore has 3 times better “seeing” (i.e., the light from the stars is spread over
an area of radiusR/3). Find the S/N in this case.
c. Assuming that the star and the sky are not variable (i.e., photons arrive
from them at a constant rate), find the functional dependence of S/N on expo-
sure time,t, in two limiting cases: the counts from the star are much greater
than the counts from the sky in the “seeing disk”; and vice versa.
Answer:S/N ∝ t1/2 in both cases.
d. Based on the results of (c), by what factor does the exposure time with the
1 m telescope need to be increased, in order to reach the S/N obtained with
the 10 m telescope, for each of the two limiting cases?
Answer:By a factor 100 in the first case, and 1000 in the second case.
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Chapter Two

Stars: Basic Observations

In this chapter we will examine some of the basic observed properties of stars –
their spectra, temperatures, emitted power, and masses – and the relations between
those properties. In Chapter 3, we will proceed to a physical understanding of these
observations.

2.1 REVIEW OF BLACKBODY RADIATION

To a very rough, but quite useful, approximation, stars shine with the spectrum of a
blackbody. The degree of similarity (but also the differences) between stellar and
blackbody spectra can be seen in Figure 2.1. Let us review the various descriptions
and properties of blackbody radiation (which is often also called “thermal radia-
tion”, or radiation having a “Planck spectrum”). A blackbody spectrum emerges
from a system in which matter and radiation are in thermodynamic equilibrium. A
fundamental result of quantum mechanics (and one which marked the beginning of
the quantum era in 1900) is the exact functional form of this spectrum, which can
be expressed in a number of ways.

Theenergy densityof blackbody radiation, per frequency interval, is

uν =
8πν2

c3

hν

ehν/kT − 1
, (2.1)

whereν is the frequency,c is the speed of light,h is Planck’s constant,k is Boltz-
mann’s constant, andT is the temperature in degrees Kelvin. Clearly, the first term
has units of [time]/[length]3 and the second term has units of energy. In cgs units,
uν is given in erg cm−3 Hz−1.

Next, let us consider the flow of blackbody energy radiation (i.e., photons mov-
ing at speedc), in a particular direction inside a blackbody radiator. To obtain this
so-calledintensity, we take the derivative with respect to solid angle of the energy
density and multiply byc (since multiplying a density by a velocity gives a flux,
i.e., the amount passing through a unit area per unit time):

Iν = c
duν

dΩ
, (2.2)

wheredΩ is the solid angle element. (For example, in spherical coordinates,dΩ =
sin θdθdφ.) Blackbody radiation is isotropic (i.e., the same in all directions), and
hence the energy density per unit solid angle is

duν

dΩ
=

uν

4π
(2.3)
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Figure 2.1 Flux per wavelength interval emitted by different types of stars, at their “sur-
faces”, compared to blackbody curves of various temperatures. Each black-
body’s temperature is chosen to match the total power (integrated over all wave-
lengths) under the the corresponding stellar spectrum. The wavelength range
shown is from the ultraviolet (1000̊A= 0.1 µm), through the optical range
(3200-10,000Å), and to the mid-infrared (105 Å= 10 µm). Data credit: R.
Kurucz.

(since the solid angle of a full sphere is4π steradians). The intensity of blackbody
radiation is therefore

Iν =
c

4π
uν =

2hν3

c2

1
ehν/kT − 1

≡ Bν . (2.4)

In cgs, one can see the units now are erg s−1 cm−2 Hz−1 steradian−1. We have kept
the product of units, s−1 Hz−1, even though they formally cancel out, to recall their
different physical origins: one is the time interval over which we are measuring
the amount of energy that flows through a unit area; and the other is the photon
frequency interval over which we bin the spectral distribution.Iν of a blackbody is
often designated “Bν”.

Now, let us find the net flow of energy that emerges from a unit area (small
enough so that it can be presumed to be flat) on the outer surface of a blackbody
(see Fig. 2.2). This is obtained by integratingIν over solid angle on the half sphere
facing outwards, with eachIν weighted by the cosine of the angle between the
intensity and the perpendicular to the area. Thisflux, which is generally what one
actually observes from stars and other astronomical sources, is thus

fν =
∫ π/2

θ=0

Iν cos θdΩ = Iν2π
1
2

= πIν =
c

4
uν =

2πhν3

c2

1
ehν/kT − 1

. (2.5)
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Figure 2.2 Illustration of the net flux emerging through surface of a blackbody, due to a
beam with intensityIν emerging at an angleθ to the perpendicular.

The cgs units of this flux per frequency interval will thus be erg s−1 cm−2 Hz−1.
The total power (i.e., the energy per unit time) radiated by a spherical, isotropi-

cally emitting, star of radiusr∗ is usually called itsluminosity, and is just

Lν = fν(r∗)4πr2
∗, (2.6)

with cgs units of erg s−1 Hz−1. Similarly, the flux that an observer at a distanced
from the star will measure will be

fν(d) =
Lν

4πd2
= fν(r∗)

r2
∗

d2
. (2.7)

It is often of interest to consider the above quantities integrated over all photon
frequencies, and designated by

u =
∫ ∞

0

uνdν, I =
∫ ∞

0

Iνdν, f =
∫ ∞

0

fνdν, L =
∫ ∞

0

Lνdν. (2.8)

A case in point is the usefulStefan-Boltzmann Law that relates the total energy
density or flux of a blackbody to its temperature:

u = aT 4, (2.9)

and

f =
c

4
aT 4 = σT 4, (2.10)

a =
8π5k4

15c3h3
= 7.6× 10−15 erg cm−3K−4,
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σ =
c

4
a = 5.7× 10−5 erg s−1 cm−2K−4.

(Here and throughout this book, numbers are rounded off to two significant digits,
except in some obvious cases where higher accuracies are warranted.)

Rather than considering energy density, intensity, flux, and luminosity per pho-
ton frequency interval, we can also look at these quantities per photon wavelength
interval, where the wavelength isλ = c/ν. To make the transformation, we recall
that the energy in an interval must be the same, whether we measure it in wave-
length or frequency, so,

Bλdλ = Bνdν, (2.11)

and hence

Bλ = Bν

∣∣∣∣
dν

dλ

∣∣∣∣ = Bν
c

λ2
=

2hc2

λ5

1
ehc/λkT − 1

. (2.12)

Here the units are erg s−1 cm−2 cm−1 steradian−1, where we have separated the
two length units (cm−2 and cm−1), since one is the unit area through which the
radiation flux is passing, and the other is the wavelength interval over which we
bin the radiation energy. Non-cgs units for the wavelength interval are common
in astronomy. For example, flux per wavelength interval at visual wavelengths is
often given in units of erg s−1 cm−2 Å−1. An Å (called “Ångstrom”) is10−8 cm.

The wavelength or frequency of the peak of a blackbody spectrum can be found
by taking its derivative and equating to zero:

dBν

dν
= 0, (2.13)

or

dBλ

dλ
= 0, (2.14)

which lead to the two forms ofWien’s Law:

λmaxT = 0.29 cm K, (2.15)

and

hνmax = 2.8 kT. (2.16)

For example, the nearest star – the Sun – which radiates approximately like a
blackbody atT = 5800K, has a peak inBλ at 5000Å, which is the wavelength of
green light, in the middle of the visual regime. In fact, the eyesight of most animals
on Earth apparently evolved to have the most sensitivity in the wavelength range
within which the Sun emits the most energy. (No less important, this wavelength
range also coincides with the transmission range of water vapor in the atmosphere.)
Note that the frequencyνmax whereBν peaks isnot the same as the frequencyν =
c/λmax at whichBλ peaks. The two spectral distributions are different, because a
constant frequency intervaldν corresponds to a changing wavelength interval

dλ =
∣∣∣∣
dλ

dν

∣∣∣∣ dν =
c

ν2
dν (2.17)
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that grows with wavelength (and falls with frequency).
Figure 2.1 shows blackbody spectral distributions for a variety of temperatures.

The following features are important to note. First, the functions described above
(uν , Bλ, etc.) are determined uniquely by one parameter, the temperature. Second,
far from their peak frequencies or wavelengths, the Planck blackbody spectra as-
sume two simple forms, as can be easily verified by taking the appropriate limits
in Eqns. 2.4 and 2.12. At frequenciesν much lower than the peak (i.e., at photon
energieshν ¿ kT ),

Bν ≈ 2ν2

c2
kT, (2.18)

or

Bλ ≈ 2ckTλ−4. (2.19)

This is called theRayleigh-Jeans side of the thermal spectrum. At frequencies
much higher than the peak (photon energieshν À kT ) the blackbody spectrum
falls off exponentially with frequency as

Bν ∼ e−(hν/kT ), (2.20)

or with decreasing wavelength as

Bλ ∼ e−(hc/λkT ). (2.21)

This is called the“Wien tail” of the distribution.

2.2 MEASUREMENT OF STELLAR PARAMETERS

2.2.1 Distance

Distances to the nearest stars can be measured viatrigonometric parallax . With
current technology, about 100,000 stars have had their distances measured in this
way. The motion of the Earth around the Sun produces an apparent movement
on the sky of nearby stars, relative to more distant stars. Stars in the direction
perpendicular to the plane of the Earth’s orbit (called the “ecliptic plane”) will
trace a circle on the sky in the course of a year (see Fig. 2.3), whereas stars in
the directions of the ecliptic plane will trace on the sky a line segment that doubles
back on itself. In other directions, stars will trace out an ellipse. The angular size
of the semi-major axis of the ellipse will obviously be

α =
d¯
d

, (2.22)

with d¯ the Earth-Sun distance andd the distance to the star. (The subscript¯
marks properties of the Sun – distance, mass, radius, etc.). The distanced¯, which
is also referred to as 1 “astronomical unit” (AU), is about1.5 × 108 km. Parallax
is actually used to define another unit of length, aparsec(pc). One pc is defined as
the distance for which the parallax is 1 arcsecond [i.e.,1/3600 of a degree of arc,
or π/(180× 3600) radian]. Thus

1pc = 2.1× 105 AU = 3.1× 1018cm = 3.3 ly, (2.23)
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Figure 2.3 Schematic view of the apparent parallax motion of a nearby star, situated in the
direction above the ecliptic plane, due to the Earth’s circular orbit around the
Sun.

where we have also expressed a parsec in light years (ly), the distance light travels
in vacuum during a year. A light year is

1 ly = 365.25× 24× 3600× c = 3.15× 107 s× 3× 1010 cm s−1. (2.24)

It is convenient to remember that the number of seconds in a year is (by pure coin-
cidence) close toπ× 107. The few nearest stars to the Solar system have distances
of about 1 pc. Most of the stars visible to the naked eye are closer than 100 pc.
At larger distances, convenient units are the kiloparsec (kpc;103 pc), megaparsec
(Mpc; 106 pc), and gigaparsec (Gpc;109 pc).

Apart from the apparent motion of stars due to parallax, stars have real motions
relative to each other, and hence relative to the Sun. Over human timescales, these
real relative motions will generally appear on the sky to have constant velocity and
direction. In practice, therefore, the parallax motion of nearby stars will often be
superimposed on a linear “proper motion” , producing a curly or wavy trajectory
on the sky.

2.2.2 Stellar Temperatures and Stellar Types

As we will see later on, the volume of every star has a range of temperatures,
from millions of degrees Kelvin in its core to only thousands in the outer regions.
However, the emitted spectrum of a star is largely determined by the temperature in
the outermost “surface”, or more correctly, in its “photosphere”. The photosphere
can be roughly defined as the region from which photons are able to escape a star
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Figure 2.4 A photon inside a star is scattered many times until it reaches a radius from which
it can escape. The last scattering surface defines the base of the photosphere of
the star.

without further absorption or scattering (see Fig. 2.4). As we will see, the scattering
and absorption probabilities can have a strong dependence on the wavelength of the
photon, and therefore the depth of the base of the photosphere can be wavelength
dependent.

Material at the base of the photosphere emits approximately a Planck spectrum,
which is then somewhat modified by the cooler, partly transparent, gas above it.
By examining the emerging spectrum, one can then define various “temperatures”.
Thecolor temperature is the temperature of the Planck function with shape most
closely matching the observed spectrum. For example, if we could identify the po-
sition of the peak of the spectrum, we could use Wien’s law to set the temperature.
In practice, the peak will often be outside the wavelength range for which we have
data, and furthermore it is a broad feature which is hard to identify, especially given
the modifications by cold absorbing gas above the last scattering surface.

A more practical variant is to measure the ratio of fluxes at two different wave-
lengths,fλ(λ1)/fλ(λ2), and to find the temperature of the blackbody that gives
such a ratio. Such a ratio is, in effect, what one always means by “color”. For
example, when we say that the light from an object (whether intrinsic or reflected)
appears, say, “red”, we mean that we are detecting a larger ratio of red photons
to blue photons than we would from an object that we would call “white”. Color
temperature can, of course, also be found by fitting the Planck spectrum to mea-
surements at more than two wavelengths. Note that a color temperature cannot be
found if all the measurements are well on the Rayleigh-Jeans (i.e., low energy) side
of the distribution. On that side the Planck spectrum has the same shape for all
temperatures (fλ ∝ λ−4 or fν ∝ ν2), and hence the ratio of fluxes at two wave-
lengths or frequencies will be the same, irrespective of temperature. In such a case
we can only deduce that all our measurements are on the Rayleigh-Jeans side of a
Planck spectrum, and we can set a lower limit on the temperature of the spectrum
(see Problem 2).

Another kind of temperature can be associated with the photosphere of a star, by
examining the absorption features at discrete wavelengths in the stellar spectrum.
These absorptions are induced by atoms and molecules in the cooler, less dense, gas
above the surface of last scattering. Photons with energies equal to those of individ-
ual quantum energy transitions of those atoms and molecules will be preferentially
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absorbed, and therefore depleted, from the light emerging from the photosphere of
the star in the direction of a distant observer. The same atom or molecule, which
will be excited to a higher energy level by absorbing a photon, can eventually de-
cay radiatively and re-emit a photon of the same energy. However, the re-emitted
photon will have a random direction, which will generally be different from the
original direction toward the observer. Furthermore, the atom can undergo colli-
sional de-excitation, in which it transfers its excitation energy to the other particles
in the gas.

The wavelengths and strengths of the main absorption features, orabsorption
linesas they are often called, are primarily dependent on the level of ionization and
excitation of the gas. The form of the absorption spectrum therefore reflects mainly
the temperature of the photosphere, and only slightly the photosphere’s chemical
composition, which is actually similar in most stars.

It is of particular relevance to recall the quantum structure of the hydrogen atom.
Hydrogen is the simplest atom, and it is therefore useful for understanding how
stellar absorption spectra are produced. Furthermore, most stars are composed pri-
marily of hydrogen; 92% of the atoms, or 75% of the mass, is hydrogen. Almost
all of the rest is helium, and the heavier elements contribute only trace amounts. In
fact, this elemental makeup is typical of almost all astronomical objects and envi-
ronments, other than rocky planets like the Earth and some special types of stars.
The heavier elements, despite their low abundances in stars, still play important
physical and observational roles, as we will see later on.

Thenth energy level of the hydrogen atom (n = 1 is the ground state) is given
by the Bohr formula,

En = −e4me

2h̄2

1
n2

= −13.6 eV
1
n2

, (2.25)

wheree is the electron charge in cgs units (e.s.u.),me is the electron mass, and̄h is
Planck’s constant divided by2π. As one goes to highern, the energy levels become
more and more crowded (see Fig. 2.5). Whenn → ∞, 13.6 eV above the ground
state, we reach the “continuum” whereEn = 0 and the electron is free, i.e., the
atom is ionized. Thus, absorption of an energy quantum of 13.6 eV, or more, can
ionize a hydrogen atom that is in its ground state. The energy difference between
two levels is

En1,n2 = 13.6 eV
(

1
n2

1

− 1
n2

2

)
. (2.26)

The wavelength of a photon emitted or absorbed in a radiative transition between
two levels will be

λn1,n2 =
hc

En1,n2

=
911.5 Å

1/n2
1 − 1/n2

2

. (2.27)

A glass tube in the laboratory filled with atomic hydrogen at low pressure, when
excited by an electrical discharge, will radiate photons at the discrete wavelengths
corresponding to all of these electronic energy transitions. Such a photon spectrum
is often called an “emission-line spectrum”, and is distinct from the thermal (i.e.,
blackbody) spectrum emitted by dense matter.
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Figure 2.5 Energy levels of the hydrogen atom. Arrows indicate excitation from the ground
state (n = 1) to the first excited energy level (n = 2), and de-excitation back
to the ground state. Such excitation and de-excitation could be caused by, e.g.,
absorption by the atom of a Lyman-α photon, and subsequent spontaneous emis-
sion of a Lyman-α photon.

It is customary to group the different energy transitions of atomic hydrogen by a
name identifying the lower energy level involved in the transition, combined with a
greek letter that indicates the upper level of the transition. Thus theLyman series
consists of all transitions to then = 1 ground level:
Lyα: 2 ↔ 1, 1216Å;
Lyβ: 3 ↔ 1, 1025Å;
Lyγ: 4 ↔ 1, 972Å;
etc.,
up until the “Lyman continuum”,
Lycon: ∞↔ 1, < 911.5 Å.

Similarly, theBalmer seriesincludes all transitions between then = 2 state
and higher states:
Hα: 3 ↔ 2, 6563Å
Hβ: 4 ↔ 2, 4861Å
Hγ: 5 ↔ 2, 4340Å
etc.,
up until the “Balmer continuum”,
Bacon: ∞↔ 2, < 3646 Å.

In the same way, the Paschen series, Brackett series, and Pfund series designate
transitions wheren = 3, n = 4, andn = 5, respectively, are the lower levels.
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Figure 2.6 Zoom-in on the optical wavelength region of the stellar spectra shown in Fig. 2.1.
The curves are labeled with their spectral types, in addition to the correspond-
ing blackbody temperatures, which constitute the “effective temperatures” of the
stars. Note the various labeled absorption features which appear and disappear
as one goes from one spectral type to another. Data credit: R. Kurucz.

The photon wavelengths of the Lyman series are in the ultraviolet (UV) region of
the electromagnetic spectrum, and the Paschen, and higher, series occur at infrared
(IR), and longer, wavelengths. The Balmer series is of particular interest to us here,
as it occurs in the optical region of the spectrum, where Earth’s atmosphere has a
transmission window. The atmosphere is almost completely opaque to photons of
wavelengths shorter than≈ 3100 Å, from ultraviolet through X-rays andγ-rays. At
the infrared wavelengths longer than 10,000Å (1µm), there are only a few trans-
mission “troughs”, until one gets to millimeter (called “microwave”) wavelengths
and longer, where the atmosphere is again transparent to radio-frequency electro-
magnetic radiation.

Early in the 20th century, before stellar physics was understood, stars were clas-
sified into a series of “spectral types” according to the types and strengths of the
absorption lines appearing in their optical spectra. Figure 2.6 shows examples cov-
ering the range of spectral properties of most stars. Let us begin with “A-type”
stars, the third from the top in the sequence shown (the meanings of the “5” and
of the “V” after the “A” will be explained below, and at the end of this chapter,
respectively). Absorption in the hydrogen Balmer series is the most conspicuous
feature in A-star spectra, starting with Hα at 6563Å, proceeding up the series to
shorter wavelengths, and to the sharp drop at the wavelength of the Balmer con-
tinuum at 3646Å. Moving up in the figure to “B-type” stars, the hydrogen lines
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become weaker, and some other lines, due to absorption by helium, appear. At
the top of the sequence, “O stars” have only very weak hydrogen Balmer lines,
and some additional weak lines due to singly-ionized helium. Working back down
along the sequence, in the so-called F-type stars, the Balmer lines are again weaker
than in A stars, but additional lines appear, and are due to transitions in neutral and
singly-ionized light metals, mainly calcium, magnesium, and sodium. Progressing
to G stars, the Balmer lines weaken further, while the absorptions due to metals
become stronger. This trend continues in K stars where, in addition, molecular
“bands” begin to appear. Such bands are actually numerous adjacent absorptions
due to individual rotational, vibrational, and electronic quantum transitions of par-
ticular molecules, which have merged into broad absorption troughs. Finally, in M
stars, at the bottom of the sequence, the molecular bands, notably due to TiO (tita-
nium oxide), become prominent. The absorption bands seen in the M-star spectrum
between 6600 and 8600̊A are mainly due to this molecule.

The names assigned to the different spectral types have a historical origin and
no physical significance. However, the order in which they appear in Fig. 2.6 is
one of temperature, with the hottest stars at the top and the coolest at the bottom.
This is apparent at once by considering the colors of the stars. The O and B stars
are clearly blue, with their spectra rising toward the shorter UV wavelengths of
the peak of the blackbody spectrum. The A, F and G stars become progressively
“whiter”. The K and M stars are clearly red, with their peak emission shifted to the
infrared. The optical wavelength range shown probes the beginning of the Wien
tail of the Planck function approximating these red stars.

Once the stars are ordered by temperature, the different absorption-line spectra
can be understood as arising simply from the differences in the temperatures of
the photospheres. In the cooler stars, the hydrogen atoms, which make up most of
the cool gas above the last scattering surface, are almost all in their ground states.
Among the photons in the emerging beam, only Lyman-series photons, in the UV
range, can therefore be absorbed out by the hydrogen atoms, while optical photons
emerge through the photosphere unhindered by the hydrogen. The metal atoms,
though they exist only in trace amounts, do have energy-level transitions corre-
sponding to optical-wavelength photons, and hence these atoms have high proba-
bilities for absorbing photons. Thus, they leave a strong imprint on the spectrum,
despite their rarity compared with hydrogen.

Going to warmer stars, frequent collisions between atoms in the photosphere
cause a non-negligible fraction of the hydrogen atoms at any given time to be in
the first excited (n = 2) energy state. Now the optical photons with the Balmer-
transition energies can be absorbed out of the energing light by the hydrogen atoms,
thereby exciting the hydrogen atoms to higher levels, or ionizing them when the
photon wavelengths are less than 3646Å. In the hottest stars, the temperature in
the photosphere is high enough that almost all of the hydrogen is ionized (as are the
metal atoms). The photosphere then becomes transparent again to photons with the
energies of the Balmer transitions, which have a low probability of being absorbed.
Models of stellar atmospheres can be calculated, taking into account the detailed
atomic physics and the passage of radiation through the gas, for a range of physical
conditions, specifically the temperature. (In fact, the stellar spectra shown in Figs.
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2.1 and 2.6 are theoretical models calculated by Kurucz). Such theoretically calcu-
lated absorption spectra can be compared to the actual spectrum of a given stellar
type, and thus the photospheric temperature can be accurately determined.

Generations of astronomy students have memorized the names of the stellar spec-
tral types, ordered by decreasing temperature, with the mnemonic: “Oh Be A Fine
Girl/Guy, Kiss Me!”. There is a continuous transition in spectral properties be-
tween types, and astronomers quantify this by assigning, after the letter, a number
between 0 and 9, with a larger number indicating a lower temperature. The Sun is a
G2 star, and its spectrum is largely indistinguishable from that of any other normal
star of this type. As we will see, all of the main physical properties (mass, radius,
luminosity) of the stars sharing a common spectral classification are the same. For
completeness, we note that the spectral sequence extends beyond M stars to two
cooler classes, labeled L and T. Strictly speaking, members of these classes are not
stars but “brown dwarfs”, objects intermediate between stars and giant planets in
their properties. We will return to brown dwarfs in Chapter 4.2.3.4.

2.2.3 Luminosity and Radius

For a star with known distance and measured flux, the luminosity is

L = f4πd2. (2.28)

This luminosity, integrated over all wavelengths, is called thebolometric luminos-
ity . If the temperature of the stellar photosphere is known, one can then derive the
stellar radius,r∗, from

L = 4πr2
∗σT 4. (2.29)

Alternatively, if L andr∗ are known and one determines a temperature from this
relation, then this temperature is called the “effective temperature”, TE . The ra-
dius of the Sun isr¯ = 7.0× 1010 cm. As will be explained in more detail in Sec-
tion 2.2.4, below, stars that are members of a particular type of binary system, called
“double-lined spectroscopic eclipsing binaries”, can have their radii measured. Of
order 100 stars currently have such radius measurements which are accurate to a
few percent or better. The radii of a few other nearby stars have been measured, in
some cases to better than 1% accuracy, using interferometric observations.

2.2.4 Binary Systems and Measurements of Mass

A direct measurement of stellar mass is generally possible only in certainbinary
(i.e., double) or multiple star systems. A significant fraction of all stars are mem-
bers of binary systems. (The Sun is likely an example of a single star.) Observa-
tionally, binary systems are classified into various types.Visual binaries are pairs
of stars in which both members are resolved individually, and may be seen orbiting
their common center of mass. In most cases, the separation between the members
is so large that the orbital period is very long by human timescales. Inastrometric
binaries, one observes the minute periodic motion on the sky of one member, as
it orbits the system’s common center of mass, even if the companion is too faint
to be seen. Ineclipsing binaries, the orbital plane of a pair (which, in general, is
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Figure 2.7 Schematic view of an eclipsing binary system (left), and its total brightness as a
function of time (right). Numbers indicate the corresponding points on the orbit
and in the so-called “light curve”.

Figure 2.8 Schematic example of the spectrum of a “double-lined spectroscopic binary”.
Each of the absorption lines in the spectrum appears twice, Doppler-shifted to
longer and shorter wavelengths, respectively, as a result of the orbital motion of
the binary members about their center of mass. During the orbital period, each
absorption line oscillates back and forth about the restframe wavelengthλ0.

spatially unresolved) is inclined enough (i.e., close enough to edge-on) to our line
of sight that each of the members periodically eclipses the other. The presence of a
binary will then be revealed if the light from the system is monitored as a function
of time. During each orbital period, the brightness of the system will undergo two
“dips” (see Fig. 2.7), each corresponding to the eclipse of one star by the other. The
depth of the dips will depend on the relative sizes and luminosities of the two stars.

A spectroscopic binaryis a spatially unresolved pair that is revealed as a binary
by its spectrum. For example, the observed photospheric absorption spectrum may
be the superposition of the spectra of two different types of stars. Alternatively,
even if the members are of the same type, their orbital velocities,v, may cause
large enough Doppler shifts,∆λ/λ = v/c, in the wavelengths of absorption, to
produce distinct lines, with shifts that oscillate periodically during each orbit (see
Fig. 2.8). Sometimes, one of the members may be too faint, or devoid of strong
absorption lines, to be detectable in the combined spectrum, but its presence will
still be revealed by the periodically changing Doppler shifts of the brighter star.
In fact, this is the very method by which planets orbiting other stars have been
discovered in recent years (see below).

To see how binaries sometimes allow stellar mass determination, let us review
some aspects of the Keplerian two-body problem, in which two masses orbit their
common center of mass in elliptical trajectories. For simplicity, let us consider only
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Figure 2.9 Left: A binary system, viewed pole-on, with its members in circular orbits with
physical radiir1 andr2 around their common center of mass.Right: The ap-
pearance of the system when viewed as a visual binary, with the orbital plane
inclined by an anglei to the line of sight, and orbital radii subtending angles on
the skyθ1 andθ2. The circular orbits now appear as ellipses, with minor axes
foreshortened bycos i.

circular orbits. The center of mass of two spherical masses is at the point between
them where

r1M1 = r2M2, (2.30)

with M1 andM2 being the masses andr1 andr2 their respective distances to the
center of mass (see Fig. 2.9, left). Thus, ifa = r1 + r2 is the separation between
the masses,

r1 =
M2

M1
(a− r1), (2.31)

or

r1 =
M2

M1 + M2
a, (2.32)

and

r2 =
M1

M1 + M2
a. (2.33)

Each of the masses is subject to the mutual gravitational attraction, and as a result
orbits the center of mass with an angular frequencyω. The equation of motion for
the first mass is then

M1ω
2r1 =

GM1M2

a2
, (2.34)

with G the gravitational constant. After substitution ofr1 from Eq. 2.32, this be-
comes Kepler’s Law:

ω2 =
G(M1 + M2)

a3
. (2.35)

A simple example in which Kepler’s law can be used to determine a stellar mass is
in the case of the Sun. The mass of the Earth is negligible compared to the Sun, so

M¯ ≈ ω2a3

G
=

4π2a3

τ2G
, (2.36)
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Figure 2.10Left: A spectroscopic binary system with circular orbits and with orbital plane
inclined by an anglei to the line of sight.Right: Observed velocity of each of
the components, as deduced from the Doppler shift of its spectral features, as a
function of time. Negative velocities are approaching and positive are receding.
Numbers indicate the corresponding points on the orbits and in the so-called
“radial-velocity curve”.

whereτ = 2π/ω is the orbital period, i.e., 1 year. In cgs units the mass of the Sun
is then

M¯ =
4× π2(1.5× 1013 cm)3

(3.15× 107 s)2 × 6.7× 10−8 erg cm g−2
= 2.0× 1033g. (2.37)

In a visual binary, we can measure directly on the sky the angular separations
θ1 andθ2 between each star and the common center of mass that they orbit. The
perpendicular to the plane of the orbit will generally be inclined to our line of sight
by some anglei, and as a result the circular orbits will appear projected on the sky
as ellipses. If we can follow a good part of an entire orbit, this will not constitute a
problem, as the semi-major axes of the ellipses will correspond to the angular radii
of the deprojected circular orbits (see Fig. 2.9, right). Since both stars are at the
same distanced from us, the ratio of the angles gives the ratio of the stellar masses:

θ1d

θ2d
=

r1

r2
=

M2

M1
. (2.38)

Given the distance (which allows deriving the physical separationa) and the ob-
served period, Kepler’s law yieldsM1 + M2. Together with Eq. 2.38, we can solve
for M1 andM2 individually.

In spectroscopic binaries, we cannot measure directly the separationsa, r1, and
r2. Instead, we can use the amplitudes of the oscillations in line-of-sight velocities
deduced from the Doppler shifts. Because the perpendicular to the orbital plane
is inclined to the line of sight by an anglei (see Fig. 2.10), the Doppler velocity
amplitudes we measure will be related to the true orbital velocity amplitudes by

|v1obs| = |v1| sin i, |v2obs| = |v2| sin i. (2.39)

But since

|v1| = 2πr1

τ
, |v2| = 2πr2

τ
, (2.40)

then
|v1obs|
|v2obs| =

r1

r2
=

M2

M1
. (2.41)
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Replacing, in Kepler’s law,a with r1+r2, and using Eqns. 2.39 and 2.40 to express
r1 andr2, we obtain

(M1 + M2) sin3 i =
τ(|v1obs|+ |v2obs|)3

2πG
. (2.42)

We see that in spectroscopic binaries the inclination of the orbits is an additional
unknown variable that enters the mass determination. In such systems, we will
therefore be able to determine the stellar masses only up to a factorsin3 i. An
exception to this is the case of eclipsing spectroscopic binaries. There, the fact that
the members of a pair eclipse each other impliesi must be close to90◦, and the
individual masses can therefore be found. Indeed, in such systems, one can use the
detailed shape of the “light curve” of the eclipse (e.g., Fig. 2.7), combined with the
known relative velocity of the two stars as they pass one in front of the other, to
deduce the physical radii of the two stars (see Problem 5), as well as the precise
value ofi.

In many spectroscopic binaries, the spectrum of only one star is detected, due
to the faintness of the “secondary” object,M2. The presence of a companion is
deduced solely from the periodic velocity oscillations in the spectral lines of one
star, say,M1. In this case, we can use Eq. 2.41 to express the unmeasured|v2obs|,
giving

(M1 + M2) sin3 i =
τ |v1obs|3(1 + M1/M2)3

2πG
, (2.43)

or

M3
2

(M1 + M2)2
sin3 i =

τ |v1obs|3
2πG

, (2.44)

and there is now only one equation for three unknowns,M1, M2, andsin i.
An important case is whenM2 ¿ M1, where Eq. 2.44 simplifies to

M2 sin i ≈
( τ

2πG

)1/3

|v1obs|M2/3
1 . (2.45)

This case applies to searches forextrasolar planets, by means of the small wobble
a planet induces on its parent star. The parent star’s mass,M1 needs to be estimated
by some other means, normally by identifying its spectral type. We can calculate
from Eq. 2.45 the expected amplitude of the velocity oscillations of, say, a1M¯
star that is orbited by a Jupiter-mass (10−3M¯) planet at a radius of 1 AU:

|v1obs| ≈ M2 sin i M
−2/3
1

( τ

2πG

)−1/3

(2.46)

= 10−3×2×1033 g×(2×1033 g)−2/3

(
3.15× 107 s

2π × 6.7× 10−8 cgs

)−1/3

= 31 m s−1,

where we have assumedsin i ≈ 1. (Here and henceforth, we abbreviate with “cgs”
the units of the gravitational constantG, erg cm gr−2.) Such a velocity produces a
tiny Doppler shift in the star’s spectral lines, of∆λ/λ = v/c = 10−7. Neverthe-
less, sensitive spectroscopic techniques have been developed for this purpose, and
hundreds of extrasolar planets have been discovered, and their masses determined
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Figure 2.11 Observed “radial velocity curve” (i.e., line-of-sight velocity vs. time) for the
nearby (≈ 50 pc) star HD209458, revealing the presence of a planetary com-
panion that causes the star to orbit around the common center of mass. Using
Eq. 2.45, and assuming the parent star has a massM1 = 1.1M¯ (based on
its observed spectral type), the amplitude (86 m s−1) and period (3.5 days) of
the observed velocity oscillations indicate a planet massM2 = 0.7MJ/ sin i,
whereMJ is one Jupiter mass. The orbital radius is 0.05 AU. In this particu-
lar system, a periodic 1.5% amplitude eclipse of the star’s flux has also been
detected, due to the transit of the planet across the face of the star, indicating
sin i ≈ 1. Data credit: T. Mazeh et al. 1999, Astrophys. J., 532, L55

(in most cases to an unknown factorsin i) in this way. Figure 2.11 shows an exam-
ple. These extrasolar planets indeed have masses of order that of Jupiter, but are
sometimes in orbits with periods of just a few days, indicating orbital radii of a few
hundredths of an AU.

In reality, many binary systems are in elliptical, rather than circular orbits. Two
additional parameters are then required to describe the problem – the eccentricity
of the orbit and the orientation angle of the ellipse in the orbital plane, as viewed
from our vantage point. However, these parameters can be determined from the
data (e.g., from the shape of the orbit on the sky, or from the functional form of
the radial-velocity curve of each component, or from asymmetries in the timing
and duration of primary and secondary eclipses). The essential possibilities and
limitations of stellar mass determination we have found above for various types of
binaries, assuming circular orbits, hold also for binaries with elliptical orbits.
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Figure 2.12 Schematic example of an H-R diagram, showing stellar luminosity vs. effective
surface temperature. Note that the axes are logarithmic and that the temperature
grows to the left. The dashed lines show the luminosity temperature relation,
L = 4πr2

∗σT 4
E , for objects of constant radius. The three lines correspond, from

top to bottom, tor∗ = 100r¯, r¯, and0.01r¯.

2.3 THE HERTZSPRUNG-RUSSELL DIAGRAM

A crucial step toward understanding stellar physics was taken in 1911 indepen-
dently by two astronomers, Hertzsprung and Russell, who placed measurements of
stars on a logarithmic plot with axes of luminosity and effective surface tempera-
ture1. Fig. 2.12 shows an example of such anH-R diagram. Note that temperature
is traditionally shown growing to the left on such a plot. Almost all known stars
are concentrated in several well-defined loci on such a diagram. About 80-90% of
all stars (depending on what stellar environment one looks at) lie in a narrow diag-
onal strip called themain sequencewhich corresponds very roughly to a relation
L ∼ T 8

E . Since the luminosity of a spherical blackbody radiator is
L = 4πr2

∗σT 4
E , (2.47)

this immediately implies that hotter stars are bigger, withr∗ ∼ T 2
E . The Sun is a

main sequence star. Since the coolest stars have about half the surface temperature
of the Sun and the hottest stars have about 5 times the Solar temperature, the radii
of main-sequence stars are in the range of about 1/4 to 25 times the Solar radius.

Two other stellar loci are apparent on the H-R diagram. There is a concentration
of points corresponding to stars that are cool (i.e., red) yet with luminosities orders
of magnitudes higher than those of main sequence stars. Clearly, these must be
objects with large surface areas, with radii of order 100 times the Solar radius, i.e.,

1Historically, what was first plotted was the fluxes from stars that are in a cluster, and hence all at the
same distance, and their colors.
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∼ 108 km, or about 1 AU. Accordingly, such stars are namedred giants. In the
lower left part of the diagram there is another sequence of points, corresponding
to stars that are quite hot (i.e., white to blue), yet with luminosities that are orders
of magnitude smaller than those of main sequence stars with such temperatures.
These must be stars with much smaller radii, of order104 km (i.e., of the order of
the Earth’s radius, 6400 km), and they are therefore labeledwhite dwarfs.

In terms of physical meaning, it was originally speculated (incorrectly) that the
main sequence is a cooling sequence, in which stars are born hot and then move
along the sequence as they cool. (This led to the confusing terminology, sometimes
still used today, of “early-type” stars for O and B spectral types and “late-type” stars
for FGKM. Main-sequence stars are sometimes also called “dwarfs”, to distinguish
them from giant stars, a potential source for additional confusion.) However, as
mass measurements for stars that are members of binaries became available, it be-
came clear that the main sequence is amasssequence, with high-mass stars at high
luminosities and high effective temperatures, and low-mass stars at low luminosi-
ties and low effective temperatures. The range of masses on the main sequence
is between∼ 0.1 and∼ 100M¯. The luminosity as a function of mass goes as
L ∼ Mα, with α ≈ 3 for stars more massive than the Sun andα ≈ 5 for the less
massive stars. Red giants, despite their large luminosities, turn out to have masses
usually in the range1− 2 M¯. White dwarfs generally have masses similar to that
of the Sun, or lower, and are never more massive than1.4M¯.

As we will see, a star spends most of its lifetime at the same location on the main
sequence. This is the period during which nuclear hydrogen burning takes place in
the stellar core. The processes that occur, once most of the hydrogen in the core has
been synthesized into helium, lead to a large, but short-lived, increase in luminosity
and an expansion of the star’s outer layers, which is observed as the giant-star phase
of stellar evolution. Stars that begin their lives with less than about8M¯ eventually
shed their outer layers and become white dwarfs – compact remnants of the original
stellar core. White dwarfs are devoid of energy-producing nuclear reactions, and
slowly radiate away their fossil heat. Stars more massive than about8M¯, after
passing through the giant stage (where they are called red or bluesupergiants
because of their large luminosities – these are the stars near the top edge of the H-R
diagram), undergo a runaway process of gravitational core collapse that ends (at
least in some cases) insupernovaexplosion. The stellar remnants in these cases are
neutron starsandblack holes. Compared to white dwarfs, neutron stars are even
hotter (by an order of magnitude) and more compact (by three orders of magnitude
in radius), and hence less luminous (by two orders of magnitude). They are not
generally plotted on an H-R diagram; only a handful of isolated neutron stars (i.e.,
neutron stars not in binary systems or not still inside the debris of the supernova
explosions that created them) have been detected optically, owing to their extreme
faintness.

A final note on nomenclature: apart from their spectral types (B0, A5, G2, etc.),
stars are divided into luminosity classes, which are labeled by Roman numerals

going from I to V, with decreasing luminosity. Classes I to IV are giants, and V
designates main sequence stars. Thus, the Sun is a G2V star. White dwarfs have
their own classification system, with spectral type names beginning with a capital
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D.

PROBLEMS

1. a. If the Sun subtends a solid angleΩ on the sky, and the flux from the Sun
just above the Earth’s atmosphere, integrated over all wavelengths, isf(d¯),
show that the flux at the Solar photosphere isπf(d¯)/Ω.
b. The angular diameter of the Sun is 0.57 degree. Calculate the solid angle
subtended by the Sun, in steradians.
Answer:Ω = 7.8× 10−5.
c. The Solar flux at Earth is

f(d¯) = 1.4× 106 erg s−1cm−2 = 1.4 kW m−2.

Use (b), and the Stefan-Boltzmann Law, to derive the effective surface tem-
perature of the Sun.
Answer:TE = 5800 K.
d. Derive an expression for the surface temperature of the Sun, in terms
only of its solid angle, its flux per unit wavelengthfλ(λ1) at Earth at one
wavelengthλ1, and fundamental constants.

2. a. Show that, if the ratio of the blackbody fluxes from a star at two different
frequencies (i.e., a “color”) is measured, then, in principle, the surface tem-
perature of the star can be derived, even if the star’s solid angle on the sky
is unknown (e.g., if it is too distant to be spatially resolved, and its distance
and surface area are both unknown).
b. Explain why it will be hard, in practice, to derive the temperature mea-
surement if both frequencies are on the Rayleigh-Jeans side of the blackbody
curve,hν ¿ kT .
c. For the case that both measurements are on the Wien tail of the blackbody
curve,hν À kT , derive a simple, approximate, expression for the temper-
ature as a function of the two frequencies and of the flux ratio at the two
frequencies.
d. If, in addition to the flux ratio in (c), a parallax measurement and the to-
tal flux (integrated over all frequencies) at Earth are available, show that the
star’s radius can be derived.

3. If parallax can be measured with an accuracy of 0.01 arcsecond, and the
mean density of stars in the Solar neighborhood is 0.1 pc−3, how many stars
can have their distances measured via parallax?
Answer:4.2× 105.

4. The maximal radial velocities measured for the two components of a spec-
troscopic binary are 100 km s−1 and 200 km s−1, with an orbital period of
2 days. The orbits are circular.
a. Find the mass ratio of the two stars.
b. Use Kepler’s Law (Eq. 2.42) to calculate the value ofM sin3 i for each
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star, whereM is the mass andi is the inclination to the observer’s line of
sight of the perpendicular to the orbital plane.
Answer:0.37M¯ and0.18M¯.
c. Calculate the mean expectation value of the factorsin3 i, i.e., the mean
value it would have among an ensemble of binaries with random inclina-
tions. Find the masses of the two stars, ifsin3 i has its mean value.
Hint: In spherical coordinates,(θ, φ), integrate over the solid angle of a
sphere where the observer is in the direction of thez axis, with each solid
angle element weighted bysin3 θ.
Answers:3π/16 = 0.59; 0.63M¯ and0.31M¯. .

5. In an eclipsing spectroscopic binary, the maximal radial velocities measured
for the two components are 20 km s−1 and 5 km s−1. The orbit is circular,
and the orbital period isP = 5 yr. It takes 0.3 day from the start of the
eclipse to the main minimum, which then lasts 1 day.
a. Find the mass of each star. Since the binary is of the eclipsing type,
one can safely approximatei ≈ 90◦. Check to what degree the results are
affected by small deviations from this angle, to convince yourself that this is
a good approximation.
Answers:M1 = 2.3M¯, M2 = 0.58M¯.
b. Assume againi = 90◦ and find the radius of each star. Is the result still
insensitive to the exact value ofi?
Answers:r1 = 2.0r¯, r2 = 0.46r¯.
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Chapter Three

Stellar Physics

In this chapter, we will obtain a physical understanding of main-sequence stars and
of their properties, as outlined in the previous chapter.

The Sun is the nearest and best-studied star, and its properties provide useful
standards to which other stars can be compared. For reference, let us summarize
the measured parameters of the Sun.
The Earth-Sun distance is

d¯ = 1.5× 108 km = 1 AU. (3.1)

The mass of the Sun is

M¯ = 2.0× 1033 g. (3.2)

The radius of the Sun is

r¯ = 7.0× 1010 cm. (3.3)

Using the mass and the radius, we can find the mean density of the Sun,

ρ̄ =
M¯

4
3πR3¯

=
3× 2× 1033 g

4π × (7× 1010 cm)3
= 1.4 g cm−3. (3.4)

The Sun’s mean density is thus not too different from that of liquid water. The
bolometric Solar luminosity is

L¯ = 3.8× 1033 erg s−1. (3.5)

When divided by4πd2
¯, this gives the Solar flux above the Earth’s atmosphere,

sometimes called the Solar Constant:

f¯ = 1.4× 106 erg s−1cm−2 = 1.4 kW m−2. (3.6)

The effective surface temperature is

TE¯ = 5800K. (3.7)

From Wien’s Law (Eq. 2.16), the typical energy of a Solar photon is then 1.4 eV.
Dividing the energy flux by this photon energy, the photon flux is

f¯,ph ≈ 1.4× 106 erg s−1cm−2

1.4 eV × 1.6× 10−12 erg eV−1 = 6.3× 1017 s−1cm−2, (3.8)

(where we have converted between energy units using 1 eV=1.6× 10−12 erg).
From radioactive dating of Solar System bodies, the Sun’s age is about

t¯ = 4.5× 109yr. (3.9)

Finally, from a solution of the stellar models that we will develop, the central den-
sity and temperature of the Sun are

ρc = 150 g cm−3, (3.10)

Tc = 15× 106K. (3.11)
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3.1 HYDROSTATIC EQUILIBRIUM AND THE VIRIAL THEOREM

A star is a sphere of gas that is held together by its self gravity, and is balanced
against collapse by pressure gradients. To see this, let us calculate thefree-fall
timescaleof the Sun, i.e., the time it would take to collapse to a point, if there were
no pressure support. Consider a mass elementdm at rest in the Sun at a radiusr0.
Its potential energy is

dU = −GM(r0)dm

r0
, (3.12)

whereM(r0) is the mass interior tor0. From conservation of energy, the velocity
of the element as it falls toward the center is

1
2

(
dr

dt

)2

=
GM(r0)

r
− GM(r0)

r0
, (3.13)

where we have assumed that the amount of (also-falling) mass interior tor0 remains
constant. Separating the variables and integrating, we find

τff =
∫ τff

0

dt = −
∫ 0

r0

[
2GM(r0)

(
1
r
− 1

r0

)]−1/2

dr (3.14)

=
(

r3
0

2GM(r0)

) 1
2

∫ 1

0

(
x

1− x

) 1
2

dx.

The definite integral on the right equalsπ/2, and the ratioM(r0)/r3
0, up to a factor

4π/3, is the mean densitȳρ, so

τff =
(

3π

32Gρ̄

)1/2

. (3.15)

For the parameters of the Sun, we obtain

τff¯ =
(

3π
32× 6.7× 10−8 cgs× 1.4 g cm−3

)1/2

= 1800 s. (3.16)

Thus without pressure support, the Sun would collapse to a point within half an
hour.

This has not happened because the Sun is inhydrostatic equilibrium . Consider
now a small, cylinder-shaped mass element inside a star, withA the area of the
cylinder’s base, anddr its height (see Fig. 3.1). If there is a pressure differencedP
between the top of the cylinder and its bottom, this will lead to a net forceAdp on
the mass element, in addition to the force of gravity toward the center. Equilibrium
will exist if

−GM(r)dm

r2
−AdP = 0. (3.17)

But

dm = ρ(r)Adr, (3.18)
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Figure 3.1 Hydrostatic equilibrium. The gravitational forceFgr on a mass element of cross-
sectional areaA is balanced by the forceAdP due to the pressure difference
between the top and the bottom of the mass element.

which leads us to the first equation of stellar structure, theequation of hydrostatic
equilibrium :

dP (r)
dr

= −GM(r)ρ(r)
r2

. (3.19)

Naturally, the pressure gradient is negative, because to counteract gravity, the pres-
sure must decrease outwards (i.e., with increasing radius.)

This simple equation, combined with some thermodynamics, can already provide
valuable insight. Let us multiply both sides of Eq. 3.19 by4πr3dr and integrate
from r = 0 to r∗, the outer radius of the star:∫ r∗

0

4πr3 dP

dr
dr = −

∫ r∗

0

GM(r)ρ(r)4πr2dr

r
. (3.20)

The right-hand side, in the form we have written it, is seen to be the energy that
would be gained in constructing the star from the inside out, bringing from infinity
shell by shell (each shell with a massdM(r) = ρ(r)4πr2dr). This is just the
gravitational potential self energy of the star,Egr. On the left side, integration by
parts gives

[P (r)4πr3]r∗0 − 3
∫ r∗

0

P (r)4πr2dr. (3.21)

We will define the surface of the star as the radius at which the pressure goes to
zero. The first term is therefore zero. The second term is seen to be−3 times the
volume-averaged pressure,P̄ , up to division by the volumeV of the star. Equating
the two sides, we obtain

P̄ = −1
3

Egr

V
. (3.22)

In words, the mean pressure in a star equals minus one third of its gravitational
energy density. Eq. 3.22 is one form of the so-calledvirial theorem for a gravita-
tionally bound system.

To see what Eq. 3.22 implies, consider a star composed of a classical, mono-
atomic, non-relativistic, ideal gas ofN identical particles.1 At every point in the

1“Classical” means that the typical separations between particles are larger than the de Broglie wave-
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star the gas equation of state is

PV = NkT, (3.23)

and its thermal energy is

Eth =
3
2
NkT. (3.24)

Thus,

P =
2
3

Eth

V
, (3.25)

i.e., the local pressure equals 2/3 the local thermal energy density. Multiplying both
sides by4πr2 and integrating over the volume of the star, we find that

P̄ V =
2
3
Etot

th , (3.26)

with Etot
th the total thermal energy of the star. Substituting from Eq. 3.22, we obtain

Etot
th = −Egr

2
, (3.27)

which is another form of the virial theorem. Eq. 3.27 says that when a star con-
tracts and loses energy, i.e., its gravitational self energy becomes more negative,
its thermal energy rises. This means that stars have negative heat capacity – their
temperatures rise when they lose energy. As we will see, this remarkable fact is at
the crux of all of stellar evolution.

A third form of the virial theorem is obtained by considering the total energy of
a star, both gravitational and thermal,

Etotal = Etot
th + Egr = −Etot

th =
Egr

2
. (3.28)

Thus, the total energy of a star that is composed of a classical, non-relativistic, ideal
gas is negative, meaning the star is bound. (To see what happens in the case of a
relativistic gas, solve Problem 1). Since all stars constantly radiate away their en-
ergy (and henceEtotal becomes more negative), they are doomed to collapse (Egr

becomes more negative), eventually. We will see in Chapter 4 that an exception to
this occurs when the stellar gas moves from the classical to the quantum regime.

We can also use Eq. 3.22 to get an idea of the typical pressure and temperature
inside a star, as follows. The right-hand side of Eq. 3.20 permits evaluatingEgr for
a choice ofρ(r). For example, for a constant density profile,ρ =const.,

Egr = −
∫ r∗

0

GM(r)ρ(r)4πr2dr

r
= −

∫ r∗

0

G4π
3 r3ρ24πr2dr

r
= −3

5
GM2

∗
r∗

.

(3.29)

lengths of the particles,λ = h/p, wherep is the momentum. “Non-relativistic” means that the particle
velocities obeyv ¿ c . An ideal gas is defined as a gas in which particles experience only short-range
(compared to their typical separations) interactions with each other – billiard balls on a pool table are
the usual analog.
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A density profile,ρ(r), that falls with radius will give a somewhat more negative
value ofEgr. Taking a characteristicEgr ∼ −GM2/r, the mean pressure in the
Sun is

P̄¯ ∼ 1
3

GM2
¯

4
3πr3¯r¯

=
GM2

¯
4πr4¯

≈ 1015dyne cm−2 = 109Atm. (3.30)

To find a typical temperature, which we will call thevirial temperature , let us
assume again a classical nonrelativistic ideal gas, with particles of mean massm̄.
Equation 3.27 then applies, and

3
2
NkTvir ∼ 1

2
GM2

¯
r¯

=
1
2

GM¯Nm̄

r¯
. (3.31)

The mass of an electron is negligibly small, only≈ 1/2000 compared to the mass
of a proton. For an ionized hydrogen gas, consisting of an equal number of protons
and electrons, the mean massm̄,

m̄ =
me + mp

2
=

mH

2
, (3.32)

is therefore close to one-half the mass of the proton or exactly one-half of the
hydrogen atom,mH = 1.7× 10−24 g. The typical thermal energy is then

kTvir ∼ GM¯mH

6r¯
=

6.7× 10−8cgs× 2× 1033 g × 1.7× 10−24 g
6× 7× 1010 cm

(3.33)

= 5.4× 10−10 erg = 0.34 keV.

With k = 1.4× 10−16 ergK−1 = 8.6× 10−5 eV K−1, this gives a virial tempera-
ture of about4×106 K. As we will see, at temperatures of this order of magnitude,
nuclear reactions can take place, and thus replenish the thermal energy that the star
radiates away, halting the gravitational collapse (if only temporarily).

Of course, in reality, just likeP (r), the densityρ(r) and the temperatureT (r)
are also functions of radius and they grow toward the center of a star. To find
them, we will need to define additional equations. We will see that the equation of
hydrostatic equilibrium is one of four coupled differential equations that determine
stellar structure.

3.2 MASS CONTINUITY

In the hydrostatic equilibrium equation (Eq. 3.19), we haveM(r) andρ(r), which
are easily related to each other:

dM(r) = ρ(r)4πr2dr, (3.34)

or

dM(r)
dr

= 4πr2ρ(r). (3.35)

Although this is, in essence, merely the definition of density, in the context of stellar
structure this equation is often referred to as theequation of mass continuityor
theequation of mass conservation.



basicastro4 October 26, 2006

38 CHAPTER 3

Figure 3.2 A volume element in a field of targets as viewed in perspective (left). The target
number density isn, and each target presents a cross sectionσ. From the base of
the cylindrical volume,ndx targets per unit area are seen in projection (right). A
straight line along the length of the volume will therefore intercept, on average,
nσdx targets.

3.3 RADIATIVE ENERGY TRANSPORT

The radial gradient inP (r) that supports a star is produced by a gradient inρ(r)
andT (r). In much of the volume of most stars,T (r) is determined by the rate at
which radiative energy flows in and out through every radius, i.e., the luminosity
L(r). To find the equation that determinesT (r), we will need to study some of the
basics of “radiative transfer”, the passage of radiation through matter. In some of
the volume of some stars, the energy transport mechanism that dominates is con-
vection, rather than radiative transport. We will discuss convection is Section 3.12.
Energy transport by means of conduction plays a role only in dense stellar remnants
– white dwarfs and neutron stars – which are discussed in Chapter 4.

Photons in stars can be absorbed or scattered out of a beam via interactions with
molecules, with atoms (either neutral or ions), and with electrons. If a photon
traverses a pathdx filled with “targets” with a number densityn (i.e., the number of
targets per unit volume), then the projected number of targets per unit area lying in
the path of the photon isndx (see Fig. 3.2). If each target poses an effective “cross
section”2 σ for absorption or scattering, then the fraction of the area covered by
targets isσndx. Thus, the number of targets that will typically be intersected by a
straight line traversing the pathdx, or in other words, the number of interactions
the photon undergoes, will be

# of interactions = nσdx. (3.36)

Equation 3.36 defines the concept of cross section. (Cross section can be defined
equivalently as the ratio between the interaction rate per target particle and the
incoming flux of projectiles.) Setting the left-hand side equal to 1, the typical
distance a photon will travel between interactions is called the “mean free path”:

l =
1

nσ
. (3.37)

2The cross section of a particle, which has units of area, quantifies the degree to which the particle is
liable to take part in a particular interaction (e.g., a collision or a reaction) with some other particle.
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Figure 3.3 Thomson scattering of a photon on a free electron.

More generally, the stellar matter will consist of a variety of absorbers and scatter-
ers, each with its own densityni and cross sectionσi. Thus

l =
1∑
niσi

≡ 1
ρκ

, (3.38)

where we have used the fact that all the particle densities will be proportional to
the mass densityρ, to define the “opacity” κ. The opacity obviously has cgs units
of cm2 g−1, and will depend on the local density, temperature, and element abun-
dance.

We will return later to the various processes that produce opacity. However, to
get an idea of the magnitude of the scattering process, let us consider one of the
important interactions –Thomson scattering of photons on free electrons (see
Fig. 3.3).

The Thomson cross section is

σT =
8π

3

(
e2

mec2

)2

= 6.7× 10−25cm2. (3.39)

It is independent of temperature and photon energy.3 In the hot interiors of stars, the
gas is fully ionized and therefore free electrons are abundant. If we approximate,
for simplicity, that the gas is all hydrogen, then there is one electron per atom of
massmH , and

ne ≈ ρ

mH
. (3.40)

The mean free path for electron scattering is then

les =
1

neσT
≈ mH

ρ σT
≈ 1.7× 10−24 g

1.4 g cm−3 × 6.7× 10−25 cm2
≈ 2 cm, (3.41)

where we have used the mean mass density of the Sun calculated previously. In
reality, the density of the Sun is higher than average in regions where electron
scattering is the dominant source of opacity, while in other regions other processes,
apart from electron scattering, are important. As a result, the actual typical photon
mean free path is even smaller, and isl ≈ 1 mm.

3Note the inverse square dependence of the Thomson cross section on the electron mass. For this
reason, protons and nuclei, which are much heavier, are much-less-effective photon scatterers. Similarly,
the relevant mass for electrons bound in atoms is the mass of the entire atom, and hence bound electrons
pose a very small Thomson scattering cross section.
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Figure 3.4 The net advance of a photon performing a random walk consisting ofN steps,
each decribed by a vectorli, is the vectorD.

Thus, photons can travel only a tiny distance inside the Sun before being scat-
tered or absorbed and re-emitted in a new direction. Since the new direction is
random, the emergence of photons from the Sun is necessarily arandom walk
process. The vectorD describing the change in position of a photon afterN steps,
each described by a vectorli having lengthl and random orientation (see Fig. 3.4),
is

D = l1 + l2 + l3 + ... + lN. (3.42)
The square of the linear distance covered is

D2 = |l1|2 + |l2|2 + ... + |lN|2 + 2(l1 · l2 + l1 · l3 + ...), (3.43)
and its expectation value is

〈D2〉 = Nl2. (3.44)
The expectation value of the term in parentheses in Eq. 3.43 is zero because it is a
sum over many vector dot products, each with a random angle, and hence with both
positive and negative cosines contributing equally. The linear distance covered in a
random walk is therefore

〈D2〉1/2 = D =
√

N l. (3.45)

To gain some intuition, it is instructive to calculate how long it takes a photon
to travel from the center of the Sun, where most of the energy is produced, to the
surface.4 From Eq. 3.45, traveling a distancer¯ will require N = r2

¯/l2 steps in
the random walk. Each step requires a timel/c. Thus, the total time for the photon
to emerge from the Sun is

τrw ≈ l

c

r2
¯
l2

=
r2
¯
lc

=
(7× 1010 cm)2

10−1 cm× 3× 1010 cm s−1
= 1.6× 1012 s = 52, 000 yr.

(3.46)

4In reality, of course, it is not the same photon that travels this path. In every interaction, the photon
can transfer energy to the particle it scatters on, or distribute its original energy among several photons
that emerge from the interaction. Hence the photon energy is strongly “degraded” during the passage
through the Sun.
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Figure 3.5 Radiative diffusion of energy between volume shells in a star, driven by the gra-
dient in the thermal energy density.

Thus, if the nuclear reactions powering the Sun were to suddenly switch off, we
would not notice5 anything unusual for 50,000 years.

With this background, we can now derive the equation that relates the tempera-
ture profile,T (r), to the flow of radiative energy through a star. The small mean
free path of photons inside the Sun and the very numerous scatterings, absorptions,
and re-emissions every photon undergoes reaffirms that locally, every volume ele-
ment inside the Sun radiates as a blackbody to a very good approximation. How-
ever, there is a net flow of radiation energy outwards, meaning there is some small
anisotropy (a preferred direction), and implying there is a higher energy density, at
smaller radii than at larger radii. The net flow of radiation energy through a mass
shell at radiusr, per unit time, is justL(r) (see Fig. 3.5). This must equal the
excess energy in the shell, compared to a shell at larger radius, divided by the time
it takes this excess energy to flow across the shell’s width∆r. The excess energy
density is∆u, which multiplied by the shell’s volume gives the total excess energy
of the shell,4πr2∆r∆u. The time for the photons to cross the shell in a random
walk is (∆r)2/lc. Thus

L(r) ≈ −4πr2∆r∆u

(∆r)2/lc
= −4πr2lc

∆u

∆r
. (3.47)

A more rigorous derivation of this equation adds a factor 1/3 on the right hand side,
which comes about from an integration ofcos2 θ over solid angle (see the derivation
of the equation of radiation pressure, Eq. 3.74, below). Including this factor and
replacing the differences with differentials, we obtain

L(r)
4πr2

= −cl

3
du

dr
. (3.48)

Note that this is, in effect, a “diffusion equation”, describing the outward flow of
energy. The left-hand side is the energy flux. On the right-hand side,du/dr is the
gradient in energy density, and−cl/3 is a diffusion coefficient that sets the pro-
portionality relating the energy flow and the energy density gradient. The opacity,
as reflected in the mean free pathl, controls the flow of radiation through the star.
For low opacity (largel), the flow will be relatively unobstructed, and hence the
luminosity will be high, and vice versa.

Since at every radius the energy density is close to that of blackbody radiation,
then (Eq. 2.9)

u = aT 4, (3.49)

5In fact, even then, nothing dramatic would happen. As we will see in Section 3.9, a slow contraction
of the Sun would begin, with a timescale of∼ 107 yr. Over∼ 105 yr, the Solar radius would only
shrink by∼ 1%, which is small but discernible.
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and
du

dr
=

du

dT

dT

dr
= 4aT 3 dT

dr
. (3.50)

Substituting in eq. 3.48, and expressingl as(κρ)−1, we obtain theequation of
radiative energy transport,

dT (r)
dr

= −3L(r)κ(r)ρ(r)
4πr24acT 3(r)

. (3.51)

From Eqns. 3.48 and 3.49, together with an estimate of the mean free path, we
can make an order-of-magnitude prediction of the Sun’s luminosity. Approximat-
ing−du/dr with ∼ u/r¯ = aT 4/r¯, we have

L¯ ∼ 4πr2
¯

cl

3
aT 4

r¯
. (3.52)

Based on the virial theorem and the Sun’s mass and radius, we obtained in Eq. 3.33
an estimate of the Sun’s internal temperature,Tvir ∼ 4 × 106 K. Using this as a
typical temperature and takingl = 0.1 cm, we find

L¯ ∼ 4π

3
7×1010 cm×3×1010 cm s−1×10−1×7.6×10−15 cgs×(4×106 K)4

= 2× 1033 ergs−1, (3.53)

in reasonable agreement with the observed Solar luminosity,L¯ = 3.8×1033 ergs−1.
(We have abbreviated above the units of the “radiation constant”,a, as “cgs”.) The
above estimate can also be used to argue that, based on its observed luminosity, the
Sun must be composed primarily of ionized hydrogen. If the Sun were composed
of, say, ionized carbon, the mean particle mass would bem̄ ≈ 12mH/7 ≈ 2mH ,
rather thanmH/2. Equation 3.33 would then give a virial temperature that is 4
times as high, resulting in a luminosity prediction in Eq. 3.52 that is too high by
two orders of magnitude.

3.4 ENERGY CONSERVATION

We will see that the luminosity of a star is produced by nuclear reactions, with
output energies that depend on the local conditions (density and temperature) and
hence onr. Let us defineε(r) as the power produced per unit mass of stellar
material. Energy conservation means that the addition to a star’s luminosity due to
the energy production in a thin shell at radiusr is

dL = εdm = ερ4πr2dr, (3.54)

or

dL(r)
dr

= 4πr2ρ(r)ε(r), (3.55)

which is theequation of energy conservation.
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3.5 THE EQUATIONS OF STELLAR STRUCTURE

We have derived four coupled first-order differential equations describing stellar
structure. Let us re-write them here.

dP (r)
dr

= −GM(r)ρ(r)
r2

, (3.56)

dM(r)
dr

= 4πr2ρ(r), (3.57)

dT (r)
dr

= −3L(r)κ(r)ρ(r)
4πr24acT (r)3

, (3.58)

dL(r)
dr

= 4πr2ρ(r)ε(r). (3.59)

We can define four boundary conditions for these equations. For example:

M(r = 0) = 0 (3.60)

L(r = 0) = 0 (3.61)

P (r = r∗) = 0 (3.62)

M(r = r∗) = M∗ (3.63)

whereM∗ is the total mass of the star. (In reality, at the radiusr∗ of the photosphere
of the star,P does not really go completely to zero, nor doT andρ, and more
sophisticated boundary conditions are required, which account for the processes in
the photosphere.)

To these four differential equations we need to add three equations connecting
the pressure, the opacity, and the energy production rate of the gas with its density,
temperature, and composition:

P = P (ρ, T, composition); (3.64)

κ = κ(ρ, T, composition); (3.65)

ε = ε(ρ, T, composition). (3.66)

P (ρ, T ) is usually calledthe equation of state. Each of these three functions will
depend on the composition through theelement abundancesand the ionization
states of each element in the gas. It is common in astronomy to parametrize the
mass abundances of hydrogen, helium, and the heavier elements (the latter are
often referred to collectively by the term “metals”) as

X ≡ ρH

ρ
, Y ≡ ρHe

ρ
, Z ≡ ρmetals

ρ
. (3.67)
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We have thus ended up with seven coupled equations defining the seven unknown
functions:P (r), M(r), ρ(r), T (r), κ(r), L(r), andε(r). As there are four bound-
ary conditions for the four first-order differential equations, if there is a solution, it
is unique. This is usually expressed in the form of the “Vogt-Russell conjecture”,
which states that the properties and evolution of an isolated star are fully deter-
mined by its initial mass and its chemical abundances. These determine the star’s
observable parameters: its surface temperature, radius, and luminosity. Two vari-
ables which we have neglected in this treatment, and which have minor influence
on stellar structure, are stellar rotation and magnetic fields. To proceed, we need to
define the three functions,P , κ, andε.

3.6 THE EQUATION OF STATE

Different equations of stateP (ρ, T,X, Y, Z) apply for different ranges of gas den-
sity, temperature, and abundance. Under the conditions in most normal stars, the
equation of state of a classical, nonrelativistic, ideal gas, provides a good descrip-
tion. Consider, for example, such a gas, composed of three different kinds of par-
ticles, each with its own massmi and densityni. The mean particle mass will
be

m̄ =
n1m1 + n2m2 + n3m3

n1 + n2 + n3
=

ρ

n
. (3.68)

The gas pressure will then be

Pg = nkT =
ρ

m̄
kT. (3.69)

The mean mass will depend on the chemical abundance and ionization state of the
gas. As we have already seen, for completely ionized pure hydrogen,

m̄ =
mH

2
, (3.70)

and thereforēm/mH = 0.5.
More generally, the number densities of hydrogen, helium, or an element of

atomic mass numberA (i.e., an element with a total ofA protons and neutrons in
each atomic nucleus) will be

nH =
Xρ

mH
, nHe =

Y ρ

4mH
, nA =

ZAρ

AmH
, (3.71)

whereZA is the mass abundance of an element of atomic mass numberA. Com-
plete ionization of hydrogen results in two particles (an electron and a proton); of
helium, three particles (two electrons and a nucleus); and of an atom with atomic
numberZ (i.e., with Z protons or electrons),Z + 1 particles, which for heavy
enough atoms is always close toA/2. Thus, for an ionized gas we will have

n = 2nH + 3nHe +
∑ A

2
nA =

ρ

mH

(
2X +

3
4
Y +

1
2
Z

)

=
ρ

2mH

(
3X +

Y

2
+ 1

)
, (3.72)
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Figure 3.6 Calculation of radiation pressure. A beam of photons with blackbody intensity
B strikes the wall of a container at an angleθ to its perpendicular. The projected
area of the beam,dA, is increased by1/ cos θ, and therefore the power reaching
the wall per unit area is decreased toB cos θ. Since a photon’s momentum,
p, is its energy divided byc, the momentum flux in the beam isB/c. Every
reflection of a photon transfers twice its perpendicular component of momentum,
and therefore the momentum transfer per unit time and per unit area, i.e., the
pressure, is2B cos2 θ/c. The total pressure is obtained by integrating over all
angles of the beams that approach the wall.

where we have used the fact thatX + Y + Z = 1. Thus,

m̄

mH
=

ρ

nmH
=

2
1 + 3X + 0.5Y

(3.73)

for a totally ionized gas. For Solar abundances,X = 0.71, Y = 0.27, Z = 0.02,
and thereforēm/mH = 0.61. In the central regions of the Sun, about half of the
hydrogen has already been converted into helium by nuclear reactions, and as a
resultX = 0.34, Y = 0.64, andZ = 0.02, giving m̄/mH = 0.85.

In addition to the kinetic gas pressure, the photons in a star exertradiation pres-
sure. Let us digress briefly, and derive the equation of state for this kind of pres-
sure. Consider photons inside a blackbody radiator with an intensity given by the
Planck function,Iν = Bν , which, when integrated over wavelength, we denoted
asB. As illustrated in Fig. 3.6, the energy arriving at the surface of the radiator
per unit time, per unit area, at some angleθ to the perpendicular to the surface, is
B cos θ, because the area of the beam, when projected onto the wall of the radiator,
is increased by1/ cos θ. Now, consider the photons in the beam, which strike the
fully reflective surface of the radiator at the angleθ. Every photon of energyE
has momentump = E/c. When reflected, it transmits to the surface a momentum
∆p = (2E/c) cos θ. Therefore, there is a second factor ofcos θ that must be ap-
plied to the incoming beam. The rate of momentum tranfer per unit area will be
obtained by integrating over all angles at which the photons hit the surface. But,
the rate of momentum transfer (i.e., the force) per unit area is, by definition, the
pressure. Thus,

P =
F

A
=

dp/dt

A
=

2
c

∫ π

π/2

B cos2 θ sin θdθdφ =
4π

3c
B =

1
3
u, (3.74)

where in the last equality we have used the previously found relation (Eq. 2.4)
between intensity and energy density. Note that the derivation above applies not
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only to photons, but to any particles with an isotropic velocity distribution, and with
kinetic energies large compared to their rest-mass energies, so that the relationp ≈
E/c (which is exact for photons) is a good approximation. Thus, the equation of
state in which the radiation pressure equals one-third of the thermal energy density
holds for any ultra-relativistic gas.

Returning to the case of the pressure due to a thermal photon gas inside a star,
we can write

Prad =
1
3
u =

1
3
aT 4, (3.75)

which under some circumstances can become important or dominant (see Problems
2 and 3). The full equation of state for normal stars will therefore be

P = Pg + Prad =
ρkT

m̄
+

1
3
aT 4. (3.76)

We will see in Chapter 4 that the conditions in white dwarfs and in neutron stars
dictate equations of state that are very different from this form.

3.7 OPACITY

Like the equation of state, the opacity,κ, at every radius in the star will depend on
the density, the temperature, and the chemical composition at that radius. We have
already mentioned one important source of opacity, Thomson scattering of photons
off free electrons. Let us now calculate correctly the electron density for an ionized
gas of arbitrary abundance (rather than pure hydrogen, as before):

ne = nH+2nHe+
∑ A

2
nA =

ρ

mH

(
X +

2
4
Y +

1
2
Z

)
=

ρ

2mH
(1+X), (3.77)

where we have again assumed that the number of electrons in an atom of mass
numberA is A/2. Therefore,

κes =
neσT

ρ
=

σT

2mH
(1 + X) = (1 + X) 0.2 cm2 g−1. (3.78)

In regions of a star with relatively low temperatures, such that some or all of the
electrons are still bound to their atoms, three additional processes that are important
sources of opacity arebound-bound, bound-free (also calledphotoionization),
and free-free absorption. In bound-bound and bound-free absorption, which
we have already discussed in the context of photospheric absorption features, an
atom or ion is excited to a higher energy level, or ionized to a higher degree of
ionization, by absorbing a photon. Free-free absorption is the inverse process of
free-free emission, often calledBremsstrahlung (“braking radiation” in German).
In free-free emission (see Fig. 3.7), a free electron is accelerated by the electric
potential of an ion, and as a result radiates. Thus, in free-free absorption, a photon
is absorbed by a free electron and an ion, which share the photon’s momentum
and energy. All three processes depend on photon wavelength, in addition to gas
temperature, density, and composition.
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Figure 3.7 Left: A free electron accelerating in the Coulomb potential of an ion emits
Bremsstrahlung, or “free-free” radiation.Right: In the inverse process of free-
free absorption, a photon is absorbed by a free electron. The process is possible
only if a neighboring ion, which can share some of the photon’s momentum, is
present.

When averaged over all wavelengths, the “mean opacity” due to both bound-free
absorption and free-free absorption behave approximately as

κ̄bf,ff ∼ ρ

T 3.5
, (3.79)

which is called a Kramers opacity law. This behavior holds only over limited ranges
in temperature and density. For example, free-free absorption actuallyincreases
with temperature at low temperature and density, with the increase in free electron
density. Similarly, bound-free opacity cuts off at high temperatures at which the
atoms are fully ionized. Additional sources of opacity, significant especially in
low-mass stars, are molecules and H− ions.6

3.8 SCALING RELATIONS ON THE MAIN SEQUENCE

From the equations we have derived so far, we can already deduce and understand
the observed functional forms of the mass-luminosity relation,L ∼ Mα, and the
effective-temperature-luminosity relation,L ∼ T 8

E , that are observed for main se-
quence stars. Let us assume, for simplicity, that the functionsP (r), M(r), ρ(r),
andT (r) are roughly power laws, i.e.,P (r) ∼ rβ , M(r) ∼ rγ , etc. If so, we can
immediately write the first three differential equations (Eqns. 3.56, 3.57, and 3.58)
as scaling relations,

P ∼ Mρ

r
, (3.80)

M ∼ r3ρ, (3.81)

and

L ∼ T 4r

κρ
(3.82)

(just as, instead of solving a differential equation, say,df/dx = x4, we can write
directly f ∼ x5). For moderately massive stars, the pressure will be dominated by

6The negative H− ion forms when a second electron attaches (with a quite weak bond) to a hydrogen
atom.
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the kinetic gas pressure, and the opacity by electron scattering. Therefore

P ∼ ρT (3.83)

and (Eq. 3.78)

κ = const. (3.84)

Equating 3.80 and 3.83, we find

T ∼ M

r
(3.85)

(which is basically just the virial theorem again, for a non-relativistic, classical,
ideal gas – Eq. 3.27). Substituting this into 3.82, and using 3.81 to expressr3ρ, we
find

L ∼ M3, (3.86)

as observed for main-sequence stars more massive than the Sun.
Equation 3.85 also suggests thatr ∼ M on the main sequence. To see this, con-

sider a star that is forming from a massM that is contracting under its own gravity
and heating up (star formation will be discussed in some detail in Chapter 5). The
contraction will stop, and an equilibrium will be set up, once the density and the
temperature in the core are high enough for the onset of nuclear reactions. We will
see that the nuclear power density depends mainly on temperature. Thus, for any
initial mass,r will stop shrinking when a particular core temperature is reached.
Therefore, the internal temperatureT is comparable in all main-sequence stars (i.e,
it is weakly dependent on mass, and hence approximately constant), and

r ∼ M. (3.87)

Detailed models confirm that the core temperature varies only by a factor≈ 4 over
a range of∼ 100 in mass on the main sequence. Withr ∼ M , we see from Eq.
3.81 that the density of a star decreases asM−2, so that more massive stars will
have low density, and low-mass stars will have high density.

Proceeding to low-mass stars, the high density means there is a dominant role
for bound-free and free-free opacity,

κ ∼ ρ

T 3.5
. (3.88)

SinceT ∼const.,r ∼ M , andρ ∼ M−2, thenκ ∼ ρ ∼ M−2, and eq. 3.82 gives

L ∼ T 4r

κρ
∼ r

ρ2
∼ M5, (3.89)

as seen in low-mass stars.
For the most massive stars, the low gas density will make radiation pressure

dominant in the equation of state (see Problem 3),

P ∼ T 4, (3.90)

and electron scattering, withκ =const., will again be the main source of opacity.
Equating with 3.80 and substituting forT 4 in Eq. 3.82, we find

L ∼ M, (3.91)
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a flattening of the mass-luminosity relationship that is, in fact, observed for the
most massive stars.

Finally, we can also reproduce the functional dependence of the main sequence
in the H-R diagram. We saw thatL ∼ M5 for low-mass stars andL ∼ M3 for
moderately massive stars. Let us then take an intermediate slope,L ∼ M4, as
representative. Sincer ∼ M , then

σT 4
E =

L

4πr2∗
∼ M4

M2
∼ M2 ∼ L1/2, (3.92)

so

L ∼ T 8
E , (3.93)

as observed.
We have thus seen that the mass vs. luminosity relation and the surface-temperature

vs. luminosity relation of main-sequence stars are simply consequences of the dif-
ferent sources of pressure and opacity in stars of different masses, and of the fact
that the onset of nuclear hydrogen burning keeps the core temperatures of all main-
sequence stars in a narrow range. The latter fact will be elucidated below.

3.9 NUCLEAR ENERGY PRODUCTION

The last function we still need to describe is the power densityε(ρ, T, X, Y, Z). To
see that the energy source behindε must be nuclear burning, we will consider the
alternatives. Suppose that the source of the Sun’s energy were gravitational, i.e.,
that the Sun had radiated until now the potential energy liberated by contracting
from infinity to its present radius. From the virial theorem, we saw that the thermal
energy resulting from such a contraction is minus one-half the gravitational energy,

Egr = −2Eth. (3.94)

Therefore, the thermal energy that results from the contraction, and which the Sun
can radiate is

Eth ∼ 1
2

GM2
¯

r¯
. (3.95)

To see how long the Sun could shine at its present luminosity with this energy
source, we divide this energy by the Solar luminosity. This gives the so-called
Kelvin-Helmholtz timescale,

τkh ∼ 1
2

GM2
¯

r¯

1
L¯

=
6.7× 10−8 cgs× (2× 1033 g)2

2× 7× 1010 cm× 3.8× 1033 erg s−1

= 5× 1014 s = 1.6× 107 yr. (3.96)

The geological record shows that the Earth and Moon have existed for over 4 billion
years, and that the Sun has been shining with about the same luminosity during all
of this period. A similar calculation shows that chemical reactions (e.g., if the Sun
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were producing energy by combining hydrogen and oxygen into water) are also not
viable for producing the Solar luminosity for so long.

A viable energy source for the Sun and other main sequence stars is nuclear
fusion of hydrogen into helium. Most of the nuclear energy of the Sun comes from
a chain of reactions called the “p-p chain”. The first step is the reaction

p + p → d + e+ + νe, (3.97)

whered designates a deuteron, composed of a proton and a neutron. As we will
see in Section 3.10, the timescale for this process inside the Sun is1010 yr. The
timescale is so long mainly because the reaction proceeds via the weak interaction
(as is evidenced by the emission of a neutrino). The positron, the deuteron, and
the neutrino share an energy of 0.425 MeV. Once the reaction occurs, the positron
quickly annihilates with an electron, producing two 0.511 MeV gamma-ray pho-
tons. The neutrino, having a weak interaction with matter, escapes the Sun and car-
ries off its energy, which has a mean of 0.26 MeV. The remaining kinetic energy and
photons quickly thermalize by means of frequent matter-matter and matter-photon
collisions. Typically within 1 s, the deuteron will merge with another proton to
form 3He:

p + d →3 He + γ, (3.98)

with a total energy release (kinetic + theγ-ray photon) of 5.49 MeV. Finally, on a
timescale of 300,000 years, we have

3He +3He →4 He + p + p, (3.99)

with a kinetic energy release of 12.86 MeV. Every time this three-step chain occurs
twice, four protons are converted into a4He nucleus, two neutrinos, photons, and
kinetic energy. The total energy released per4He nucleus is thus

(4× 0.511 + 2× 0.425 + 2× 5.49 + 12.86) MeV = 26.73 MeV. (3.100)

Deducting the2 × 0.511 Mev from the annihilation of two pre-existing electrons,
this is just the rest-mass difference between four free protons and a4He nucleus:

[m(4p)−m(4He)]c2 = 25.71 MeV = 0.7% m(4p)c2. (3.101)

Thus, the rest-mass-to-energy conversion efficiency of the p-p chain is 0.7%. The
time for the Sun to radiate away just 10% of the energy available from this source
is

τnuc =
0.1× 0.007×M¯c2

L¯
(3.102)

=
0.1× 0.007× 2× 1033 g × (3× 1010 cm s−1)2

3.8× 1033 erg s−1
= 3.3× 1017 s = 1010 yr.

In other words, in terms of energy budget, hydrogen fusion can easily produce the
Solar luminosity over the age of the Solar System.

Next, we need to see if the conditions in the Sun are suitable for these reactions
to actually take place. Consider two nuclei with atomic numbers (i.e., number of
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Figure 3.8 Schematic illustration of the potential energyV (r) between two nuclei as a func-
tion of separationr. For two protons, the Coulomb repulsion reaches a maxi-
mum, withV (r) ∼ 1 Mev at r = r0, at which point the short-range nuclear
force sets in and binds the nuclei (negative potential energy). Two nuclei with
relative kinetic energy of∼ 1 keV, typical for the temperatures in stellar inte-
riors, can classically approach each other only to within a separationr1, 1000
times greater thanr0. The dashed rectangle is a “rectangular barrier” of height
〈V (r)〉 ≈ 3E/2, which we use to approximate the Coulomb barrier in our cal-
culation of the probability for quantum tunneling through the potential.

protons per nucleus)ZA andZB . The strong interaction produces a short-range
attractive force between the nuclei on scales smaller than

r0 ≈ 1.4× 10−13 cm. (3.103)

The strong interaction goes to zero at larger distances, and the Coulomb repulsion
between the nuclei takes over. The Coulomb energy barrier is

Ecoul =
ZAZBe2

r
, (3.104)

which atr0 is of order

Ecoul(r0) ≈ ZAZB MeV. (3.105)

Fig. 3.8 shows schematically the combined nuclear (strong) and electrostatic (Coulomb)
potential. In the reference frame of one of the nuclei, the other nucleus, with kinetic
energyE, can classically approach only to a distance

r1 =
ZAZBe2

E
, (3.106)
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where it will be repelled away. At a typical internal stellar temperature of107K, the
kinetic energy of a nucleus is1.5kT ∼ 1 keV. The characteristic kinetic energy is
thus of order10−3 of the energy required to overcome the Coulomb barrier. Typical
nuclei will approach each other only to a separationr1 ∼ 10−10 cm, 1000 times
larger than the distance at which the strong nuclear binding force operates. Perhaps
those nuclei that are in the high-energy tail of the Maxwell-Boltzmann distribution
can overcome the barrier? The fraction of nuclei with such energies is

e−E/kT ≈ e−1000 ≈ 10−434. (3.107)

The number of protons in the Sun is

Np ≈ M¯
mH

=
2× 1033 g

1.7× 10−24 g
≈ 1057. (3.108)

Thus there is not a single nucleus in the Sun (or, for that matter, in all the stars in
the observable Universe) with the kinetic energy required classically to overcome
the Coulomb barrier and undergo nuclear fusion with another nucleus.

Fortunately,quantum tunneling through the barrier allows nuclear reactions to
take place after all. To see this, let us describe this two-body problem by means of
the time-independent Schrödinger equation, for a wave functionΨ in a spherically
symmetric potentialV (r):

h̄2

2µ
∇2Ψ = [V (r)− E]Ψ, (3.109)

where the reduced mass of the two nuclei, of massesmA andmB , is

µ ≡ mAmB

mA + mB
. (3.110)

In our case, the potential is

V (r) =
ZAZBe2

r
, (3.111)

andE is the kinetic energy. Let us obtain an order-of-magnitude solution to the
Schr̈odinger equation. By our definition ofr1, the radius of closest classical ap-
proach, we haveV (r1) = E. We can then writeV (r) = Er1/r, and the mean,
volume-averaged, height of the potential betweenr1 andr0 ¿ r1 is

〈V (r)〉 =

∫ r1

r0
4πr2V (r)dr∫ r1

r0
4πr2dr

≈ 3
2
E. (3.112)

ApproximatingV (r) with a constant function of this height (a “rectangular bar-
rier”), the radial component of the Schrödinger equation becomes

h̄2

2µ

1
r

d2(rΨ)
dr2

≈ E

2
Ψ, (3.113)

which has a solution

Ψ = A
eβr

r
, β =

√
µE

h̄
. (3.114)
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(The second independent solution of the equation, with an amplitude that rises with
decreasing radius, is unphysical.) The wave function amplitude, squared, is propor-
tional to the probability density for a particle to be at a given location. Multiplying
the ratio of the probability densities by the ratio of the volume elements,4πr2

0dr
and4πr2

1dr, thus gives the probability that a nucleus will tunnel fromr1 to within
r0 ¿ r1 of the other nucleus:

|Ψ(r0)|2 r2
0

|Ψ(r1)|2 r2
1

=
e2βr0

e2βr1
≈ e−2βr1 = exp

(
−2
√

µE

h̄

ZAZBe2

E

)
(3.115)

= exp
(
−2
√

µ

h̄
ZAZBe2 1√

E

)
.

A full solution of the Schr̈odinger equation gives the same answer, but with an
additional factorπ/

√
2 in the exponential. If we recall the definition of the fine-

structure constant,

α =
e2

h̄c
≈ 1

137
, (3.116)

and define an energy

EG = (παZAZB)22µc2, (3.117)

then the probability of penetrating the Coulomb barrier simplifies to the function

g(E) = e−
√

EG/E . (3.118)

EG is called theGamow energyandg(E) is called theGamow factor. For two
protons,

EG =
(

π
1

137
× 1× 1

)2

2
1
2
mpc

2 ≈ 500 keV. (3.119)

(It is convenient to remember that the rest energy of a proton,mpc
2, is 0.94 GeV).

Thus, for the typical kinetic energy of particles in the Sun’s core,E ∼ 1 keV, we
find g(E) ∼ e−22 ∼ 10−10. While this probability, for a given pair or protons,
is still small, it is considerably larger than the classical probability we found in
Eq. 3.107.

3.10 NUCLEAR REACTION RATES

Even if tunneling occurs, and two nuclei are within the strong force’s interaction
range, the probability of a nuclear reaction will still depend on a nuclear cross
section, which will generally depend inversely on the kinetic energy. Thus, the
total cross section for a nuclear reaction involving ingredient nucleiA andB is

σAB(E) =
S0

E
e−
√

EG/E , (3.120)

whereS0 is a constant, or a weak function of energy, with units of [area]×[energy].
S0 for a given nuclear reaction is generally derived from accelerator experiments,
or is calculated theoretically.
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The number of reactions per nucleusA as it traverses a distancedx in a field
with a densitynB of “target” nucleiB is

dNA = nBσABdx. (3.121)

Dividing both sides bydt, the number of reactions per nucleusA per unit time is

dNA

dt
= nBσABvAB , (3.122)

wherevAB is the relative velocity between the nuclei.
From Eq. 3.122, we can proceed to find the power density functionε(ρ, T, X, Y, Z),

needed to solve the equations of stellar structure. Multiplying by the densitynA of
nucleiA will give the number of reactions per unit time and per unit volume, i.e.,
the reaction rate per unit volume,

RAB = nAnBσABvAB . (3.123)

If every reaction releases an energyQ, multiplying byQ gives the power per unit
volume. Dividing byρ then gives the power per unit mass, rather than per unit
volume:

ε = nAnBσABvABQ/ρ. (3.124)

Recalling that

nA =
ρXA

AAmH
, nB =

ρXB

ABmH
, (3.125)

with XA andXB symbolizing the mass abundances, andAA andAB the atomic
mass numbers of the two nucleus types,ε can be expressed as

ε =
ρXAXB

m2
HAAAB

σABvABQ. (3.126)

In reality, the nuclei in a gas will have a distribution of velocities, so every ve-
locity has some probability of occurring. Hence,ε can be obtained by averag-
ing vABσAB over all velocities, with each velocity weighted by its probability,
P (vAB):

ε =
ρXAXB

m2
HAAAB

〈σABvAB〉Q, (3.127)

with

〈σABvAB〉 =
∫ ∞

0

σABvABP (vAB)dvAB . (3.128)

A classical non-relativistic gas will have a distribution of velocities described by
the Maxwell-Boltzmann distribution. Therelative velocities of nucleiA andB
will also follow a Maxwell-Boltzmann distribution,

P (v)dv = 4π
( µ

2πkT

)3/2

v2exp
(
− µv2

2kT

)
dv, (3.129)

but with a mass represented by the reduced mass of the particles,µ. For brevity, we
have omitted here the subscriptAB from the velocities.
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Figure 3.9 The Boltzmann probability distribution,P (E), the Gamow factor,g(E), and
their product,f(E). P (E) is shown forkT = 1 keV, g(E) is for the case of
two protons, withEG = 500 keV, and bothg(E) andf(E) have been scaled
up by large factors for display purposes. The rarity of protons with large kinetic
energies, as described byP (E), combined with the Coulomb barrier, embodied
by g(E), limit the protons taking part in nuclear reactions to those with energies
nearE0, wheref(E) peaks.f(E) can be approximated as a Gaussian centered
atE0 (E0 ≈ 5 keV for the case shown), with width parameter∆.

Inserting 3.120 and 3.129 into 3.128, and changing the integration variable from
velocity to kinetic energy usingE = 1

2µv2, dE = µvdv, we obtain

〈σv〉 =
(

8
πµ

)1/2
S0

(kT )3/2

∫ ∞

0

e−E/kT e−
√

EG/EdE. (3.130)

The integrand in this expression,

f(E) = e−E/kT e−
√

EG/E , (3.131)

is composed of the product of two exponential functions, one (from the Boltz-
mann distribution) falling with energy, and the other (due to the Gamow factor
embodying the Coulomb repulsion) rising with energy. Obviously,f(E) will have
a narrow maximum at some energyE0, at which most of the reactions take place
(see Fig. 3.10). The maximum off(E) is easily found by taking its derivative and
equating to zero. It is at

E0 =
(

kT

2

)2/3

E
1/3
G . (3.132)
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A Taylor expansion off(E) aroundE0 showsf(E) can be approximated by a
Gaussian with a width parameter (i.e., the “σ”, or standard deviation, of the Gaus-
siane−x2/2σ2

) of

∆ =
21/6

31/2
E

1/6
G (kT )5/6. (3.133)

The value of the integral can therefore be approximated well with the area of the
Gaussian,

√
2πf(E0)∆ (see Problem 7). Replacing in 3.127, we obtain the final

expression for the power density due to a given nuclear reaction,

ε =
25/3

√
2√

3
ρXAXB

m2
HAAAB

√
µ

QS0
E

1/6
G

(kT )2/3
exp

[
−3

(
EG

4kT

)1/3
]

. (3.134)

Equation 3.134 can tell us, for example, the luminosity produced by the p-p
chain in the Sun. For a rough estimate, let us take for the mass density in the core
of the Sun the central density,ρ = 150 g cm−3. As already noted in Section 3.6,
in the central regions of the Sun, some of the hydrogen has already been converted
into helium by nuclear reactions. Let us assume a typical hydrogen abundance
of X = 0.5, which we can use forXA andXB . The first step in the p-p chain,
the p + p → d + e+ + νe reaction, is by far the slowest of the three steps in
the chain, and it is therefore the “bottleneck” that sets the rate of the entire p-
p process. The constantS0 for this reaction is calculated theoretically to be≈
4×10−46 cm2 keV, which is characteristic of weak interactions. ForQ, let us take
the entire thermal energy release of each p-p chain completion, since once the first
step occurs, on a timescale of1010 yr, the following two reactions, with timescales
of order 1 s and 300,000 yr, respectively, are essentially instantaneous. We saw that
every completion of the chain produces 26.73 MeV of energy and two neutrinos.
Subtracting the 0.52 MeV carried off, on average, by the two neutrinos, the thermal
energy released per p-p chain completion isQ = 26.2 MeV. As already noted,
EG = 500 keV for two protons, and the typical core temperature iskT = 1 keV.
The atomic mass numbers are, of course,AA = AB = 1, and the reduced mass is
µ = mp/2. Finally, since we are considering a reaction between identical particles
(i.e., protons on protons) we need to divide the collision rate by 2, to avoid double
counting. With these numbers, Eq. 3.134 gives a power density of

ε = 10 erg s−1g−1. (3.135)

Multiplying this by the mass of the core of the Sun, say,0.2M¯ = 4 × 1032 g,
gives a luminosity of∼ 4 × 1033 erg s−1, in good agreement with the observed
Solar luminosity of3.8× 1033 erg s−1.

Reviewing the derivation of Eqns. 3.122-3.134, we see that we can also re-
cover the reaction rate per nucleus,dNA/dt, by dividing back fromε a factor
(XAQ)/(mHAA). For thep + p reaction, this gives a rate of1.6× 10−18 s−1 per
proton. The reciprocal of this rate is the typical time a proton has to wait until it
reacts with another proton, and indeed equals

τpp ∼ 6× 1017 s ∼ 2× 1010 yr, (3.136)

as asserted above. Thus, we have shown that hydrogen fusion provides an energy
source that can power the observed luminosity of the Sun over the known age of
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the Solar System, about 5 billion years, not only in terms of energy budget (Eq.
3.102) but also in terms of the energy generationrate. Furthermore, we see that the
timescale to deplete the hydrogen fuel in the Solar core is of order 10 billion years.

The total power density at a point in a star with a given temperature, density, and
abundance will be the sum of the power densities due to all the possible nuclear
reactions, each described by 3.134. Because of the exponential term in 3.134, there
will be a strong preference for reactions between species with low atomic number,
and hence smallEG. For example, compare the reactions

p + d → 3He + γ, (EG = 0.66MeV) (3.137)

and

p +12C →13 N + γ, (EG = 35.5MeV), (3.138)

which have comparable nuclear cross sectionsS0 (both reactions follow the same
process of adding a proton to a nucleus and emitting a photon). At a typical kinetic
energy of 1 keV, if the abundances of deuterium and carbon nuclei were compara-
ble, the ratio between the rates would be

R(p12C)
R(pd)

∼ exp
[
−3

35.51/3 − 0.661/3

(4× 0.001)1/3

]
∼ e−46 ∼ 10−20. (3.139)

Furthermore, the higher the Gamow energy, the more strongly will the reac-
tion rate depend on temperature. For example, a first-order Taylor expansion of
Eq. 3.134 aroundT = 1.5× 107 K, the central temperature of the Sun, shows that
thep + p → d + e+ + νe rate depends on temperature approximately asT 4, while
the p +12 C →13 N + γ rate goes likeT 18 (see Problem 8). The steep positive
temperature dependence of nuclear reactions, combined with the virial theorem,
means that nuclear reactions serve as a natural “thermostat” that keeps stars stable.
Suppose, for example, that the temperature inside a star rises. This will increase the
rate of nuclear reactions, leading to an increase in luminosity. Due to opacity, this
additional energy will not directly escape from the star, resulting in a temporary
increase in total energy. Since

Etot =
1
2
Egr = −Eth, (3.140)

the gravitational energyEgr will grow (i.e., become less negative), meaning the
star will expand, andEth will become smaller, meaning the temperature will be
reduced again. This explains why main sequence stars of very different masses
have comparable core temperatures.

The thermostatic behavior controls also the longterm evolution of stars. Even-
tually, when the dominant nuclear fuel runs out, the power densityε will drop.
The star will then contract,Eth will increase, andT will rise until a new nuclear
reaction, involving nuclei of higher atomic number, can become effective.

A key prediction of the picture we have outlined, in which the energy of the
Sun derives from the p-p chain, is that there will be a constant flux of neutrinos
coming out of the Sun. As opposed to the photons, the weak interaction of the
neutrinos with matter guarantees that they can escape the core of the Sun almost
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unobstructed.7 As calculated above, the thermal energy released per p-p chain
completion is 26.2 MeV. The neutrino number flux on Earth should therefore be
twice the Solar energy flux divided by 26.2 MeV:

fneutrino =
2f¯

26.2 MeV
=

2× 1.4× 106 erg s−1 cm−2

26.2× 1.6× 10−6 erg
= 6.7× 1010 s−1 cm−2.

(3.141)
This huge particle flux goes mostly unhindered through our bodies and through
the entire Earth, and is extremely difficult to detect. Experiments to measure the
Solar neutrino flux began in the 1960’s, and have consistently indicated a deficit
in the flux of electron neutrinos arriving from the Sun. It now appears most likely
that thetotal neutrino flux from the Sun is actually very close to the predictions
of Solar models. The observed deficit is the result of previously unknown “flavor
oscillations”, in which some of the original electron neutrinos turn into other types
of neutrinos enroute from the Sun to the Earth.

We note, for completeness, that apart from the particular p-p chain described
in Eqns. 3.97-3.99, which is the main nuclear reaction sequence in the Sun, other
nuclear reactions occur, and produce neutrinos that are detectable on Earth (see
Problem 9). In stars more massive than the Sun, hydrogen is converted to helium
also via a different sequence of reactions, called the CNO cycle. In the CNO cycle,
the trace amounts of carbon, nitrogen, and oxygen in the gas serve as “catalysts”
in the hydrogen-to-helium burning, without any additional C,N, or O being synthe-
sized. The main branch of the CNO cycle actually begins with reaction 3.138,

p +12C →13 N + γ. (3.142)

This is followed by
13N →13 C + e+ + νe, (3.143)

p +13C →14 N + γ, (3.144)

p +14N →15 O + γ. (3.145)

15O →15 N + e+ + νe, (3.146)

and finally

p +15N →12 C +4He. (3.147)

Although we noted that reaction 3.142 is slower by 20 orders of magnitude than the
p-p chain’sp+d →3 He+γ, thep+d reaction can take place only after overcoming
the p + p bottleneck, which has a timescale 18 orders of magnitudelonger than
p+d. The lack of such a bottleneck for thep+12C reaction is further compensated
by this reaction’s strong dependence on temperature. Although core temperature
varies only weakly with stellar mass, the slightly higher core temperatures in more
massive stars are enough to make the CNO cycle the dominant hydrogen-burning
mechanism in main-sequence stars of mass1.2M¯ and higher.

7Typical cross sections for scattering of neutrinos on matter are of order10−43 cm2, 1018 times
smaller than the Thomson cross section for photons. Scaling from Eq. 3.41, the mean free path for
neutrinos in the Sun is∼ 1018 cm,107 times greater than the Solar radius.
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3.11 SOLUTION OF THE EQUATIONS OF STELLAR STRUCTURE

We have now derived the four differential equations and the three additional func-
tions that, together with boundary conditions, define uniquely the equilibrium prop-
erties of a star of a given mass and composition. Along the way, we already deduced
many of the observed properties of main-sequence stars. “Solving” this system of
coupled equations means finding the functionsP (r), T (r), andρ(r), which are the
ones that are usually considered to describe the structure of the star. Unfortunately,
there is no analytic solution to the equations, unless some unrealistic assumptions
are made (see, e.g., Problems 4-5). Nevertheless, a numerical solution can be ob-
tained straightforwardly, and is the most reasonable way to proceed anyway, given
the complicated nature of the functionsP , κ, andε when all relevant processes are
included. In a numerical solution, the differentials in the equations are replaced by
differences. Then, an example of one possible calculation scheme is one in which
the radial structure of a star is followed shell by shell, going either outward from
the center or inward from the surface.

3.12 CONVECTION

Under certain conditions, the main means of energy transport in some regions of a
star isconvection, rather than radiative transport. Convection occurs when a vol-
ume element of material that is displaced from its equilibrium position, rather than
returning to the original position, continues moving in the displacement direction.
For example, if the displacement is upward to a region of lower density, and after
the displacement the density of the volume element is lower than that of its new
surroundings, the element will continue to be buoyed upwards. When convection
sets in, it is very efficient at transporting heat, and becomes the dominant transport
mechanism.

To see what are the conditions for the onset of convection, consider a volume
element of gas at equilibrium radiusr inside a star , where the temperature, pres-
sure, and density areT ,P , andρ, respectively (see Fig. 3.10). Now let us dis-
place the element to a radiusr + dr, where the parameters of the surroundings are
T + dT ,P + dP , andρ + dρ. Since the gas in the star obeys

ρ ∝ P

T
, (3.148)

taking the logarithmic derivative gives

dρ

ρ
=

dP

P
− dT

T
. (3.149)

To simplify the problem, we will assume that, at its new location, the volume ele-
ment expandsadiabatically (i.e., without exchanging heat with its new surround-
ings, sodQ = 0, and therefore the entropy, defined asdS = dQ/T , remains
constant). The element expands until its pressure matches the surrounding pres-
sure, and reaches new parametersT + δT , ρ + δρ, andP + δP = P + dP , where
we have identified the small changes inside the element with a “δ” rather than a
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Figure 3.10 A mass element (lower circle) inside a star undergoes a small displacementdr
to a higher position (upper circle), and expands adiabatically to match the new
surrounding pressureP + dP . If, after the expansion, the density inside the
element,ρ + δρ, is larger than the surrounding densityρ + dρ, the element will
sink back to its former equilibrium position. If, on the other hand, the density
inside the volume is lower than that of the surroundings, the mass element will
be buoyed up, and convection ensues.

“d”. Since we approximate the expansion of the element to be adiabatic, it obeys
an equation of state

P ∝ ργ , (3.150)

where theadiabatic index, γ, is the usual ratio of heat capacities at constant pres-
sure and constant volume. Taking again the logarithmic derivative, we obtain

δρ

ρ
=

1
γ

δP

P
. (3.151)

The element will continue to float up, rather than falling back to equilibrium, if
after the expansion its density is lower than that of the the surroundings, i.e.,

ρ + δρ < ρ + dρ, (3.152)

or simply

δρ < dρ, (3.153)

(recall that bothδρ anddρ are negative), or dividing both sides byρ,

δρ

ρ
<

dρ

ρ
. (3.154)

Substituting from Eqns. 3.149 and 3.151, the condition for convection becomes

1
γ

δP

P
<

dP

P
− dT

T
. (3.155)

Recalling thatδP = dP , this becomes

dT

T
<

γ − 1
γ

dP

P
, (3.156)
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or upon division bydr,
dT

dr
<

γ − 1
γ

T

P

dP

dr
. (3.157)

Since the radial temperature and pressure gradients are both negative, the condition
for convection is that the temperature profile must fall fast enough with increasing
radius, i.e., convection sets in when∣∣∣∣

dT

dr

∣∣∣∣ >
γ − 1

γ

T

P

∣∣∣∣
dP

dr

∣∣∣∣ . (3.158)

For a non-relativistic gas without internal degrees of freedom (e.g., ionized hy-
drogen),γ = 5/3. As the number of internal degrees of freedom increases,γ be-
comes smaller, making convection possible even if|dT/dr| is small. This can occur
when the gas is made of atoms, which can be excited or ionized, or of molecules that
have rotational and vibrational degrees of freedom and can be dissociated. Convec-
tion therefore occurs in some cool regions of stars, where atoms and molecules
exist. This applies to the outer layers of intermediate-mass main-sequence stars
and red giants, and to large ranges in radius in low-mass stars. Another range of
applicability of convection is in the cores of massive stars. The Sun is convective
in the outer 28% of its radius.

Once convection sets in, it mixes material at different radii and thus works to-
ward equilibrating temperatures, i.e., lowering the absolute value of the temperature
gradient|dT/dr|. Therefore, convection can be implemented into stellar structure
computations by testing, at every radius, if the convection condition has been met.
If it has, convection will bring the temperature gradient back to its critical value,
and therefore the radiative energy transport equation (3.51) can be replaced by Eq.
3.158, but with an equality sign:

dT

dr
=

γ − 1
γ

T (r)
P (r)

dP

dr
. (3.159)

PROBLEMS

1. In Eqns. 3.23-3.28, we saw that, for a star composed of a classical, non-
relativistic, ideal gas,Etotal = Etot

th + Egr = −Etot
th , and therefore the

star is bound. Repeat the derivation, but for a classicalrelativistic gas of
particles. Recall (Eq. 3.75) that the equation of state of a relativistic gas
is P = 1/3 Eth/V . Show that, in this case,Egr = Etot

th , and therefore
Etotal = Etot

th + Egr = 0, i.e., the star is marginally bound. As a result, stars
dominated by radiation pressure are unstable.

2. The pressure inside a normal star is given by (Eq. 3.76)

P = Pg + Prad =
ρkT

m̄
+

1
3
aT 4.

Using parameters appropriate to the Sun, show that throughout the Sun, in-
cluding the core, where the internal temperature is about107 K, the kinetic
pressure dominates.
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3. Because of the destabilizing influence of radiation pressure (see Problem 1),
the most massive stars that can form are those in which the radiation pressure
and the non-relativistic kinetic pressure are approximately equal. Estimate
the mass of the most massive stars, as follows.
a. Assume that the gravitational binding energy of a star of massM and
radiusR is |Egr| ∼ GM2/R. Use the virial theorem (Eq. 3.22),

P̄ = −1
3

Egr

V
,

to show that

P ∼
(

4π

34

)1/3

GM2/3ρ4/3,

whereρ is the typical density.
b. Show that if the radiation pressure,Prad = 1

3aT 4, equals the kinetic
pressure, then the total pressure is

P = 2
(

3
a

)1/3 (
kρ

m̄

)4/3

.

c. Equate the expressions for the pressure in (a) and (b), to obtain an expres-
sion for the maximal mass of a star. Find its value, in Solar masses, assuming
a fully ionized hydrogen composition.
Answer:M = 110M¯.

4. Consider a hypothetical star of radiusR, with densityρ that is constant, i.e.,
independent of radius. The star is composed of a classical, non-relativistic,
ideal gas of fully ionized hydrogen.
a. Solve the equations of stellar structure for the pressure profile,P (r), with
the boundary conditionP (R) = 0.
Answer:P (r) = (2π/3)Gρ2(R2 − r2)
b. Find the temperature profile,T (r).
c. Assume that the nuclear energy production rate depends on temperature as
ε ∼ T 4. (This is the approximate dependence of the rate for the pp chain at
the temperature in the core of the Sun.) At what radius doesε decrease to 0.1
of its central value, and what fraction of the star’s volume is included within
this radius?

5. Suppose a star of total massM and radiusR has a density profileρ = ρc(1−
r/R), whereρc is the central density.
a. FindM(r).
b. Express the total massM in terms ofR andρc.
c. Solve for the pressure profile,P (r), with the boundary conditionP (R) =
0.
Answer:

P (r) = πGρ2
cR

2

[
5
36
− 2

3

( r

R

)2

+
7
9

( r

R

)3

− 1
4

( r

R

)4
]

.
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6. Consider a star of massM = 10M¯, composed entirely of fully ionized12C.
Its core temperature isTc = 6 × 108 K (compared toTc,¯ = 1.5 × 107 K
for the Sun).
a. What is the mean particle massm̄, in units ofmH?
Answer:12/7.
b. Use the classical ideal gas law, the dimensional relation between mass,
density, and radius, and the virial theorem, to find the scaling of the stellar
radiusr∗ with total massM , mean particle mass̄m, and core temperature
Tc. Using the values of these parameters for the Sun, derive the radius of the
star.
Answer:0.86r¯.
c. If the luminosity of the star isL = 107L¯, what is the effective surface
temperature?
d. Suppose the star produces energy via the reaction

12C +12C →24 Mg.

The atomic weight of12C is 12, and that of24Mg is 23.985. (The atomic
weight of a nucleus is defined as the ratio of its mass to 1/12 the mass of a
12C nucleus). What fraction of the star’s mass can be converted into thermal
energy?
Answer:6.3× 10−4.
e. How much time does it take for the star to use up 10% of its carbon?
Answer:950 yr.

7. We saw that the nuclear reaction rate in a star depends on

〈σv〉 ∝
∫ ∞

0

f(E)dE,

where

f(E) ≡ e−E/kT e−
√

EG/E ,

andEG is the Gamow energy (Eq. 3.131).
a. By taking the derivative off(E) and equating to zero, show thatf(E) has
a maximum at

E0 =
(

kT

2

)2/3

E
1/3
G .

b. Perform a Taylor expansion, to second order, off(E) aroundE0, to ap-
proximatef(E) with a Gaussian. Show that the width parameter (i.e., the
“σ”) of the Gaussian is

∆ =
21/6

31/2
E

1/6
G (kT )5/6.

Hint: Take the logarithm off(E), before Taylor expanding, and then expo-
nentiate again the Taylor expansion.
c. Show that ∫ ∞

0

f(E)dE =
√

2πf(E0)∆.
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8. Show that the dependence on temperature of the nuclear power density (Eq. 3.134)
at a temperatureT nearT0 can be approximated as a power law,ε ∝ T β ,
where

β =
EG

4kT0
− 2

3
.

Evaluateβ atT0 = 1.5× 107 K, for the reactionsp + p → d + e+ + νe and
p +12C →13 N + γ.
Hint: From Eq. 3.134, findln ε, and calculated(ln ε)/d(lnT )|T0 . This is the
first-order coefficient in a Taylor expansion ofln ε as a function ofln T (a
pure power law relation betweenε andT would obeyln ε = const.+β ln T ).

9. We saw (Eq. 3.141) that, on Earth, the number flux of Solar neutrinos from
the p-p chain is

fneutrino =
2f¯

26.2 MeV
=

2× 1.4× 106 erg s−1 cm−2

26.2× 1.6× 10−6 erg
= 6.7×1010 s−1 cm−2.

Other nuclear reactions in the Sun supplement this neutrino flux with a small
additional flux of higher-energy neutrinos. A neutrino detector in Japan,
named SuperKamiokande, consists of a tank of 50 kton of water, surrounded
by photomultiplier tubes. The tubes detect the flash ofCerenkov radiation
emitted by a recoiling electron when a high-energy neutrino scatters on it.
a. How many electrons are there in the water of the detector?
b. Calculate the detection rate for neutrino scattering, in events per day,
if 10−6 of the Solar neutrinos have a high-enough energy to be detected
by this experiment, and each electron poses a scattering cross sectionσ =
10−43 cm2.
Hint: Consider the density of neutrino targets “seen” by an individual elec-
tron, with a relative velocity ofc between the neutrinos and the electron, to
obtain the rate at which one electron interacts with the incoming neutrinos,
and multiply by the total number of electrons, from (a), to obtain the rate in
the entire detector.
Answers:1.6× 1034 electrons; 9 events per day.
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Chapter Four

Stellar Evolution and Stellar Remnants

So far, we have considered only stars in static equilibrium, and found that a star of a
given mass and composition has a unique, fully determined, structure. However, it
is now also clear that true equilibrium cannot exist. Nuclear reactions in the central
regions synthesize hydrogen into helium, and over time change the initial elemental
composition. Furthermore, convection may set in at some radii and mix processed
and unprocessed gas. The equations of pressure, opacity, and nuclear power density
all depend sensitively on the abundances. Indeed, at some point, the hydrogen
fuel in the core will be largely used up, and the star will lose the energy source
that produces pressure, the gradient of which supports the star against gravitational
collapse. It is therefore unavoidable that starsevolvewith time. In this chapter,
we will discuss the various processes that stars of different masses undergo after
the main sequence, and the properties of their compact remnants – white dwarfs,
neutron stars, and black holes. We will then study the phenomena that can occur
when such compact objects accrete material from a companion star in a binary pair.

4.1 STELLAR EVOLUTION

Stellar evolution, as opposed to equilibrium, can be taken into account by solv-
ing a series of equilibrium stellar models (called a “stellar evolution track”), in
which one updates, as a function of a star’s age since formation, the gradual en-
richment by elements heavier than hydrogen at different radii in the star. It turns
out that the observed properties of stars on the main sequence change little during
the hydrogen-burning stage, and therefore they make only small movements on the
H-R diagram.

From scaling arguments, we can find the dependence of the main-sequence life-
time, tms, on stellar mass. We previously derived the observed dependence of
luminosity on mass,

L ∼ Mα. (4.1)

We now also know that the energy source is nuclear reactions, whereby a fraction
of a star’s rest mass is converted to energy and radiated away. The total radiated
energy is therefore proportional to mass,

Ltms ∼ E ∼ M, (4.2)

and

tms ∼ M

L
∼ M1−α. (4.3)
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For intermediate-mass stars, which obey a mass-luminosity relation withα ∼ 3,
tms ∼ M−2. Thus, the more massive a star, the shorter its hydrogen-burning phase
on the main sequence. Detailed stellar models confirm this result. For example, the
main-sequence lifetimes of stars with initial Solar abundance and various masses
are:

0.5M¯ →∼ 5× 1010yr; (4.4)

1.0M¯ →∼ 1010yr;

10M¯ →∼ 2× 107yr.

The Sun is therefore about halfway through its main-sequence lifetime. We saw
that, for the most massive stars,α ∼ 1, the result of electron-scattering opacity and
radiation pressure. The lifetimetms therefore becomes independent of mass and
reaches a limiting value,

> 30M¯ →∼ 3× 106yr. (4.5)

The lifetimes of massive stars,∼ 106−107 yr, are short compared to the age of the
Sun or the age of the Universe (which, as we will see in Chapters 7-9, is about 14
gigayears [Gyr], where 1 Gyr is 109 yr). The fact that we observe such stars means
that star formation is an ongoing process, as we will see in Chapter 5.

Once most of the hydrogen in the core of a star has been converted into helium,
the core contracts and the inner temperatures rise. As a result, hydrogen in the less-
processed regions outside the core starts to burn in a shell surrounding the core.
Stellar models consistently predict that, at this stage, there is a huge expansion of
the outer layers of the star. The increase in luminosity, due to the gravitational
contraction and the hydrogen shell burning, moves the star up in the H-R diagram,
while the increase in radius lowers the effective temperature, moving the star to
the right on the diagram (see Fig. 4.1). This is thered giant phase. The huge
expansion of the star’s envelope is difficult to explain by means of some simple and
intuitive argument, but it is well understood and predicted robustly by the equations
of stellar structure. The red-giant phase is brief compared to the main sequence,
lasting roughly one-tenth the time, from a billion years for Solar-mass stars, to
only of order a million years for∼ 10M¯ stars, and a few105 years for the most
massive stars.

As the red-giant phase progresses, the helium core contracts and heats up, while
additional helium “ash” is deposited on it by the hydrogen-burning shell. At some
point, the core will reach a temperature of aboutT ∼ 108K and a densityρ ∼ 104 g
cm−3, where helium burning can become effective through the “triple-alpha ”
reaction,

4He +4He +4He →12 C + γ(7.275MeV). (4.6)

Triple-alpha is the only reaction that can produce elements heavier than helium
in the presence of only hydrogen and helium, because no stable elements exist
with atomic mass numbers of 5 or 8. The beryllium isotope8Be, formed from
the fusion of two4He nuclei, has a lifetime of only∼ 10−16 s. Nevertheless,
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Figure 4.1 Illustration of post-main-sequence evolution on the H-R diagram.Top: Observed
H-R diagram for stars in the “globular cluster” M3 (more on star clusters in Chap-
ter 5.1.5). Themain sequence turnoffmarks the point at which stars are now
leaving the main sequence and evolving on to the red-giant branch. All the stars
in the cluster formed together about 13 Gyr ago, and the cluster has not experi-
enced subsequent star formation. As a result, all stars above a certain mass, corre-
sponding to the turnoff point, have left the main sequence, while those below that
mass are still on the main sequence. The density of points in each region of the
diagram reflects the amount of time spent by stars in each post-main-sequence
evolution stage.Bottom: Theoretical stellar evolution tracks for stars of vari-
ous initial main-sequence masses (with an assumed initial metal abundance of
Z = 0.0004). Each track begins at the lower left end on the “zero-age main
sequence”. After leaving the main sequence, stars evolve along, and up to the
tip of, the red-giant branch. They then move quickly on the diagram to the left
edge of the “horizontal branch”, where helium core burning and hydrogen shell
burning take place, and evolve to the right along the horizontal branch. Once all
the helium in the core has been converted to carbon and oxygen, the star rises
up the “asymptotic giant branch” where double shell burning – a helium-burning
shell within a hydrogen burning shell – takes place. Note the good correspon-
dence between the theoretical track for the0.8M¯ initial-mass star (solid line)
and the observed H-R diagram on top. For clarity, the theoretical horizontal and
asymptotic giant branches are not shown for the other initial masses. Data cred-
its: S.-C. Rey et al. 2001, Astrophys. J., 122, 3219; and L. Girardi, et al. 2000,
Astron. & Astrophys. Suppl., 141, 371.
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a small equilibrium abundance of8Be can be established, and capture of another
4He nucleus then completes the triple-alpha process. The last stage would have
an extremely low probability, were it not for the existence of an excited nuclear
energy level in12C which, when added to the rest mass energy of12C, happens to
have almost exactly the rest mass energies of4He +8Be. This “resonance” greatly
increases the cross section for the second stage of the reaction. In fact, from the
existence of abundant carbon in the Universe (without which, of course, carbon-
based life would be impossible) Hoyle predicted the existence of this excited level
of 12C before it was discovered experimentally.

Along with carbon production, some oxygen and neon can also be synthesized
via the reactions

4He +12C →16 O + γ, (4.7)

and
4He +16O →20 Ne + γ. (4.8)

At the same time, hydrogen continues to burn in a shell surrounding the core. When
helium ignition begins, the star moves quickly on the H-R diagram to the left side of
thehorizontal branch, and then evolves more slowly to the right along this branch,
as seen in Fig. 4.1. Horizontal branch evolution last only about 1% of the main-
sequence lifetime. Once the helium in the core has been exhausted, the core (now
composed mainly of oxygen and carbon) contracts again, until a surrounding shell
of helium ignites, with a hydrogen-burning shell around it. During this brief (∼
107 yr) double-shell-burning stage, the star ascends theasymptotic giant branch
of the H-R diagram – essentially a repeat of the red giant branch evolution, but
with helium+hydrogen shell burning around an inert carbon/oxygen core, rather
than hydrogen shell burning around an inert helium core.

Evolved stars undergo large mass loss, especially on the red giant branch and on
the asymptotic giant branch, as a result of the low gravity in their extended outer
regions and the radiation pressure produced by their large luminosities. Mass loss is
particularly severe on the asymptotic giant branch during so-calledthermal pulses
– roughly periodic flashes of enhanced helium shell burning. These mass outflows,
or stellar “winds” lead to mass-loss rates of up to10−4M¯ yr−1, which rid a star
of a large fraction of its initial mass. Giants are highly convective throughout their
volumes, leading to adredge-upof newly synthesized elements from the core to
the outer layers, where they are expelled with the winds. In these processes, and
additional ones we will see below, the nuclear reactions inside post-main-sequence
stars create essentially all elements in the Universe that are heavier than helium.

In stars with an initial mass of less than about8M¯, as the giant phase pro-
gresses, the dense matter in the core reaches equilibrium in a new state of matter
called a degenerate electron gas. As we will see in the next section, regions of
the core that are in this state are supported against further gravitational contraction,
even in the absence of nuclear reactions. As a result, the cores of such stars do
not heat up to the temperatures required for the synthesis of heavier elements, and
at the end of the asymptotic giant phase they remain with a helium/carbon/oxygen
core.
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Figure 4.2 Several examples of planetary nebulae, newly formed white dwarfs that irradiate
the shells of gas that were previously shed in the final stages of stellar evolution.
The shells have diameters of≈ 0.2 − 1 pc. Photo credits: M. Meixner, T.A.
Rector, B. Balick et al., H. Bond, R. Ciardullo, NASA, NOAO, ESA, and the
Hubble Heritage Team

At this point, the remaining outer envelopes of the star expand to the point
that they are completely blown off and dispersed. During this very brief stage
(∼ 104 yr), the star is a “planetary nebula1” (see Fig. 4.2), in which ultraviolet
photons from the hot, newly exposed, core excite the expanding shells of gas that
previously constituted the outer layers of the star. Finally, the exposed remnant of
the original core, called a “white dwarf” reaches the endpoint of stellar evolution
for stars of this mass. In the white-dwarf region of the H-R diagram, these stars
move with time to lower temperature and luminosity as they slowly radiate away
their heat. White dwarfs will be the subject of the next section.

Stars with an initial mass greater than about8M¯ continue the sequence of core
contraction and synthesis of progressively heavier elements, which eventually (and
quickly) ends in a “supernova” explosion. We shall return to this class of stars in
Section4.3.

4.2 WHITE DWARFS

In the 19th and early-20th centuries, it was discovered that the nearby (2.7 pc)
A-type star Sirius, the brightest star in the sky, is a visual binary, with a white

1Planetary nebulae have nothing to do with planets, and the name has a purely historical origin.
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Figure 4.3 Observed motion on the sky, over the past century, of the visual binary consisting
of Sirius A and its faint white dwarf companion, Sirius B. On the left are the
observed positions due the orbital motions around the center of mass, combined
with the proper motion of the system as a whole. On the right side, only the
positions of Sirius B relative to Sirius A are shown. The maximum projected
separation of the pair is 10 arcseconds. Using Kepler’s Law, a mass close to
1M¯ is derived for the white dwarf.

dwarf companion that was named Sirius B. (In fact, Sirius B is the nearest known
white dwarf, and was the first one ever found.) An orbital period of about 50 years
was observed (see Fig. 4.3), allowing the first measurement of the mass of a white
dwarf, which turned out to be close to1M¯. Like all white dwarfs, Sirius B’s
low luminosity and high temperature imply a small radius of about6000 km, i.e.,
less than that of the Earth. The mean density inside Sirius B is therefore of order
1 ton cm−3. In this section, we will work out the basic physics of white dwarfs and
of matter at these extremely high densities.

4.2.1 Matter at Quantum Densities

We saw in the previous section that when the core of a star exhausts its nuclear
energy supply, it contracts and heats up until reaching the ignition temperature of
the next available nuclear reaction, and so on. After each contraction, the density
of the core increases. At some point, the distances between atoms will be smaller
than their de-Broglie wavelengths. At that point, our previous assumption of a
classical (rather than quantum) ideal gas, which we used to derive the equation of
state, becomes invalid. To get an idea of the conditions under which this happens,
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recall that the de-Broglie wavelength of a particle of momentump is

λ =
h

p
=

h

(2mE)1/2
≈ h

(3mkT )1/2
, (4.9)

where we have represented the energy with the mean energy of a particle,E ∼
3kT/2. Since electrons and protons share the same energy, but the mass of the
electron is much smaller than the mass of the proton or of other nuclei, the wave-
lengths of the electrons are longer, and it is the electron density which will first
reach the quantum domain. At interparticle separations of order less than half a
de-Broglie wavelength, quantum effects should become important, corresponding
to a density of

ρq ≈ mp

(λ/2)3
=

8mp(3mekT )3/2

h3
. (4.10)

For example, for the conditions at the center of the Sun,T = 15× 106K,

ρq ≈ 8× 1.7× 10−24 g (3× 9× 10−28 g × 1.4× 10−16 erg K−1 × 15× 106K)3/2

(6.6× 10−27 erg s)3
(4.11)

= 640 g cm−3.

The central density in the Sun isρ ≈ 150 g cm−3, and thus the gas in the Sun is
still in the classical regime. Even very dense gas can remain classical, if it is hot
enough. For example, forT = 108K, i.e.,E ∼ kT ∼ 10 keV,

ρq ≈ 11, 000 g cm−3. (4.12)

Instead of the Maxwell-Boltzmann distribution, the energy distribution at quantum
densities will follow Bose-Einstein statistics for bosons (particles with spin that is
an integer multiple of̄h) or Fermi-Dirac statistics for fermions (particles with spin
that is an uneven integer multiple ofh̄/2). Let us develop the equation of state for
such conditions.

4.2.2 Equation of State of a Degenerate Electron Gas

Heisenberg’s Uncertainty Principle states that, due to the wave nature of matter,
the position and momentum of a particle are simultaneously defined only to within
an uncertainty

∆x∆px > h. (4.13)

Similar relations can be written for each of the coordinates,x, y, andz. Multiplying
the relations, we obtain

∆x∆y∆z∆px∆py∆pz > h3, (4.14)

or

d3pdV > h3. (4.15)
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Figure 4.4 Approach to degeneracy of the Fermi-Dirac occupation fraction,f(E), askT →
0, shown forkT = Ef/2, Ef/5, Ef/10, andEf/40. At kT ¿ Ef , all particles
occupy the lowest energy state possible without violating the Pauli Exclusion
Principle. The distribution then approaches a step function, with all energy states
belowEf occupied, and all those aboveEf empty.

The constanth3 thus defines the six-dimensional volume of a “cell” in position-
momentum phase space. The Uncertainty Principle implies that two identical par-
ticles that are in the same phase-space cell are in the same quantum state. Ac-
cording to Pauli’s exclusion principle, two identical fermions cannot occupy the
same quantum state. Thus, fermions that are closely packed and hence localized
into a small volume,dV , must each have a large uncertainty in momentum,and
have momentap that are different from those of the other fermions in the volume.
This necessarily pushes the fermions to largep’s, and large momenta mean large
pressure.

TheFermi-Dirac phase-space distribution, embodying these principles for an
ideal gas of fermions, is

dN =
2s + 1

exp
(

E−µ(T )
kT

)
+ 1

d3pdV

h3
, (4.16)

wheres is the spin of each fermion in units ofh̄, andµ(T ) is the chemical poten-
tial2 of the gas. WhenT → 0, µ(T ) approaches an assymptotic value,Ef . When
kT ¿ Ef , the first term in the Fermi-Dirac distribution (the “occupation fraction”)

2The chemical potential of a thermodynamic system is the change in energy due to the introduction
of an additional particle, at constant entropy and volume.
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Figure 4.5 Calculation of the pressure exerted by particles of an ideal gas with momentum
p, that are reflected off the side of a container.

approaches a step function (see Fig. 4.4) in which all particles occupy the lowest
energy states possible without violating the Pauli principle. This means that all
energy states up to an energyEf are occupied, and all aboveEf are empty. Un-
der such conditions, the gas is said to be “degenerate”. For degenerate electrons,
which are s = 1/2 particles, having an isotropic velocity field, the phase-space
distribution will be

dN(p)dp =
{

2× 4πp2 dpdV
h3 if |p| ≤ pf

0 if |p| > pf
, (4.17)

wherepf , called theFermi momentum, is the magnitude of the momentum corre-
sponding to theFermi energyEf . Dividing by dV , we obtain the number density
of electrons of a given momentump:

ne(p)dp =
{

8πp2 dp
h3 if |p| ≤ pf

0 if |p| > pf
. (4.18)

Integrating over all momenta from 0 topf gives a relation between the electron
density andpf :

ne =
∫ pf

0

8π

h3
p2dp =

8π

3h3
p3

f . (4.19)

Next, let us derive a general expression for the pressure exerted by any ideal gas.
By definition, an ideal gas consists of particles that interact only at short distances,
and hence can transfer momentum only during an “impact” with another particle.
Consider ideal gas particles impinging on the side of a container, with a mean
intervaldt between consecutive impacts (see Fig. 4.5). Set thex axis perpendicular
to the surface. Particles with anx component of momentumpx will transfer a
momentum2px to the surface with each reflection. The force per unit area due to
each collision is then

dFx

dA
=

2px

dAdt
=

2pxvx

dAdx
=

2pxvx

dV
, (4.20)

wherevx = dx/dt The pressure is obtained by summing the forces due to all
particles of all momenta:

P =
∫ ∞

0

dN(p)
pxvx

dV
dp, (4.21)

where we have divided by 2 because, at any given time, only half of all the particles
will have avx component toward the side of the container, rather than away from
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it. But

pxvx = mv2
x =

1
3
mv2 =

1
3
pv, (4.22)

where we have utilizedv2
x + v2

y + v2
z = v2 and assumed that the velocities are

isotropic so that, on average,v2
x = v2

y = v2
z . SincedN/dV ≡ n,

P =
1
3

∫ ∞

0

n(p)pvdp. (4.23)

Replacing the Maxwell-Boltzmann distribution forn(p) recovers the classical
equation of state,

P = nkT. (4.24)

For a non-relativistic3 degenerateelectron gas, however, we replacen(p) with the
Fermi-Dirac distribution in the degenerate limit (eq. 4.18). Takingv = p/me, we
obtain instead

Pe =
1
3

∫ pf

0

8π

h3

p4

me
dp =

8π

3h3me

p5
f

5
=

(
3
8π

)2/3
h2

5me
n5/3

e , (4.25)

where we have used eq. 4.19 to expresspf in terms ofne. To relatene to the mass
density appearing in the equations of stellar structure, consider a fully ionized gas
composed of a particular element, of atomic numberZ and atomic mass number
A, and a density of ionsn+. Then

ne = Zn+ = Z ρ

Amp
. (4.26)

Substituting into eq. 4.25, we obtain a useful form for theequation of state of a
degenerate non-relativistic electron gas:

Pe =
(

3
π

)2/3
h2

20mem
5/3
p

(Z
A

)5/3

ρ5/3. (4.27)

The important feature of this equation of state is that the electron pressure does
not depend on temperature. Indeed, in our derivation of this equation, we have
assumed thatkT is effectively zero. (More precisely,kT is very low compared to
the energy of the most energetic electrons at the Fermi energy, which are prevented
from occupying lower energy states by the Pauli principle – see Problem 1.)

In a typical white dwarf,ρ ∼ 106 g cm−3 andT ∼ 107K. White dwarfs are gen-
erally composed of material that was processed by nuclear reactions into helium,
carbon, and oxygen, and thereforeZ/A ≈ 0.5. Plugging these numbers into 4.27,
we find

Pe ∼ (6.6× 10−27 erg s)2

20× 9× 10−28 g (1.7× 10−24 g)5/3
0.55/3(106 g cm−3)5/3 (4.28)

3Note that, although we have used non-relativistic considerations (Eq. 4.22) to derive Eq. 4.23, it
holds in the relativistic case as well. We can easily verify that, for an ultra-relativistic gas with particle
energiesE, by replacingp with E/c, v with c, andn(p)dp with n(E)dE, we recover the relation
P = U/3, which we derived in Eq. 3.74.
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= 3× 1022 dyne cm−2.

As opposed to the electrons, the nuclei at such densities are still completely in
the classical regime. The thermal pressure due to the nuclei, assuming a helium
composition, is

Pth = n+kT =
ρ

4mp
kT ∼ 106 g cm−3 × 1.4× 10−16 erg K−1 × 107 K

4× 1.7× 10−24 g
(4.29)

= 2× 1020dynes cm−2.

The degenerate electron pressure therefore completely dominates the pressure in
the star.

4.2.3 Properties of White Dwarfs

Next, we can see what the degenerate electron pressure equation of state, combined
with the other equations of stellar structure, implies for the properties of white
dwarfs. Let us start with the relation between mass and radius.

4.2.3.1 Mass-radius relationship

The equations of mass continuity and hydrostatic equilibrium, expressed as scaling
relations (see Eqns. 3.80 and 3.81), suggest

ρ ∼ M

r3
, (4.30)

and

P ∼ GMρ

r
∼ GM2

r4
. (4.31)

The degenerate electron-gas equation of state is

P ∼ bρ5/3 ∼ b
M5/3

r5
, (4.32)

where the constant factorb is given in Eq. 4.27. Equating the pressures gives

r ∼ b

G
M−1/3. (4.33)

In other words, the radius of a white dwarf decreases with increasing mass. An
order-of-magnitude estimate of the radius is therefore

rwd ∼ b

G
M−1/3 ∼ h2

20mem
5/3
p G

(Z
A

)5/3

M−1/3 (4.34)

∼ (6.6× 10−27 erg s)2(2× 1033 g)−1/3

20× 9× 10−28 g (1.7× 10−24 g)5/3 6.7× 10−8 cgs

(Z
A

)5/3 (
M

M¯

)−1/3

= 1.2× 109cm
(Z

A

)5/3 (
M

M¯

)−1/3

,
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i.e., about 4000 km forZ/A = 0.5 andM = 1M¯, as deduced for observed white
dwarfs from their luminosities and temperatures. A full solution of the equations
of stellar structure for the degenerate gas equation of state gives

rwd = 2.3× 109cm
(Z

A

)5/3 (
M

M¯

)−1/3

. (4.35)

4.2.3.2 The Chandrasekhar Mass

The larger the white-dwarf mass that we consider, the smallerrwd becomes, im-
plying larger densities, and therefore larger momenta to which the electrons are
pushed. When the electron velocities become comparable to the speed of light, we
can no longer assumev = p/m in Eq. 4.23. Instead,v, which dictates the rate
at which collisions transfer momentum to the container wall, approachesc. In the
“ultra-relativistic” limit, we can replacev with c. Eq. 4.25 is then replaced with

Pe =
1
3

∫ pf

0

8π

h3
p2pcdp =

8πc

3h3

p4
f

4
. (4.36)

Again using Eqns. 4.19 and 4.26, we obtain theequation of state for an ultra-
relativistic degenerate spin-1/2 fermion gas:

Pe =
(

3
8π

)1/3
hc

4m
4/3
p

(Z
A

)4/3

ρ4/3. (4.37)

Compared to the non-relativistic case (Eq. 4.27), note the 4/3 power, but also the
fact that the electron mass does not appear, i.e., this equation holds forany ultra-
relativistic degenerate ideal gas of spin-1/2 particles. This comes about because, for
ultra-relativistic particles, the rest mass is a negligible fraction of the total energy,
E = (m2c4 + p2c2)1/2, and hencep ≈ E/c. As we go from small to large white-
dwarf masses there will be a gradual transition from the non-relativistic to the ultra-
relativistic equation of state, with the power-law index ofρ gradually decreasing
from 5/3 to 4/3.

This necessarily means that, as we go to higher masses, and the density increases
due to the shrinking radius, the pressure support will rise more and more slowly,
so that the radius shrinks even more sharply with increasing mass.4 To see what
happens as a result, let us re-derive the scaling relations between mass and radius,
but with an index(4 + ε)/3, and then letε approach 0. Thus

P ∼ ρ(4+ε)/3, (4.38)

so
M (4+ε)/3

r4+ε
∼ M2

r4
, (4.39)

or

rε ∼ M (ε−2)/3, (4.40)

4Sirius B, with a mass of1M¯, is among the more massive white dwarfs known, and its equation
of state is already in the mildly relativistic regime. Its radius, 5880 km, is therefore smaller than would
be expected based on Eq 4.35, but is fully consistent with the results of a relativistic calculation.
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and

r ∼ M (ε−2)/3ε. (4.41)

Whenε → 0,

r → M−∞ = 0. (4.42)

In other words, at a mass high enough so that the electrons become ultra-relativistic,
the electron pressure becomes incapable of supporting the star against gravity, the
radius shrinks to zero (and the density rises to infinity), unless some other source of
pressure sets in. We will see that, at high enough density, the degeneracy pressure
due to protons and neutrons begins to operate, and it can sometimes stop the full
gravitational collapse, producing objects called neutron stars.

The above argument implies that there is a maximum stellar mass that can be
supported by degenerate electron pressure. It is called theChandrasekhar mass.
To estimate it, recall from the virial theorem that

P̄ V = −1
3
Egr. (4.43)

Substituting the ultra-relativistic electron degeneracy pressure forP̄ , and the usual
expression for the self-energyEgr , we can write

(
3
8π

)1/3
hc

4m
4/3
p

(Z
A

)4/3

ρ4/3V ∼ 1
3

GM2

r
. (4.44)

With

ρ ∼ M

V
, (4.45)

and

V =
4π

3
r3, (4.46)

r cancels out of the equation and we obtain

M ∼ 0.11
(Z

A

)2 (
hc

Gm2
p

)3/2

mp. (4.47)

A full solution of the equations of stellar structure for this equation of state gives a
somewhat larger numerical coefficient, so that the Chandrasekhar mass is

Mch = 0.21
(Z

A

)2 (
hc

Gm2
p

)3/2

mp. (4.48)

The expressionGm2
p/(hc) that appears in the Chandrasekhar mass is a dimension-

less constant that can be formed by taking a proton’s gravitational self energy, with
the proton radius expressed by its de Broglie wavelength, and forming the ratio
with the proton’s rest energy:

αG ≡ Gm2
p

h/(mpc)mpc2
=

Gm2
p

hc
=

6.7× 10−8 cgs (1.7× 10−24 g)2

6.6× 10−27 erg s× 3× 1010 cm s−1
≈ 10−39.

(4.49)
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The constantαG expresses the strength of the gravitational interaction, and is the
gravitational analog of the fine-structure constant,

αem =
e2

h̄c
≈ 1

137
, (4.50)

which expresses the strength of the electromagnetic interaction. Eq. 4.48 says
that the maximum mass of a star supported by electron degeneracy pressure is, to
an order of magnitude, the mass ofα

−3/2
G protons (i.e.,∼ 1057 protons). Since

Z/A ≈ 0.5,

Mch = 0.21× 0.52 × 1039 3
2 × 1.7× 10−24 g = 1.4M¯. (4.51)

In fact, no white dwarfs with masses higher thanMch have been found.
There is also a lower bound to the masses of isolated5 white dwarfs that have

been measured, of about0.25M¯. This, however, is a result of the finite age of the
Universe,1.4 × 1010 yr. Stars that will form white dwarfs having masses smaller
than this (namely, stars that have an initial mass on the main sequence smaller than
about0.8M¯), have not yet had time to go through their main-sequence lifetimes,
even if they were formed early in the history of the Universe.

4.2.3.3 White dwarf cooling

Due to the good thermal conduction of the degenerate electrons in a white dwarf
(similar to the conduction in metals, which arises in the same way), the temperature
inside a white dwarf is approximately constant with radius. The temperature can be
estimated by recalling that a white dwarf forms from the contraction of a thermally
unsupported stellar core, of massM , down to the radius at which degeneracy pres-
sure stops the contraction. Just before reaching that final point of equilibrium, from
the virial theorem, the thermal energy will equal half the gravitational energy:

Eth ∼ 1
2

GM2

r
. (4.52)

For a pure helium composition, the number of nuclei in the core isM/4mH , and the
number of electrons isM/2mH . The total thermal energy (which, once degeneracy
sets it, will no longer play a role in supporting the star against gravity) is therefore,

Eth =
3
2
NkT =

3
2

M

mp
(
1
2

+
1
4
)kT =

9
8

M

mp
kT, (4.53)

and so

kT ∼ 4
9

GMmp

r
. (4.54)

Substituting the equilibriumrwd of white dwarfs from Eq. 4.34,

kT ∼ 80G2mem
8/3
p

9h2

(Z
A

)−5/3

M4/3 (4.55)

5In interacting binaries, ablation by beams of matter and radiation from a companion can sometimes
lower the mass of a white dwarf, or even destroy the white dwarf completely. See Section 4.6.3.
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=
80(6.7× 10−8 cgs)2 9× 10−28 g (1.7× 10−24 g)8/3

9(6.6× 10−27 erg s−1)2
0.5−5/3(1× 1033 g)4/3

= 1.1× 10−8erg,

for a 0.5 M¯ white dwarf. The temperature is thuskT ∼ 70 keV, or T ∼ 8 ×
108K, and a just-formed degenerate core is a very hot object, with thermal emission
that peaks in the X-ray part of the spectrum. As such, once the core becomes an
exposed white dwarf, its radiation ionizes the layers of gas that were blown off in
the various stages on the giant phase. As already noted, this produces the objects
called planetary nebulae.

A white dwarf is an endpoint in stellar evolution, devoid of nuclear reactions. It
therefore cools by radiating from its surface the thermal energy stored in the still-
classical gas of nuclei within the star’s volume . (The degeneracy of the electron gas
limits almost completely the ability of the electrons to lose their kinetic energies.)
The radiated luminosity will be

L = 4πr2
wdσT 4

E , (4.56)

whereTE is the effective temperature of the white dwarf photosphere. Although
electron heat conduction leads to a constant temperature over most of the volume,
there is a thin non-degenerate surface layer (of order 1% of the white dwarf radius)
that insulates the star. This layer lowersTE relative to the interior temperature and
slows down the rate of energy loss.

However, to obtain a crude upper limit on the rate at which a white dwarf cools
by means of its radiative energy loss, let us assume a constant temperature all the
way out to the surface of the star, so thatTE ∼ T . The radiative energy loss rate is
then

4πr2
wdσT 4 ∼ dEth

dt
=

3Mk

8mp

dT

dt
(4.57)

(where we have included in the right hand term only the contribution of the nu-
clei to the thermal energy from Eq. 4.53). Separating the variablesT andt, and
integrating, the cooling time to a temperatureT is

τcool ∼ 3Mk

8mp4πr2
wdσ3T 3

(4.58)

=
3× 1× 1033 g × 1.4× 10−16 erg K−1

8× 1.7× 10−24 g 4π(4× 108 cm)2 × 5.7× 10−5 cgs× 3T 3

= 3× 109yr
(

T

103K

)−3

,

where we have takenM = 0.5M¯ andrwd = 4000 km. (We have abbreviated the
units of the Stefan-Boltzmann Law’sσ as “cgs”.) Alternatively, we can write the
temperature as a function of time as

T

103K
∼

(
t

3× 109yr

)−1/3

(4.59)
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Thus, even with the unrealistically efficient cooling we have assumed, it would take
a 0.5M¯ white dwarf several Gyr to cool to103K. In reality, the insulation of the
non-degenerate surface layer results in an effective temperature that is significantly
lower than the interior temperature, and hence an even lower cooling rate. Further-
more, at some point in the cooling evolution, crystallization of the nucleons inside
the white dwarf takes place, and the latent heat that is released and added to the
thermal balance further slows down the decline in temperature. Detailed models
have been calculated that take these and other processes into account for various
masses and chemical compositions of white dwarfs (a carbon/oxygen core is usu-
ally assumed, surrounded by helium and hydrogen envelopes). The models show
that, over1010 yr, comparable to the age of the Universe, white dwarfs cannot cool
below∼ 3000 − 4000 K. This explains why most white dwarfs are observed to
have high temperatures, and hence their blue to white colors. The coolest white
dwarfs known have effective temperatures of∼ 3500 K.

4.2.3.4 Brown dwarfs

Let us digress for a moment from the subject of stellar remnants, and use the
equations we have developed to see that electron degeneracy and its consequences
also dictate a minimal initial mass that a star must have in order to shine. Con-
sider a newly forming star (or “protostar”) composed of a collapsing cloud of hy-
drogen. Nuclear ignition of hydrogen requires a minimal temperature of about
Tign ≈ 107K. Recall the relation between temperature and mass of a white dwarf,
obtained by arguing that the contraction of the core will halt at the radius when
degeneracy pressure sets in (Eq. 4.55). However, for fully ionized hydrogen (as
opposed to helium),N = 2M/mp, (rather thanN = 3M/4mp; Eq. 4.53). There
are 8/3 times more particles, and the temperature is correspondingly lower, so Eq.
4.55 becomes

kT ∼ 10G2mem
8/3
p

3h2

(Z
A

)−5/3

M4/3. (4.60)

If the mass of the protostar is small enough such that contraction halts beforeTign

is attained, the object will never achieve true stardom on the main sequence. The
limiting mass is

Mmin ∼ (kTign)3/4

(
10G2mem

8/3
p

3h2

)−3/4 (Z
A

)5/3

= 0.09M¯, (4.61)

where we have assumedZ/A = 1, appropriate for hydrogen. A full solution of the
stellar structure equations gives

Mmin ≈ 0.07M¯. (4.62)

Such “failed stars”, with masses lower than this limit, are calledbrown dwarfs. As
noted in Chapter 2.2.2, stars of this type have indeed been found, and are labeled
with spectral types L and T.
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4.3 SUPERNOVAE AND NEUTRON STARS

4.3.1 Core Collapse in Massive Stars

We now return to stars with initial masses (i.e., their masses when they begin their
lives on the main sequence) of about8M¯ or more. This corresponds to spectral
types O and “early” B. After exhausting most of the hydrogen in their cores, such
stars move to the giant branch. They then begin a sequence of steps, each con-
sisting of the contraction and heating of the inner regions, resulting in the ignition
of new nuclear reactions. As time advances, shells at various inner radii attain the
temperatures and the densities required for the reactions that produce progressively
heavier elements. Apart from the reactions already discussed for lower-mass stars,

4He +12C →16 O + γ (4.63)

and

4He +16O →20 Ne + γ, (4.64)

these massive stars can also burn carbon via the reactions

12C +12C →20 Ne +4He + γ, (4.65)

12C +12C →23 Na + p, (4.66)

and

12C +12C →23 Mg + n. (4.67)

Carbon burning is followed by neon, oxygen, and silicon burning. Each of these
stages takes less and less time. For example, for a25M¯ star, the duration of each
burning stage is:
H ∼ 5× 106 yr;
He ∼ 5× 105 yr;
C ∼ 500 yr;
Ne ∼ 1 yr;
Si ∼ 1 day.

Massive stars undergo all the stages of nuclear burning up to the production of
elements in the “iron group” with atomic mass number aroundA = 56, consisting
of isotopes of Cr, Mn, Fe, Co, and Ni. At this stage, the star’s outer envelope has
expanded to about1000r¯, and it has a dense core of radius∼ 104 km with an
onion-like layered structure (see Fig. 4.6). The outer layers of this core are still
burning hydrogen. Looking inwards, the core consists of concentric shells com-
posed primarily of helium, carbon, oxygen, neon, silicon, and iron, respectively.

Figure 4.7 shows, for all the chemical elements, the binding energy per nucleon
(i.e., the binding energy of a nucleus divided by its mass numberA). Energy can be
gained by fusing or fissioning elements with low binding energy per nucleon into
elements with high binding energy per nucleon. The iron group elements are the
most tightly bound nuclei, and are therefore a “dead end” in nuclear energy pro-
duction. Synthesis of iron-group elements into heavier elements consumes, rather
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Figure 4.6 Simplified schematic view of the layered structure of a massive star and the dis-
tribution of the main elements that compose it, at the onset of core collapse and
the ensuing supernova explosion.

than releases, thermal energy. This fact is at the root of the “iron catastrophe” that
ensues.

When the central iron core continues to grow and approachesMch, two processes
begin:
1. Nuclear Photodisintegration: The temperature is high enough for energetic
photons to be abundant, and they get absorbed in the endothermic (i.e., energy-
consuming) nuclear reaction

γ +56Fe → 134He + 4n, (4.68)

with an energy consumption of 124 MeV. The helium nuclei are further unbound
in the process

γ +4He → 2p + 2n, (4.69)

consuming 28.3 MeV (the binding energy of a4He nucleus). The total energy of
the star is thus reduced by(124 + 13× 28.3)/56 ≈ 8.8 MeV= 1.4× 10−5 erg per
nucleon. With about1057 protons in a Chandrasekhar mass, this corresponds to a
total energy loss of1.4× 1052 erg,∼ 10 times the energy radiated by the Sun over
1010 yr.
2. Neutronization: The large densities in the core lead to a large increase in the

rates of processes such as

e− + p → n + νe, (4.70)

e− +56Fe →56 Mn + νe, (4.71)

e− +56Mn →56 Cr + νe. (4.72)

This neutronization depletes the core of electrons, and their supporting degeneracy
pressure, as well as of energy, which is carried off by the neutrinos.
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Figure 4.7 Binding energy per nucleon as a function of atomic mass number. Several el-
ements are marked. The iron-group elements withA ≈ 56 have the highest
binding energy per nucleon, 8.8 MeV, and therefore nuclear fusion of these ele-
ments into heavier elements does not release thermal energy, but rather consumes
it.

The two processes lead, in principle, to an almost total loss of thermal pressure
support and to an unrestrained collapse of the core of a star on a free-fall timescale.
For the typical core densities prior to collapse,ρ ∼ 109 g cm−3 (calculated from
stellar evolution models), this timescale is (Eq. 3.15)

τff =
(

3π

32Gρ̄

)1/2

∼ 0.1 s. (4.73)

In practice, at these high densities, the mean free path for neutrino scattering be-
comes of order the core radius. This slows down the energy loss, and hence the
collapse time, to a few seconds.

As the collapse proceeds and the density and the temperature increase, the reac-
tion

e− + p → n + νe, (4.74)

becomes common, and is infrequently offset by the inverse process of neutron de-
cay

n → p + e− + ν̄e, (4.75)

leading to an equilibrium ratio of densities of

ne = np ≈ 1
200

nn. (4.76)
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Thus, most of the nucleons become neutrons, and aneutron star forms, in which
degenerate neutrons, rather than electrons, provide the pressure support against
gravity.

4.3.2 Properties of Neutron Stars

The properties of neutron stars can be estimated easily by replacingme with mn in
Eqns. 4.34-4.35, describing white dwarfs. Thus

rns ≈ 2.3× 109 cm
me

mn

(Z
A

)5/3 (
M

M¯

)−1/3

≈ 14 km
(

M

1.4M¯

)−1/3

.

(4.77)
Here we have setZ/A = 1, since the number of particles contributing to the degen-
eracy pressure (i.e., the neutrons) is almost equal to the total number of nucleons.
Since the radius of a neutron star is about 500 times smaller than that of a white
dwarf, the mean density is about108 times greater, i.e.,ρ ∼ 1014 g cm−3. This is
similar to the density of nuclear matter. In fact, one can consider a neutron star to
be one huge nucleus of atomic mass numberA ∼ 1057.

Our estimate of the radius is only approximate, since we have neglected two
effects which are important. First, at these inter-particle separations, the nuclear
interactions play an important role in the equation of state, apart from the neutron
degeneracy pressure. The equation of state of nuclear matter is poorly known, due
to our poor understanding of the details of the strong interaction. In fact, it is hoped
that actual measurements of the sizes of neutron stars will provide experimental
constraints on the nuclear equation of state, which would be important input to
nuclear physics. Second, the gravitational potential energy of a test particle of mass
m at the surface of a∼ 1.4M¯ neutron star, of radiusr ∼ 10 km, is a significant
fraction of the particle’s rest-mass energy:

Egr

mc2
=

GM

rc2
≈ 6.7× 10−8 cgs× 1.4× 2× 1033 g

10× 105 cm (3× 1010 cm s−1)2
≈ 20%. (4.78)

This means that matter falling onto a neutron star loses 20% of its rest mass, and
the mass of the star (as measured, e.g., via Kepler’s law) is 20% smaller than the
total mass that composed it. Thus, a proper treatment of the physics of neutron stars
needs to be calculated within the strong-field regime of General Relativity. More
detailed calculations, including these two effects, give a radius of about 10 km for
a1.4M¯ neutron star.

The Chandrasekhar mass,

Mch = 0.2
(Z

A

)2 (
hc

Gm2
p

)3/2

mp, (4.79)

can be used to estimate a maximal mass for a neutron star, beyond which the density
is so high that even the degenerate neutron gas becomes ultra-relativistic and unable
to support the star against gravity. Again replacing theZ/A = 0.5, appropriate for
white dwarfs, withZ/A = 1, describing neutron stars, gives a factor of 4, or

Mns,max = 1.4M¯ × 4 = 5.6M¯. (4.80)
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Figure 4.8 Optical-light image of the supernova SN1994D, below and to the left of its host
galaxy, NGC 4526. For several weeks around its peak brightness, the luminosity
of a supernova is comparable to that of an entire galaxy, withL ∼ 1010L¯. (The
spikes emerging from the supernova are due to diffraction.) Photo credit: NASA,
ESA, the High-Z Supernova Search Team and the Hubble Key Project Team.

Taking into account General Relativistic effects lowers this estimate to about5M¯.
This reduction come about because, in the regime of strong gravity, the pressure
itself contributes significantly to the gravitational field, and thus pressure gradu-
ally loses its effectiveness in counteracting gravitation. Detailed calculations that
attempt also to take into account the strong interaction of nuclear matter further
lower the maximal mass to2− 3M¯, but this is still highly uncertain.

4.3.3 Supernova Explosions

The fall of the layers of matter that surrounded the core onto the surface of a newly
formed neutron star sets off a shock wave that propagates outwards and blows off
the outer shells of the star, in what is observed as asupernova explosion (see
Fig. 4.8). The details of how exactly this occurs are not understood yet. In fact,
sophisticated numerical simulations of the collapse are presently still unable to
reproduce the “explosion”, i.e., the ejection of the star’s outer regions. A kinetic
energy of about3 × 1051 erg is imparted to the material flying out (as determined
from measurements of the mass and velocity of ejecta in supernova remnants).
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About3× 1049 erg can be observed over a period of order one month as luminous
energy, driven primarily by the decay of radioactive elements synthesized during
the last few moments before collapse, during the collapse, and during the explosion.
Although the luminous energy is only 1% of the kinetic energy, it nevertheless
makes a supernova an impressive event; the mean luminosity is of order

LSN ∼ 3× 1049 erg
30 d× 24 hr× 60 m× 60 s

∼ 1043 erg s−1 ∼ 3× 109L¯, (4.81)

comparable to the luminosity of an entire galaxy of stars (see Chapter 6).
However, the total gravitational binding energy released in the collapse of the

core to a neutron star is

Egr ∼ GM2

rns
= 5× 1053

(
M

1.4M¯

)2 ( rns

10 km

)−1

erg. (4.82)

The kinetic and radiative energies are just small fractions,∼ 10−2 and∼ 10−4,
respectively, of this energy. The bulk of the energy released in the collapse is
carried away by neutrino-antineutrino pairs. The density is so high that photons
cannot emerge from the star, and they undergo frequent photon-photon collisions.
These produce electron-positron pairs, which form neutrino pairs:

γ + γ → e+ + e− → νe + ν̄e, νµ + ν̄µ, ντ + ν̄τ (4.83)

(the µ and τ neutrinos are neutrinos related to the muon and the tauon, which
are heavy relatives of the electron.) The neutrinos can pass through the star with
few scatterings (see Problem 3), and can therefore drain almost all of the thermal
energy.

A striking confirmation of this picture was obtained in 1987, with the explo-
sion of Supernova 1987A in the Large Magellanic Cloud, a satellite galaxy of our
Galaxy (the Milky Way; see Chapter 6), at a distance of 50 kpc from Earth. This
was the nearest supernova observed since the year 1604. A total of 20 antineutri-
nos (several of them with directional information pointing toward the supernova)
were detected simultaneously in the span of a few seconds by two different under-
ground experiments. Each experiment consisted of a detector composed of a large
tank filled with water and surrounded by photomultiplier tubes. These experiments
were initially designed to search for proton decay. The experiments discovered
the antineutrinos, and measured their approximate energies and directions via the
reaction

ν̄e + p → n + e+, (4.84)

by detecting the Cerenkov radiation emitted by the positrons moving faster than
the speed of light in water. The typical energies of theν̄e’s were 20 MeV. The de-
tection of 20 particles, divided by the efficiency of the experiments to antineutrino
detection (which was a function of antineutrino energy), implied that a “fluence”
(i.e., a time-integrated flux) of2 × 109 cm−2 electron antineutrinos had reached
Earth. The electron antineutrinos,ν̄e’s, are just one out of six types of particles
(νe, ν̄e, νµ, ν̄µ, ντ , ν̄τ ) that are produced in similar numbers and carry off the col-
lapse energy. Thus, the total energy released in neutrinos was

Eneutrino ∼ 2× 109 cm−2 × 6× (20 MeV × 1.6× 10−6erg MeV−1) (4.85)
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×4π(5× 104 pc× 3.1× 1018 cm pc−1)2 ∼ 1053 erg,

close to the total energy expected from the collapse of a stellar core.
We note here that there is an altogether different avenue for stars to pass the

Chandrasekhar limit and explode, in events that are calledtype-Ia supernovae.
White dwarfs that are in close binaries, where mass transfer takes place from a
companion onto the white dwarf, can reachMch. At that stage, or possibly even
before actually reachingMch, thermonuclear ignition of the carbon core occurs.
However, this happens under degenerate conditions, without the thermostatic ef-
fect of a classical equation of state. With a classical equation of state, a rise in
temperature produces a rise in pressure that leads to an expansion of the star, a
lowering of the temperature, and a decrease in the nuclear reaction rates. Instead,
under degenerate conditions, the white dwarf structure is insensitive to the rise in
temperature, which raises the nuclear reaction rates more and more, ending in a
thermonuclear runaway that blows up the entire star. As opposed to core-collapse
supernovae, which leave a neutron star remnant (or a black hole, see below), it is
believed that type-Ia supernovae leave no stellar remnant (see Problem 4). It is
presently unknown what kind of star is the companion of the white dwarf in the
systems that are the progenitors of type-Ia supernovae. It is also possible that a
type-Ia explosion is actually the result of the merger of two white dwarfs – see
Problem 6. The supernova shown in Fig. 4.8 was a type-Ia event. We will return
later to the physics of accretion in close binaries (Section 4.6) and to the use of
type-Ia supernovae in cosmology (Chapters 7 and 9).

Finally, there exists a class of objects even more luminous than SNe, though
very transient, calledgamma-ray bursts (GRBs). These explosions release of
the order of1051 erg over a period of just a few seconds. As their name implies,
much of this energy is released at gamma-ray frequencies, but the rapidly fading
“afterglows” of the explosions can sometimes be detected at longer wavelengths
on longer timescales – minutes in X-rays, days in the optical, and weeks at radio
wavelengths. A GRB occurs about once a day in the observable Universe. It is
now known that at least half of these explosions occur in star-forming galaxies, i.e.,
galaxies that have massive young stars. This argues that some GRBs result from
the core collapse of massive stars of a particular type or in a particular configura-
tion, i.e., that they are a certain kind of core-collapse supernova. In recent years,
evidence is accumulating that actually links some GRBs to supernovae observed at
the same location. The nature and mechanisms of GRBs are still widely debated.
The large energy outputs, as well as indirect evidence of the existence of highly
relativistic bulk motions of material, suggest that GRBs involve the formation of
black holes.

The material expelled by the mass outflows from giants and by both types of
supernovae – core-collapse and Ia, is essentially the only source of all “heavy”
elements. Except for helium and trace amounts of the next few lightest elements,
which were synthesized early in the history of the Universe (as we will see in Chap-
ter 9), all “nucleosynthesis” takes place inside stars during their various evolution
stages, or during their explosions as supernovae.



basicastro4 October 26, 2006

88 CHAPTER 4

Figure 4.9 Flux at 430 MHz vs. time from PSR J0546+2441, a typical radio pulsar, over
several periods. The pulse period is 2.84385038524 s (i.e., measured to 12 sig-
nificant digits). Note the variable strength, and occasional disappearance of the
pulses. The inset shows a zoom-in on the pulse profile, averaged over many pe-
riods. Data credit: D. Champion, see Mon. Not. Royal. Astron. Soc. (2005),
363, 929.

4.4 PULSARS AND SUPERNOVA REMNANTS

Many neutron stars have been identified as such in their manifestation aspulsars.
Pulsars were first discovered with radio telescopes in the 1960s as point sources of
periodic pulses of radio emission, with periods of the order ofτ ∼ 10−3 to 1 s.
Today, over 1000 pulsars are known. The periods of most pulsars are observed to
grow slowly with time in a very regular manner. The predictability of the pulse
arrival times is comparable to that of the most accurate man-made clocks. Fig-
ure 4.9 shows a typical pulsar time series. One of the best studied pulsars, which
we shall use as an example, is the Crab pulsar, at the center of the Crab nebula (see
Fig. 4.10). The Crab nebula, an example of asupernova remnant, is an expanding
cloud of gaseous fragments at the same location in the sky where a bright supernova
explosion was observed and documented in the year 1054 by Chinese, Japanese,
and Korean astronomers. The Crab pulsar, from which pulsations are detected at
radio, optical, and X-ray wavelengths, has a pulsation period ofτ = 33 ms, i.e., an
angular frequency

ω =
2π

τ
= 190 s−1. (4.86)

The period derivative is

dτ

dt
=

1 ms
75 yr

= 4.2× 10−13, (4.87)
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Figure 4.10 The Crab nebula, the remnant of a core-collapse supernova that exploded in the
year 1054, at a distance of 2 kpc.Top: Image in optical light. Image scale is 4 pc
on a side.Bottom:Zoom in on the area marked in the top photo, in optical light
(left), with the pulsar at the center of the remnant indicated by the arrow; and
in X-rays (right), showing the pulsar, bi-directional jets, and a toroidal structure
formed by synchrotron emission from energetic particles. Note that a similar
emission morphology is faintly discernible also in the optical image on the left.
Photo credits: European Southern Observatory; and NASA/CXC/ASU and J.
Hester et al.
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or
dω

dt
= −2π

τ2

dτ

dt
= −2.4× 10−9 s−2. (4.88)

The total luminosity of the Crab nebula, integrated over all wavelengths, is

Ltot ≈ 5× 1038erg s−1, (4.89)

and is mostly in the form ofsynchrotron radiation , i.e., radiation emitted by rela-
tivistic electrons as they spiral along magnetic field lines.

4.4.1 Identification of Pulsars as Neutron Stars

To see that the Crab pulsar (and other pulsars) are most plausibly identified with
spinning neutron stars, let us consider possible mechanisms for producing period-
icity of the observed magnitude and regularity. Three options that come to mind,
of astronomical phenomena associated with periodicity, are binaries, stellar pulsa-
tions, and stellar rotation. For binary orbits, the angular frequency, masses, and
separation are related by Kepler’s law,

ω2 =
G(M1 + M2)

a3
, (4.90)

or

a =
[G(M1 + M2)]1/3

ω2/3
(4.91)

=
[6.7× 10−8 cgs (4× 1033 g)]1/3

(190 s−1)2/3
= 2× 107 cm = 200 km,

where we have assumed two solar-mass objects and inserted the Crab pulsar’s fre-
quency. The separationa is much smaller than the radii of normal stars or of white
dwarfs. Only a pair of neutron stars could exist in a binary at this separation. How-
ever, General Relativity predicts that two such masses orbiting at so small a separa-
tion will lose gravitational binding energy via the emission of gravitational waves
(see Problems 5 and 6). This loss of energy will cause the separation between the
pair to shrink, and the orbital frequency togrow, contrary to the observation that the
pulsar frequencies decrease with time. Thus, orbital motion of stellar-mass objects
cannot be the explanation for pulsars.

A second option is stellar pulsations. Stars are, in fact, observed to pulsate
regularly in various modes, with the pulsation period dependent on density as6

τ ∝ ρ−1/2. Normal stars oscillate with periods between hours and months, and
white dwarfs oscillate with periods of 100 to 1000 s. Neutron stars, which are108

times denser than white dwarfs, should therefore pulsate with periods104 times

6It is easy to see from a dimensional argument that this must be the case for radial pulsations. Con-
sider a star that is “squeezed” radially, and then released. The restoring force due to the pressure has
dimensions of pressure times area,F ∼ PA ∼ (GMρ/r)r2, where we have used the equation
of hydrostatic equilibrium (Eq. 3.19) to express the dimensions of the pressure. Equating this to the
mass times the acceleration,Ma ∼ Mr/τ2, gives the required result. Note that the pulsation period,
τ ∼ (Gρ)−1/2, is essentially the same as the free-fall timescale, Eq. 3.15.
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shorter, i.e., less than 0.1 s. However, the most common period for pulsars is about
0.8 s. There is thus no known class of stars with the density that would produce the
required pulsation period.

Finally, let us assume that the rapid and very regular pulsation is produced via
anisotropic emission from a rotating star. The fastest that a star can spin is at the
angular frequency at which centrifugal forces do not break it apart. This limit can
be found by requiring that the gravitational force on a test massm, at the surface,
be greater than the centrifugal force:

GMm

r2
> mω2r, (4.92)

or

M

r3
>

ω2

G
, (4.93)

and therefore

ρ̄ =
3M

4πr3
>

3ω2

4πG
=

3(190 s−1)2

4π × 6.7× 10−8 cgs
= 1.3× 1011 g cm−3, (4.94)

for the Crab pulsar. Thus, if the Crab pulsar is a spinning star and is not flying
apart, its mean density must be at least five orders of magnitude larger than that of
a white dwarf, but consistent with that of a neutron star. Note that the pulsars with
the shortest periods known, of about 1 ms (rather than the Crab’s 33 ms), must have
mean densities 1000 times larger to avoid breaking apart, i.e.,∼ 1014 g cm−3. This
is just the mean density we predicted for neutron stars.

Next, let us presume that the luminosity of the Crab nebula is powered by the
pulsar’s loss of rotational energy as it spins down. (The observed luminosity of
the pulsar itself,∼ 1031 erg s−1, is much too small to be the energy source of the
extended emission). Since

Erot =
1
2
Iω2, (4.95)

whereI is the moment of inertia,

Ltot = −dErot

dt
= −Iω

dω

dt
. (4.96)

For an order-of-magnitude estimate, let us use the moment of inertia of a constant-
density sphere,I = 2

5Mr2. Then

Mr2 ∼ −5
2

Ltot

ωdω/dt
= − 5× 5× 1038 erg s−1

2× 190 s−1(−2.4× 10−9 s−2)
= 3× 1045 g cm2.

(4.97)
A 1.4M¯ neutron star of radius 10 km has just this value ofMr2:

Mr2 = 1.4× 2× 1033 g × (106 cm)2 = 2.8× 1045 g cm2. (4.98)

By comparison, a normal star like the Sun hasMr2 of order109 larger than the
value in Eq. 4.98. Conservation of angular momentum,J = Iω, then dictates that
when a stellar core of solar mass and solar radius collapses to a radius of about
10 km, it will spin up by a factor of order109. The rotation period of the Sun is
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25.4 days, or2 × 106 s, which is typical of main-sequence stars. Collapse of a
stellar core to neutron-star proportions is thus expected to produce an object with a
spin period of order milliseconds, as observed in pulsars.

Thus, we see that if we identify pulsars as rapidly spinning stars, then: their spin
rate is that expected from the collapse of the cores of main sequence stars to neutron
star dimensions; their mean densities are those of neutron stars; and their loss or
rotational energy accounts for the luminosity of the supernova ejecta in which they
are embedded, if they have the moments of inertia of neutron stars. Finally, the
location of pulsars at the sites of some historical supernovae, an explosion that
is expected to accompany the formation of a neutron star (in terms of the energy
released, even if the details of the explosion are not yet fully understood), leaves
little doubt that pulsars are indeed neutron stars.

4.4.2 Pulsar Emission Mechanisms

The details of how pulsars produce their observed periodic emission are still a mat-
ter of active research. However, it is widely accepted that the basic phenomenon is
the rotation of a neutron star having a magnetic field axis that is misaligned with
respect to the star’s rotation axis by some angleθ. A spinning magnetic dipole
radiates an electromagnetic luminosity

L =
1

6c3
B2r6ω4 sin2 θ, (4.99)

whereB is the magnetic field on the surface of the star, at a radiusr, on the mag-
netic pole. Solving Eq. 4.99 forB, with the observed properties of the Crab, a
typical neutron-star radius, andsin θ ≈ 1,

B ∼ (6c3L)1/2

r3ω2 sin θ
∼ [6(3× 1010 cm s−1)3 × 5× 1038 erg s−1]1/2

(106 cm)3(190 s−1)2 × 1
∼ 8×1012 Gauss.

(4.100)
Magnetic fields of roughly such an order of magnitude are expected when the ion-
ized (and hence highly conductive) gas in a star is compressed during the collapse
of the iron core. The originally small magnetic field of the star (e.g.,∼ 1 Gauss in
the Sun) is “frozen” into the gas. When the gas is compressed, the flux in the mag-
netic field lines is amplified in proportion tor−2, corresponding to∼ 1010 between
the core of a main sequence star and a neutron star.

In a process that is not yet fully agreed upon, the complex interactions between
magnetic and electric fields, particles, and radiation in the neighborhood of the
neutron star power the nebula, and also lead to the emission of radiation in two
conical beams in the direction of the magnetic axis. As the star spins and the
magnetic axis precesses around the rotation axis, each beams traces an annulus of
angular radiusθ on the sky, as seen from the neutron star (see Fig. 4.11). Distant
observers who happen to lie on the path of these “lighthouse beams” detect a pulse
once every rotation, when the beam sweeps past them. This implies, of course, that
we can detect only a fraction of all pulsars, namely those for which the Earth lies
in the path of one of the beams.

Evidence that magnetic dipole radiation is the basic emission mechanism can be
found from the age of the Crab pulsar. If such radiation is leading to the pulsar’s
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Figure 4.11 Schematic model of a pulsar. Bi-conical beams of radiation emerge along the
magnetic axis of a neutron star. The magnetic axis is inclined by an angleθ to
the star’s spin axis. Observers in a direction, as viewed from the star, that is
within one of the two annular regions swept out by the beams as the star rotates
will detect periodic pulses.

loss of rotational energy, then, combining Eqns. 4.96 and 4.99,

dErot

dt
= Iω

dω

dt
∝ ω4, (4.101)

and
dω

dt
= Cω3. (4.102)

The constantC can be determined from the present values ofdω/dt andω,

C =
ω̇0

ω3
0

. (4.103)

Separating variables in Eq. 4.102 and integrating, we obtain for the age of the
pulsar

tpulsar =
ω3

0

2ω̇0

(
1
ω2

− 1
ω2

i

)
, (4.104)

whereωi is the initial angular frequency of the neutron star upon formation. Thus,
an upper limit on the current age of the Crab pulsar is obtained by takingω = ω0

andωi = ∞,

tpulsar <
ω0

2ω̇0
=

190 s−1

2× 2.4× 10−9 s−2
= 4× 1010 s = 1260 yr. (4.105)

This limit is consistent with the historical age, 950 yr, of the supernova of the year
1054. The pulsar age willequal950 yr if we setτi = 2π/ωi = 2.5 ms, close to the
expected spin rate of newly formed neutron stars.
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4.4.3 Neutron Star Cooling

As already noted, according to the above picture, we observe only a fraction of all
pulsars, those for which the Earth is in the rotating pulsar beam. More significantly,
pulsars slow down and lose their rotational energies, and as a result, at some point
in time, will become undetectable as pulsars. However, there should exist a large
population of old, spun-down, neutron stars – the remnants of all massive stars
that have undergone core-collapse to this state. In Section 4.2.3.3, we saw that the
small surface areas of white dwarfs result in very long cooling times. The surfaces
of neutron stars, smaller by five orders of magnitude compared to those of white
dwarfs, mean that old neutron stars will be “stuck” at temperatures of order105K,
with thermal radiation peaking at photon energies of tens of eV (called the “extreme
UV” range).

Detailed calculations of neutron star cooling are considerably more uncertain
than those for white dwarfs, partly due to the poorly constrained equation of state
on nuclear matter, which leads to uncertainty in the structure and composition of a
neutron star. A cooling calculation also needs to take into account many different
physical processes, not all fully understood, that may play a role under the extreme
conditions of gravity, temperature, density, and magnetic field inside and near the
surface of a neutron star. Interstellar gas atoms falling onto a neutron-star surface
also have an effect, and are likely to heat it to X-ray temperatures. To date, only
several candidate isolated old neutron stars have been found in X-ray surveys. The
small surface areas of neutron stars mean that their optical luminosities are very
low, and hence such objects can be found only when they are near enough. X-ray
surveys do reveal a large population of accreting neutron stars in binary systems,
called “X-ray binaries”, which we will study in Section 4.6.

4.5 BLACK HOLES

In the case of a stellar remnant with a mass above the maximum allowed mass of a
neutron star, no mechanism is known which can prevent the complete gravitational
collapse of the object. In fact, General Relativity predicts that even if some new
form of pressure sets in at high densities, the gravitational field due to such pressure
will overcome any support the pressure gradient provides, and the collapse of the
star to a singularity, or“black hole” is unavoidable.

As its name implies, matter or radiation cannot escape from a black hole. An
incorrect derivation, giving the correct answer, of the degree to which a mass must
be compressed to become a black hole can be obtained by requiring that the escape
velocity,ve, from a spherical mass of radiusr be greater thanc (and hence nothing
can escape),

GM

r
>

1
2
v2
e =

1
2
c2, (4.106)

and therefore theSchwarzschild radiusis

rs =
2GM

c2
= 3 km

M

M¯
. (4.107)
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Photons cannot escape from an object with a massM that is concentrated within a
radius smaller thanrs. The above derivation is incorrect because the kinetic energy
of a photon is notmc2/2, nor is the gravitational potential accurately described by
the Newtonian limit,GM/r.

A correct derivation ofrs, which we shall only outline schematically, begins with
the Einstein equations of General Relativity,

Gµν =
8πG

c4
Tµν . (4.108)

The Einstein equations relate the geometry and curvature of spacetime to the distri-
bution of mass-energy.Tµν is theenergy-momentum tensor. It is represented by a
4×4 matrix, and each of its indices runs over the four space-time coordinates. This
is the “source” term in the equations and includes mass-energy density and pres-
sure. Gµν is the “Einstein tensor” consisting of combinations of first and second
partial derivatives, with respect to the spacetime coordinates, of themetric, gµν .
(A more detailed description ofTµν andGµν is given in Chapter 8). The metric
describes the geometry of spacetime via the “line element”

(ds)2 =
∑
µ,ν

gµνdxµdxν , (4.109)

whereds is the interval between two close spacetime events. For example, the
metric (familiar from Special Relativity) which describes spacetime in a flat (“Eu-
clidean”) region of space, far from any mass concentration, is theMinkowski met-
ric , with a line element

(ds)2 = (cdt)2 − (dx)2 − (dy)2 − (dz)2. (4.110)

The nonzero terms of the4× 4 matrix describinggµν in this case are

g00 = 1, g11 = −1, g22 = −1, g33 = −1. (4.111)

In spherical coordinates, the Minkowski metric has the form,

(ds)2 = (cdt)2 − (dr)2 − (rdθ)2 − (r sin θdφ)2, (4.112)

i.e.,

g00 = 1, g11 = −1, g22 = −r2, g33 = −r2 sin2 θ. (4.113)

SinceGµν andTµν are symmetric4× 4 tensors (e.g.,Gµν = Gνµ), there are only
10, rather than 16, independent Einstein equations, and a zero-divergence condition
onTµν (implying local energy conservation) further reduces this to six equations.

A solution of the Einstein equations for the geometry of spacetime in the vacuum
surrounding a static, spherically symmetric, mass distribution, as viewed by an
observer at infinity (i.e., very distant from the mass) is theSchwarzschild metric:

(ds)2 =
(

1− 2GM

rc2

)
(cdt)2 −

(
1− 2GM

rc2

)−1

(dr)2 − (rdθ)2 − (r sin θdφ)2,

(4.114)
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wherer, θ, andφ are spherical coordinates centered on the mass, andt is the time
measured by the distant observer. The time shown by any clock can be found from
theproper time τ , defined as

dτ ≡ ds

c
. (4.115)

For a clock at rest (i.e.,dr = dθ = dφ = 0),

dτ =
(

1− 2GM

rc2

)1/2

dt =
(
1− rs

r

)1/2

dt. (4.116)

Consider now a stellar remnant that is compact enough that its radius is within
rs, and hence the Schwarzschild metric (which applies only in vacuum) describes
spacetime in the vicinity ofrs. When a clock is placed atr → rs, dτ approaches
zero timesdt. During a time interval of, say,dt = 1 s, measured by a distant
observer, the clock nearrs advances by much less. In other words, clocks appear
(to a distant observer) to tick more and more slowly as they approachrs, and to
stop completely atrs. This is calledgravitational time dilation .

The electric and magnetic fields of a light wave emitted by a source nearrs

will also appear to oscillate more slowly due to the time dilation, and therefore the
frequency of light will decrease, and its wavelengthλ will increase, relative to the
wavelengthλ0 of light emitted by the same source far from the black hole. This
gravitational redshift is

λ

λ0
=

(
1− 2GM

rc2

)−1/2

=
(
1− rs

r

)−1/2

. (4.117)

When the light source is atrs, the wavelength becomes infinite and the energy of
the photons,hc/λ, approaches zero.

In General Relativity, once we know the metric that describes spacetime, we can
find the trajectories of free-falling particles and of radiation. In particular, mass-
less particles and light move alongnull geodesics, defined as paths along which
ds = 0. Settingds = 0 in Eq. 4.114, the “coordinate speed” of a light beam
moving in the radial direction (dθ = dφ = 0) is

dr

dt
= ±c

(
1− 2GM

rc2

)
= ±c

(
1− rs

r

)
. (4.118)

At r À rs, the speed is±c, as expected. However, as light is emitted from closer
and closer tors, its speed appears to decline (again, to a distant observer), going
to zero atrs. Gravity works effectively as an index of refraction, withn = ∞ at
rs. As a result, no information can emerge from a radius smaller thanrs, which
constitutes an “event horizon” around the black hole. We have thus re-derived
(correctly, this time) the Schwarzschild radius and its main properties.

Because of gravitational time dilation, a star collapsing to a black hole, as viewed
by a distant observer, appears to shrink in progressively slower motion, and gradu-
ally appears to “freeze” as it approaches its Schwarzschild radius. In fact, it takes an
infinite time for the star to crossrs, and therefore, formally, black holes do not ex-
ist, in terms of distant static observers such as ourselves. (They certainly can exist,
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even in the “present” of observers who are near enough to a black hole). However,
for all practical purposes, there are no differences in observed properties between
such “frozen stars” and truly collapsed black holes. This comes about because, as
a source of light falls towardrs, the rate at which photons from the source reach
the observer declines as(1 − rs/r)1/2. Furthermore, the energy of each photon
declines due to the gravitational redshift also as(1 − rs/r)1/2. The equation of
motion for a radially free-falling light source,r(t), can be roughly estimated by
noting that, as the source approachesrs, it will move with a velocity close toc,
and hence its geodesic (i.e., its path in spacetime) will be close to that of the null
geodesic of photons. Let us take the negative solution in Eq. 4.118 (the source is
falling to smaller radii). Separating the variables,

cdt = − rdr

r − rs
, (4.119)

changing variables tox = r − rs, and integrating,

c(t−t0) = −
∫

x + rs

x
dx = −(x+rs ln x) = −[r−rs +rs ln(r−rs)]. (4.120)

As r − rs → 0, the logarithmic term becomes dominant, and we can write the
equation of motion,r(t), as viewed by the distant observer, as

r − rs ∼ exp
[
−c(t− t0)

rs

]
. (4.121)

Inserting this dependence into the expression for the decline in the observed photon
emission rate due to gravitational time dilation, we find that

dNph

dt
∼

(
1− rs

r

)1/2

=
(

r − rs

r

)1/2

∝ exp
(
− ct

2rs

)
(4.122)

(where in the last step we have substitutedr ∼ rs in the denominator, andr − rs

in the numerator using Eq. 4.121).
For example, for a5M¯ stellar core undergoing its final collapse, the character-

istic time is

2rs

c
=

2× 5× 3 km× 105 cm km−1

3× 1010 cm s−1
= 10−4 s = 0.1 ms. (4.123)

Thus, after a mere 20 ms, the photon rate will decline by a factor exp(−200) =
10−87. The photon emission rate from a Sun-like star emitting in the optical range,
at a typical photon energy ofhν = 1 eV, is of order

dNph

dt
∼ L

hν
∼ 3.8× 1033 erg s−1

1 eV × 1.6× 10−12 erg eV−1 ∼ 1045 s−1. (4.124)

A factor of 1087 decrease in photon flux implies that, after just 20 ms, the photon
emission rate from the star will decrease to∼ 10−42 s−1. The time between the
emission of consecutive photons will thus be∼ 1042 s, many orders of magnitude
larger than the age of the Universe, which is of order1010 yr, or ∼ 1017 s. The
“frozen star” is truly “black”, and no photons emerge from it after a timescale of
milliseconds.
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Theoretically, quantum mechanics allows an exception to this rule, and small
amounts of so-called “Hawking radiation” can escape a black hole, even causing it
to “evaporate” completely if it is small enough. However, it is unclear if black hole
evaporation has any astronomical relevance.

Observationally, there are many objects considered to be stellar-mass black hole
candidates, consisting of members of binary systems in which the minimum mass
of one of the members is significantly larger than3M¯, yet a main-sequence or
giant star of such mass is not seen. Presumably, black holes form from the core-
collapse of stars with an initial mass above some threshold (which is currently
thought to be about25M¯). In some of these binary systems, accretion of matter
onto the black hole is taking place. Such systems will be discussed in more detail
in Section 4.6. Finally, there is evidence for the existence of “supermassive” black
holes, with masses of∼ 106−109M¯, in the centers of most large galaxies. These
will be discussed in Chapter 6.

4.6 INTERACTING BINARIES

Until now, stars were the only luminous objects we considered. However, there
exists an assortment of objects which are powered not by nuclear reactions, but
by the accretion of matter onto a gravitational potential well. Objects in this cat-
egory include pre-main-sequence stars, interacting binaries, active galactic nuclei
and quasars, and possibly some types of supernovae and gamma-ray bursts. While
all these objects are rare relative to normal stars, they are interesting and important
for many physical and observational applications. The physics of accretion is sim-
ilar in many of these objects. In this section, we will focus on interacting binaries,
which are the best-studied accretion powered objects.

As already noted, many stars are in binary systems.7 Pairs with an orbital period
of less than about 10 days are usually in orbits that are circular, “aligned” (i.e., the
spin axes of the two stars and the orbital plane axis are all parallel), and synchro-
nized (i.e., each star completes a single rotation about its axis once per orbit, and
thus each star always sees the same side of its companion star). This comes about
by the action of the strongtidal forces that the stars exert on each other at small
separations. The force per unit mass on a mass element at the surface of a star, at
distance∆r from the center, due to the massM1 of the star itself is

Fgrav

m
=

GM1

(∆r)2
. (4.125)

The tidal force on this mass element, due to the influence of the second star of mass
M2 at a distancer (assuming∆r ¿ r) is

Ftide

m
= GM2

(
1
r2
− 1

(r + ∆r)2

)
≈ 2GM2∆r

r3
. (4.126)

7Current evidence is that the binary fraction among stars depends on stellar mass, with most of the
massive stars being in binaries, but most low-mass stars being single. About one-half of solar-mass stars
are in binaries.
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The ratio between the forces is
Ftide

Fgrav
=

2M2

M1

(
∆r

r

)3

. (4.127)

Thus, the larger∆r/r, the more tidal distortion of the shapes of the stars occurs,
such that they become two ovals pointing at each other. As long as the stars are not
tidally locked (i.e., synchronized and circularized), energy is continuously lost to

friction while the different parts of each star are deformed during the orbit. Once
tidal locking is achieved, everything appears stationary in a reference frame rotating
at the binary frequency, and the system achieves its minimum energy.8

If we draw the surfaces of constant potential energy in the rotating frame of such
a binary, the isopotential surfaces close to each of the stars will be approximately
spherical, but at larger radii they are more and more oval shaped, due to the gravi-
tational pull of the companion (see Fig. 4.12). There is one particular isopotential
surface for which projections onto any plane passing through the line connecting
the stars traces a “figure 8”, i.e., the surface is pinched into two pointed “lobes”
that connect at a point between the two stars. These are calledRoche lobesand the
point where they connect is theFirst Lagrange Point, L1. At L1, the gravitational
forces due to the two stars, and the centrifugal force in the rotating frame due to
rotation about the center of mass, all sum up to zero.9

In any star, surfaces of constant gas density and pressure will be parallel to sur-
faces of constant potential (which is why isolated stars are spherical). Thus, a
member of a close binary that evolves and grows in radius, e.g., into a red giant,
will have a shape that is increasingly teardrop shaped. If the star inflates enough
to fill its Roche lobe, stellar material at theL1 point is no longer bound to the star,
and can fall onto the companion. Three configurations are thus possible:
In a detached binaryneither of the stars fills its Roche lobe; in asemi-detached

binary one of the stars fills its Roche lobe; and in acontact binary both stars fill
their Roche lobes. In the last case the binary system looks like a single, peanut-
shaped object with two stellar cores and a common envelope.

In the semi-detached case there is always transfer of matter from the Roche-lobe-
filling star to its companion. Different observational phenomena result, depending
on the nature of the receiving star. If it is a main-sequence star, an “Algol-type” bi-
nary system results. If the receiving star is a white dwarf, the resulting phenomena
are calledcataclysmic variables, novae, andtype-Ia supernovae. If the receiver

8The same kind of tidal deformation is applied by the Sun and the Moon to the Earth, especially to the
Earth’s liquid water surface layer. The deformation is maximal when the three bodies are approximately
aligned, during full Moon and new Moon. During one daily Earth rotation, a point on the Earth goes
through two “high tide” locations and two “low tide” locations. Due to the loss of energy to tidal friction,
the Earth-Moon system is by now largely circularized, but only partly synchronized. On the one hand,
the Moon’s orbital and rotation periods are exactly equal, and hence we always see the same (“near”)
side of the Moon. Although the Moon is solid, synchronization was achieved by means of the solid tidal
stresses and deformations imposed on it by the Earth. The Earth’s rotation, on the other hand, is not yet
synchronized with either the Sun’s or the Moon’s orbital periods. See Problem 8 for some quantitative
assessments of ocean tides.

9Note thatL1 is generallynot at the center of mass. The center of mass is closer to the more massive
star in the binary system, whileL1 is closer to the less massive star. Only in equal-mass binaries do the
two points coincide.
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Figure 4.12 Equipotential surfaces (dotted curves) in the co-rotating reference frame of a
binary system with mass ratioM1/M2 = 5. Left: In this example, both stars
are inside their respective Roche lobes, but are tidally distorted. Loss of energy
to tidal friction will cease only when the orbits about the center of mass become
circularized, and aligned and synchronized with the rotations, so that there is no
motion in the co-rotating frame.Right: Here, the secondary star, on the right,
fills its Roche lobe. Matter flows through theL1 point and falls onto the primary
star, which is now a compact object. Viewed from an inertial frame, the falling
material possesses angular momentum, and hence an accretion disk is formed
around the compact primary star.

is a neutron star or black hole, the system is called anX-ray binary .
Viewed from an inertial reference frame, the accreted material possesses angular

momentum having the direction of the system’s orbital angular momentum. (In
the rotating frame, the matter experiences a Coriolis force as it falls toward the
receiving star). If the receiving star is compact, the accreted material will not reach
the surface immediately, but rather go into orbit around the star. The gas particles
on different coplanar, elliptical orbits will collide with each other, and eventually
anaccretion disk forms around the receiving star.

4.6.1 Accretion Disks

In an accretion disk, particles move on approximately circular orbits, and lose en-
ergy and angular momentum due to viscous interaction with particles moving along
orbits at adjacent radii. The particles therefore slowly drift to progressively smaller
radii, until reaching the surface of the star (or the Schwarzschild radius, if the accre-
tor is a black hole). The frictional heat is radiated away. Although the exact process
by which viscous friction operates in accretion disks is still a matter of debate, we
can nonetheless derive some general properties of these objects.

Consider a mass element,dM , in the accretion disk around a star of massM .
To fall from a circular Keplerian orbit of radiusr + dr to an orbit at radiusr, the
mass element must lose some potential energy. Half of the lost potential energy
is necessarily converted to additional kinetic energy at the smaller radius with its
higher Keplerian velocity, and the remaining half can be converted to heat10. The

10Note that this result, while following directly from Newtonian mechanics for a particle in a circular
orbit, is just another instance of the virial theorem for a classical non-relativistic system of particles in
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gain in thermal energy of the mass element will thus be

dEth =
1
2

(
GMdM

r
− GMdM

r + dr

)
, (4.128)

where we neglect the gravitational self-binding energy of the disk itself. Assuming
the hot gas radiates its thermal energy as a black body at the same radius where the
gravitational energy is liberated, the luminosity from an annulus in the disk will be

dL =
dE

dt
=

1
2
GM

dM

dt

(
1
r
− 1

r + dr

)
=

1
2
GMṀ

dr

r2
= 2(2πr)drσT 4,

(4.129)
whereṀ is the mass accretion rate through a particular annulus of the disk,σ is
the Stefan-Boltzmann constant, and the factor of 2 on the right hand side is because
the area of the annulus includes both the “top” and the “bottom”. Taking the two
right-hand terms and isolatingT , we find for the temperature profile of an accretion
disk

T (r) =

(
GMṀ

8πσ

)1/4

r−3/4. (4.130)

In a steady state,̇M must be independent ofr (otherwise material would pile up
in the disk, or there would be a shortage of material at small radii), and must equal
the accretion rate of mass reaching the stellar surface. Thus,T ∝ r−3/4, meaning
that the inner regions of the disk are the hottest ones, and it is from them that most
of the luminosity emerges. The total luminosity of an accretion disk with inner and
outer radiirin androut is found by integrating over the luminosity from all annuli,

L =
∫ rout

rin

2(2πr)σT 4(r)dr =
1
2
GMṀ

(
1

rin
− 1

rout

)
. (4.131)

This result could have, of course, been obtained directly from conservation of en-
ergy.11 If rout À rin, the result simplifies further to

L =
1
2

GMṀ

rin
. (4.132)

It is instructive to evaluate theradiative efficiencyof accretion disks by dividing
the luminosity above byṀc2, the hypothetical power that would be obtained if all
the accreted rest mass were converted to energy:

η =
1
2

GM

c2rin
. (4.133)

If the accreting object is, e.g., a1.4M¯ neutron star with an accretion disk reach-
ing down to the stellar surface at a radius of 10 km, thenrin is about 2.5 times the

gravitational equilibrium – in this case a system of one particle.
11Note that, in addition to energy conservation, a full treatment of accretion disk structure must also

conserve angular momentum. The angular momentum per unit mass of a disk particle at radiusr, in
a circular Keplerian orbit with velocityvc, is J/m = rvc =

√
GMr. Thus, a particle descending

to an orbit at smallerr must get rid of angular momentum by transfering it to other particles in the
disk. Those particles gain angular momentum, and hence move to larger radii. Some of the gravitational
energy released by the inflow will power this outflow of matter, at the expense of the energy that can be
radiated by the disk.
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Schwarzschild radius,rs = 2GM/c2 (Eq. 4.107), that corresponds to such a mass
(recall thatrs ≈ 3 km for 1M¯). The rest-mass-to-radiative energy conversion effi-
ciency is then about0.10. For black hole accretors, it turns out from solution of the
General Relativity equations of motion that gas particles have a “last stable orbit”
at which they can populate the accretion disk. At smaller radii, a particle quickly
spirals in and crosses the event horizon, carrying its remaining kinetic energy with
it. The last stable orbit for a non-rotating black hole12 is at3rs. Accretion disks
around such black holes will therefore have an efficiency of1/12 ≈ 0.08, some-
what lower than accretion disks around neutron stars. (A solution of the problem
using the correct General Relativistic, rather than Newtonian, potential, gives an
efficiency of 0.057). The point to note, however, is that, in either case, the effi-
ciency is an order of magnitude higher than the efficiency of the nuclear reactions
operating in stars,η = 0.007 or less. Furthermore, only a tiny fraction of a main-
sequence star’s mass is involved at any given time in nuclear reactions, whereas an
accretion disk can extract energy with high efficiency from all of the mass being
channeled through it. Under appropriate conditions, accretion disks can therefore
produce high luminosities.

Let us calculate the typical luminosities and temperatures of accretion disks in
various situations. In cataclysmic variables, the accretor is a white dwarf, with
a typical mass of1M¯ and a radius of104 km. A typical accretion rate13 is
10−9M¯ yr−1. This produces a luminosity of

L =
1
2

GMṀ

rin
=

6.7× 10−8 cgs× 2× 1033 g × 10−9 × 2× 1033 g
2× 3.15× 107 s× 109 cm

(4.134)

= 4× 1033 erg s−1 ≈ L¯.

The luminosity from the accretion disk thus completely overpowers the luminosity
of the white dwarf. The disk luminosity can be much greater than that of the donor
star (for low-mass main-sequence donors, the most common case), comparable to
the donor star (for intermediate-mass main sequence stars) or much smaller than
the donor luminosity (for high-mass main sequence and red-giant donors). At the
inner radius (which dominates the luminosity from the disk) the temperature is (Eq.
4.130)

T (r) =

(
GMṀ

8πσ

)1/4

r−3/4 (4.135)

12A black hole is fully characterized by only three parameters – its mass, its spin angular momentum,
and its electric charge (the latter probably not being of astrophysical relevance, because astronomical
bodies are expected to be almost completely neutral). Spacetime around a rotating black hole is de-
scribed by a metric called the Kerr metric, rather than by the Schwarzschild metric. Black hole spin is
accompanied by the general relativistic phenomenon of “frame dragging”, in which spacetime outside
the event horizon rotates with the black hole. In a rotating black hole, the last stable orbit and the event
horizon are at smaller radii than in the non-rotating case.

13The accretion rate can be limited by the rate at which the donor star transfers mass through the
L1 point, by the efficiency of the viscous process that causes material in the accretion disk to fall to
smaller radii, or by the radiation pressure of the luminosity resulting from the accretion process – see
Section 4.6.2
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=
(

6.7× 10−8 cgs× 2× 1033 g × 10−9 × 2× 1033 g
3.15× 107 s× 8π × 5.7× 10−5 cgs

)1/4

(109 cm)−3/4

= 5× 104K.

The thermal spectrum from the disk therefore peaks in the far UV part of the
spectrum, and is usually distinct from the spectrum of the main-sequence or red
giant donor star (which of course generally has a red spectrum). The integrated
spectrum of the system will therefore have at least two distinct components.

When the orbits of cataclysmic variables are sufficiently inclined to our line of
sight, monitoring the total light output over time, as the systems rotate, reveals
changes due to mutual eclipses by the various components: the donor star, the ac-
cretion disk, and sometimes a “hot spot” where the stream of matter from the donor
hits the disk. The changing projected area of the distorted donor star also affects
the light output. Analysis of such data allows reconstructing the configurations
and parameters of these systems. In addition to the periodic variability induced by
eclipses and changes in orientation, accreting systems reveal also aperiodic vari-
ability, i.e., variations with a “noise-like” character. These variations likely arise
from an unstable flow of the material overflowing the donor’s Roche lobe, causing
changes inṀ , as well as from instabilities and flares in the accretion disk itself.

In a class of cataclysmic variable callednovae there are also outbursts of lu-
minosity during which the system brightens dramatically for about a month. The
outbursts occur once every10 − 105 yr, as a result of rapid thermonuclear burn-
ing of the hydrogen-rich (and hence potentially explosive) accreted material that
has accumulated on the surface of the white dwarf. Assuming again an accretion
rate of10−9M¯ yr−1, over a period of 1000 yr, a mass of10−6M¯ will cover the
surface of the white dwarf. If completely ignited, it yields an energy

Enova = 0.007mc2 = 0.007×10−6×2×1033 g×(3×1010 cm s−1)2 ≈ 1046 erg.
(4.136)

When divided by a month (2.5 × 106 s), this gives a mean luminosity of4 ×
1039 erg s−1 = 106L¯, i.e., 106 times the normal luminosity of the accretion
disk. In reality, only partial processing of the accreted hydrogen takes place, and
the energy is also partly consumed in unbinding some material from the underlying
white dwarf. On the other hand, for longer recurrence times between outbursts, the
mass of accumulated hydrogen can be larger than assumed above. The gamma-ray
spectra of novae reveal emission from the radioactive decay of elements that are
synthesized in these explosions, providing direct evidence of the process at hand.

As discussed in Section 4.3.3, under certain conditions (likely involving the
reaching of the Chandrasekhar mass by the accreting white dwarf) an extreme,
runaway version of the nova eruption, called a type-Ia supernova, occurs. In such
an event, a large fraction of the white dwarf mass (i.e., of order1M¯ of carbon,
rather than the10−6M¯ of hydrogen in the nova case) is ignited and is explosively
synthesized into iron-group elements. The total energy is, correspondingly,106

times larger than that of a nova, i.e.,1051−52 erg. As in the core-collapse supernova
explosions that end the life of massive stars, the ratio of kinetic to luminous energy
is about 100, and thus type-Ia supernovae, with a luminosity of about1010L¯, can
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outshine their host galaxies for a period of about a month (see Problem 4). Al-
though core-collape supernovae and type-Ia supernovae have similar luminous and
kinetic energy outputs, one should remember that in core-collapse supernovae 99%
of the energy is carried away by neutrinos, and therefore core-collapse supernovae
are intrinsically far more energetic events. Type-Ia supernovae have a narrow range
of observed optical luminosities, probably as a result of the fact that they generally
involve the explosion of about1.4M¯ of white dwarf material. These supernovae
are therefore very useful as “standard candles” for measuring distances. In Chap-
ters 7 and 9 we will see how they have been used in this application.

When the receiving star in an interacting binary is a neutron star or a black hole,
the inner radius of the accretion disk is of order 10 km, rather than104 km, and
therefore the luminosity is much greater than in a white dwarf accretor. For exam-
ple, scaling from Eq. 4.134, if the accretor is a1.4M¯ neutron star with the same
accretion rate, the accretion-disk luminosity is of order1037 erg s−1. The temper-
ature at the inner radius, scaling asM1/4r−3/4 (Eq. 4.135), isT = 107 K. The
emission therefore peaks in the X-rays, and hence the name “X-ray binaries”. In
reality, due to the extreme matter and radiation densities, temperatures, and mag-
netic fields near the surface of a neutron star, the accretion disk may not actually
reach the surface, and accreting material is sometimes channeled to the poles, form-
ing a hot-spot where it hits the surface. In addition to the thermal emission from
the accretion disk, other, non-thermal, radiation components are observed in such
systems, e.g., synchrotron emission from relativistic electrons spiraling along mag-
netic field lines. Some accreting white dwarfs also possess strong magnetic fields
that funnel the accretion flow directly onto hot spots on the white dwarf. Such
“magnetic cataclysmic variables” also appear then as X-ray sources.

4.6.2 Accretion Rate and Eddington Luminosity

The above discussion shows that the properties of accreting systems are largely
determined by three parameters,M , Ṁ , andrin. M andrin are limited to particular
values by the properties of stars and stellar remnants. However, the accretion rate,
Ṁ , also cannot assume arbitrarily large values. To see this, consider an electron
at a radiusr in an ionized gas that is taking part in an accretion flow toward some
compact object of massM . The accretion flow produces a luminosity per frequency
intervalLν , and therefore thedensityof photons with energyhν at r is

nph =
Lν

4πr2chν
. (4.137)

The rate at which photons of this energy are scattered via Thomson scattering on
the electron is

Rscat = nphσT c, (4.138)

whereσT is the Thomson scattering cross section. Each scattering event transfers,
on average, a momentump = hν/c to the electron. The rate of momentum transfer
to the electron, i.e., the force exerted on it by the radiation, is then

dp

dt
= Rscat

hν

c
=

LνσT

4πr2c
. (4.139)
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The total radiative force on the electron is obtained by integrating over all frequen-
ciesν,

Frad =
LσT

4πr2c
. (4.140)

The electron would be repelled from the accreting source of luminosity, were it
not for the gravitational attraction of the accreting object. This force will be much
greater on protons than on electrons. However, the Coulomb attraction between
electrons and protons prevents their separation, and therefore the gravitational at-
traction on a proton effectively operates on neighboring electrons as well. The
attractive force on the electron is therefore

Fgrav =
GMmp

r2
. (4.141)

The accretion flow, and its resulting luminosity, can proceed only if the radiative
force does not halt the inward flow of matter, i.e.,Frad < Fgrav. Equating the two
forces, using Eqns. 4.140 and 4.141, we obtain the maximum luminosity possible
in a system powered by accretion,

LE =
4πcGMmp

σT
(4.142)

=
4π × 3× 1010 × 6.7× 10−8 cgs× 2× 1033 g × 1.7× 10−24 g

6.7× 10−25 cm2

M

M¯

= 1.3× 1038 erg s−1 M

M¯
= 6.5× 104 L¯

M

M¯
.

This limiting luminosity is called theEddington luminosity.
Recalling our derivation, above, of a luminosity of order1037 erg s−1 from an ac-

cretion disk around a1.4M¯ neutron star with an accretion ratėM = 10−9M¯ yr−1,
we see that an accretion rate, say, 100 times larger would bring the system to a lu-
minosity of several timesLE , and is therefore impossible. This is not strictly true,
since in the derivation ofLE we have assumed spherical accretion and an isotrop-
ically radiating source. Both assumptions fail in an accretion disk, which takes
in matter along an equatorial plane, and radiates preferentially in directions per-
pendicular to that plane. Nevertheless, detailed models of accretion disk structure
show that disks become unstable when radiating at luminosities approachingLE .
The Eddington limit is therefore a useful benchmark even for non-spherical ac-
creting systems. Finally, note thatLE applies to systems undergoing steady-state
accretion. Objects of a given mass can have higher luminosities (see, e.g., the lu-
minosities of novae and supernovae that we calculated above), but then an outflow
of material is unavoidable, the object is disrupted, and the large luminosity must be
transient.

4.6.3 Evolution of Interacting Binary Systems

The transfer of mass between members of interacting binaries can have drastic
effects on both members. We recall that isolated neutron stars power their pulsar
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emission and their surrounding supernova remnant emission at the expense of their
rotational energy, and thus gradually slow down. A neutron star in a binary system,
if accreting matter from its companion, under suitable conditions can gain angular
momentum, which can spin the pulsar back up. Thus, many pulsars in binary
systems are spinning at millisecond frequencies, i.e., close to the maximal spin
possible for a neutron star, and have negative period derivatives,Ṗ (if they are still
being spun up by the accretion; see Problem 9). The neutron star can also affect the
donor star. The jets and beams present in pulsars may hit one side of the donor star
(the binaries are tidally locked), heat it, ablate it, or completely destroy it. Several
examples of such “black-widow pulsars” are known, in which an old millisecond
pulsar has no companion, or in which the companion is a white dwarf of much too
small a mass to have evolved in isolation from the main sequence (i.e., white dwarfs
of such mass form after a time that is much greater than the age of the Universe).

The transfer of mass and angular momentum in an interacting binary can also
lead to complex evolution of the parameters of the system, such as binary separation
and accretion rate. Changes in those parameters can then affect the future evolution
of the system. Let us see how this works. The orbital angular momentum of a
circular binary composed of massesM1 andM2 with separationa is

J = Iω = µa2ω, (4.143)

whereI is the moment of inertia, andµ is the reduced mass,

µ =
M1M2

M1 + M2
. (4.144)

(For simplicity, we will ignore the spin angular momentum of the stars.) Substi-
tutingω from Kepler’s Law (Eq. 2.35),

ω2 =
G(M1 + M2)

a3
, (4.145)

we get

J = µ
√

G(M1 + M2)a. (4.146)

Assuming conservation of total mass and angular momentum, the time derivative
of J equals zero,

dJ

dt
=

√
G(M1 + M2)

(
dµ

dt

√
a +

µ

2
√

a

da

dt

)
= 0, (4.147)

or

− 2
µ

dµ

dt
=

1
a

da

dt
. (4.148)

Expressingµ̇ in terms of its constituent masses,

dµ

dt
=

1
M1 + M2

(
dM1

dt
M2 + M1

dM2

dt

)
. (4.149)

However, conservation of mass means thatṀ1 = −Ṁ2, and hence

dµ

dt
=

Ṁ1

M1 + M2
(M2 −M1). (4.150)
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Replacing in Eq. 4.148, we finally get

2Ṁ1
M1 −M2

M1M2
=

1
a

da

dt
. (4.151)

Eq. 4.151 determines how the period and separation of the system evolve, de-
pending on the constituent masses, the accretion rate, and its sign. For exam-
ple, consider a system that starts out with two close main sequence stars, with
M1 > M2. M1 will therefore be the first to become a red giant, fill its Roche lobe,
and transfer mass toM2. SinceM1 loses mass,Ṁ1 is negative. From Eq. 4.151,ȧ
is then negative. In other words, the two stars approach each other. The decrease
in separationa means that the Roche lobe aroundM1 moves to a smaller radius,
and the accretion rate grows further. If this trend is not interrupted (e.g., by the end
of the giant stage ofM1), the system reaches a common envelope stage. Evolution
resumes onceM1 becomes a white dwarf, or at a later stage, whenM2 becomes
a red giant, if it fills its Roche lobe. Accretion will now be in the opposite sense,
andṀ1 is therefore positive. If, despite the earlier accretion phase and the individ-
ual stellar evolution,M1 is still larger thanM2, thenȧ will now be positive. If the
Roche lobe size ofM2 overtakes the star’s radius, accretion will stop. Alternatively,
if by this timeM2 > M1, the two stars will again approach each other and there
may be a second common envelope phase. Obviously, there are many other possi-
ble evolution paths, depending on the initial parameters. Moreover, in reality stars
lose mass throughout their evolution by means of winds, and therefore the total
mass and angular momentum of a binary system will generally not be conserved,
opening further binary evolution paths.

PROBLEMS

1. In a fully degenerate gas, all the particles have energies lower than the Fermi
energy. For such a gas we found (Eq. 4.19) the relation between the density
ne and the Fermi momentumpf :

ne =
8π

3h3
p3

f .

a. For a nonrelativistic electron gas, use the relationpf =
√

2meEf between
the Fermi momentum, the electrom massme, and the Fermi energyEf , to
expressEf in terms ofne andme.
b. Estimate a characteristicne under typical conditions inside a white dwarf.
Using the result of (a), and assuming a temperatureT = 107 K, evaluate
numerically the ratioEth/Ef , whereEth is the characteristic thermal energy
of an electron in a gas of temperatureT , to see that the electrons inside a
white dwarf are indeed degenerate.

2. Cold, planetary-mass, objects such as Jupiter are mostly devoid of internal
thermal energy sources, as is the case of white dwarfs. However, planets are
supported against gravity by repulsive atomic electrostatic forces rather than
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by free electron degeneracy pressure. Estimate the maximum mass that can
be supported by atomic electrostatic forces, as follows.
a. Approximate the typical pressure inside a planet by means of the electro-
static Coulomb energy density due to each atom’s repulsion of its adjacent
atoms. Ignore the effect of non-adjacent atoms, whose charges are screened.
Assume a pure atomic-hydrogen composition. Assume further that the atoms
are distributed on a static grid of constant density with separationsr, and
hence there are six neighboring atoms surrounding each atom, with the cen-
ters of their electron clouds separated by∼ r from the center of the electron
cloud of the central atom.
b. Express the planet radius in terms of the planet massM , the hydrogen
atom mass,mH , and the “rigid” inter-atomic spacingr, and then write the
gravitational binding energy density of the planet in terms of these parame-
ters.
c. Equate the electrostatic energy density you found to the gravitational bind-
ing energy density. The inter-atomic spacingr should cancel out from the
equation (why?). Find the mass at which this equality occurs, and compare
to Jupiter’s mass,MJ ≈ 0.001M¯.
Answer:8MJ . For larger masses, the gravitational energy density will over-
come the atomic electrostatic repulsion, the planet radius will stop growing
with mass as fast asM1/3, the density will increase, and quantum degener-
acy pressure of the electrons will set in as the main source of pressure. From
there on, the planet’s radius will decrease as its mass increases, asM−1/3

(Eq. 4.34).

3. Most of the energy released in the collapse of a massive star to a neutron star
(a core-collapse supernova) is in the form of neutrinos.
a. If the just-formed neutron star has a massM = 1.4M¯ and a radius
R = 10 km, estimate the mean nucleon density, in cm−3. Find the mean
free path, in cm, of a neutrino inside the neutron star, assuming the den-
sity you found and a cross section for scattering of neutrinos on neutrons of
σνn = 10−42 cm2.
b. How many seconds does it take a typical neutrino to emerge from the neu-
tron star in a random walk?
Hint: neutrinos travel at a velocity close toc. Recall that the radial distance
d covered in a random walk ofN steps, each of lengthl, is d =

√
Nl.

c. Twelve electron antineutrinos from Supernova 1987A were detected by
the Kamiokande neutrino detector in Japan. This experiment consisted of a
tank filled with 3 kton of water, and surrounded by photomultiplier tubes.
The photomultipliers detect the Cerenkov radiation emitted by a recoiling
positron that is emitted after a proton absorbs an antineutrino from the super-
nova. Estimate how many people on Earth could have perceived a flash of
light, due to the Cerenkov radiation produced by the same process, when an
antineutrino from the supernova traveled through their eyeball. Assume that
eyeballs are composed primarily of water, each weighs about 10 g, and that
the Earth’s population was 5 billion in 1987.
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4. Type-Ia supernovae are probably thermonuclear explosions of accreting white
dwarfs that have approached or reached the Chandrasekhar limit.
a. Use the virial theorem to obtain an expression for the mean pressure inside
a white dwarf of massM and radiusR.
b. Use the result of (a) to estimate, to an order of magnitude, the speed of
sound,vs =

√
dP/dρ ∼

√
P/ρ, inside a white dwarf. In an accreting white

dwarf with a carbon core that has reached nuclear ignition temperature, a
nuclear burning “flame” encompasses the star at the sound velocity or faster.
Within how much time, in seconds, does the flame traverse the radius of the
white dwarf, assumingR = 104 km, M = 1.4M¯? Note that thissound-
crossing timescaleis∼ (Gρ)−1/2, which is also the free-fall timescale (Eq.
3.15.)
c. Calculate the total energy output, in ergs, of the explosion, assuming the
entire mass of the white dwarf is synthesized from carbon to nickel, with a
mass-to-energy conversion efficiency of 0.1%. Compare this energy to the
gravitational binding energy of the white dwarf, to demonstrate that the white
dwarf explodes completely, without leaving any remnant.
d. Gamma rays from the radioactive decays56Ni →56 Co + γ →56 Fe + γ
drive most of the optical luminosity of the supernova. The atomic weights
of 56Ni and56Fe are 55.942135 and 55.934941, respectively. Calculate the
total energy radiated in the optical range during the event. Given that the
characteristic times for the two radioactive decay processes are 8.8 days and
111 days, respectively, show that the typical luminosity is∼ 1010L¯.

5. General Relativity predicts that accelerated masses radiategravitational waves,
thereby losing energy, in analogy to the emission of electromagnetic radia-
tion by accelerated charges. There is indirect evidence for the existence of
such waves from the orbital time evolution of some binary pulsars. If gravi-
tational radiation were also responsible for the loss of rotational energyErot

of isolated pulsars (e.g., the Crab pulsar), then a dependence

dErot

dt
∝ ω6

would be expected, whereω is the angular rotation velocity.
a. Under the above assumption, find an expression forω(t).
b. For the time dependence found in (a), derive an upper limit for the age of
the Crab pulsar. Given that the supernova that marked the Crab’s formation
occurred in the year 1054, is gravitational radiation a viable braking mecha-
nism for the Crab pulsar?

6. A type-Ia supernova is thought to be the thermonuclear explosion of an ac-
creting white dwarf that goes over the Chandrasekhar limit (see Problem 4).
An alternative scenario, however, is that supernova-Ia progenitors are white
dwarf binaries that lose orbital energy to gravitational waves (see Problem 5)
until they merge, and thus exceed the Chandrasekhar mass and explode.
a. Show that the orbital kinetic energy of an equal-mass binary with separa-
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tion a and individual massesM is

Ek =
GM2

2a
,

and the total orbital energy (kinetic plus gravitational) is minus this amount.
b. The power lost to gravitational radiation by such a system is

Ėgw = −2c5

5G

(
2GM

c2a

)5

.

By equating to the time derivative of the total energy found in (a), obtain a
differential equation fora(t), and solve it.
c. What is the maximum initial separation that a white-dwarf binary can
have, if the components are to merge within 10 Gyr? Assume the white
dwarfs have1M¯ each, and the merger occurs whena = 0.
Answer:0.016 AU.

7. A star of massm and radiusr approaches a black hole of massM to within
a distanced À r.
a. Using Eq. 4.127, express, in terms ofm, r, andM , the distanced at which
the Newtonian radial tidal force exerted by the black hole on the star equals
the gravitational binding force of the star, and hence the star will be torn
apart.
b. Find the black-hole massM above which the tidal disruption distance,d,
is smaller than the Schwarzschild radius of the black hole, and evaluate it for
a star withm = M¯ andr = r¯. Black holes with masses above this value
can swallow Sun-like stars whole, without first tidally shredding them.
Answer:108M¯.
c. Derive a Newtonian expression for thetangential tidal force exerted in-
ward on the star, in terms ofm, r, M , andd, again under the approximation
r ¿ d. The combined effects of the radial tidal force in (a) and and the
tangential tidal force in (c) will lead to “spaghettification” of stars, or other
objects that approach the black hole to within the disruption distance.
Hint: Remember that the star is in aradial gravitational field, and hence
there is a tangential component to the gravitational force exerted on regions
of the star that are off the axis defined by the black hole and the center of the
star. The tangential component can be found by noting that the small angle
between the axis and the edge of the star is≈ r/d.

8. Practitioners of some schools of yoga are warned not to perform yoga during
the full or the new Moon, citing the tidal effect of the Moon at those times
on other “watery bodies” such as the oceans. Let us investigate this idea.
a. Verify the dramatic tidal effect of the Moon on the oceans by using Eq.
4.127 to calculate the ratio of the tidal “lifting force”Ftide and the Earth’s
gravitational attractionFgrav, for a point mass on the surface of the Earth
and on the Earth-Moon line. Use this ratio to estimate the change in water
height, in cm, between high tide and low tide, due to the moon alone. Repeat
the calculation for the tidal effect due to the Sun alone.
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Hint: The surface of the oceans traces an equipotential surface,gR=constant,
whereR is the distance from the Earth’s center to the ocean surface at every
point, andg is the effective gravitational acceleration at every point on the
surface. Translate the tidal-to-gravitational force ratio into a relative change
in g between a point at high tide (which experiences the full tidal force) and
a point at low tide (which experiences no tidal force), and thus derive the
relative change inR.
Answers:77 cm due to Moon, 33 cm due to Sun.
Note:While the Sun and Moon are the drivers of ocean tides, a reliable calcu-
lation of tides at a particular Earth location must take into account additional
factors, including the varying distances between Earth, Moon, and Sun (due
to their elliptical orbits), their inclined orbital planes, the latitude, coastline
shape, beach profile, ocean depth, water viscosity and salinity, and prevailing
ocean currents.
b. Calculate by how much (in milligrams) you are lighter when the full or
new Moon is overhead or below, compared to when it is rising or setting,
assuming your body weight is 50 kg.
c. Calculate in dynes and in gram-force (i.e., in dynes divided by the grav-
itational accelerationg = 980 cm s−2) the tidal stretch exerted on your
body by the Moon plus the Sun when you are standing up with the full or
new moon overhead. Assume your body weight is 50 kg and your height is
180 cm.

9. A spinning neutron star of massM = 1.4 M¯, constant density, and
radiusR = 10 km has a periodP = 1 s. The neutron star is accret-
ing mass from a binary companion through an accretion disk, at a rate of
Ṁ = 10−9 M¯ yr−1. Assume the accreted matter is in a circular Keplerian
orbit around the neutron star until just before it hits the surface, and once it
does then all of the matter’s angular momentum is transferred onto the neu-
tron star.
a. Derive a differential equation foṙP , the rate at which the neutron-star pe-
riod decreases.
b. Solve the equation to find how long will it take to reachP = 1 ms, the
maximal spin rate of a neutron star.
Hint: Calculate the Keplerian velocity of the accreted material a moment
before it hits the neutron star surface, and use it to derive the angular mo-
mentum per unit mass of this material,J/m. The angular momentum of a
rotating object with moment of inertiaI is Iω. The rate of change of the
star’s angular momentum is just the rate at which it receives angular momen-
tum from the accreted matter, i.e.,

d

dt
(Iω) = Ṁ

J

m
.

The moment of inertia of a constant-density sphere isI = 2
5MR2. Solve for

the angular acceleratioṅω, neglecting changes in the neutron star’s mass and
radius. (This will be justified by the result). From the relationP = 2π/ω,
deriveṖ . This “spin-up” process explains the properties of old, “millisecond
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pulsars”, some of which, indeed, have negativeṖ .
Answer:2.6×108 yr. Over this time, the neutron star mass increases by 18%,
and its radius decreases by 5%, justifying the approximation of constant mass
and radius.

10. A compact accreting object of massM is radiating at the Eddington lumi-
nosity (Eq. 4.142) corresponding to that mass,

LE =
4πcGMmp

σT
= 1.3× 1038 erg s−1 M

M¯
.

An astronaut wearing a white space suit is placed at rest at an arbitrary dis-
tance from the compact object. Assuming that the cross-sectional area of the
astronaut’s body isA = 1.5 m2, find the maximum allowed massm of the
astronaut, in kg, if the radiation pressure is to support her from falling onto
the compact object.
Hint: By definition, a proton at any distance from this object will float, its
gravitational attraction to the object balanced by the radiation pressure on
nearby electrons. Consider the astronaut as a particle with massm and cross-
section equal to her geometrical cross-section,2A (the factor of 2 is because
her suit is white, so every photon reflection transfers twice the photon mo-
mentum). Comparem to mp and2A to σT .
Answer:77 kg.
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Chapter Five

Star Formation, H II Regions, and the Interstellar

Medium

Much of thebaryonic matter (i.e., matter composed of protons and neutrons) in
the Universe is not inside stars, but is, instead, distributed between the stars. The
interstellar medium (ISM), consists of molecular, atomic, and ionized gas, with
large ranges of densities and temperatures, as well as solid particles ofdust. Most
of the volume of the ISM is in the ionized and atomic gas phases. However, the
molecular gas phase is particularly interesting because new generations of stars can
form, under some conditions, out of this material. The newly-formed stars then
influence the remainder of the gas from which they formed, by means of outflows,
photodissociation and photoionization by the radiation from massive stars, shocks
and element enrichment from the explosions of the massive stars as core-collapse
supernovae, and more. The ISM, in turn, releases this stellar energy by means
of physical processes that are distinct from those we have seen in stars and stellar
remnants. In this chapter, we will focus on the ISM in star-forming regions. We will
briefly survey star forming environments, some of the properties of young stellar
populations, the main physical processes that operate in the ISM around newly
formed stars, and the observable consequences of those processes.

5.1 CLOUD COLLAPSE AND STAR FORMATION

Stars are seen to form in “molecular clouds”, which are one component of the
ISM. Molecular clouds are randomly shaped agglomerations composed mainly of
molecular-hydrogen gas, with typical masses of102 − 105M¯, sizes of hundreds
of parsecs, and typical particle densities of102 − 104 cm−3. The temperatures in
molecular clouds are between∼ 10−100K. Molecular clouds are the largest, most
massive, gravitationally bound objects in the ISM. While the densities of molecular
clouds are among the highest encountered in the ISM, it is important to realize
that even this gas is extremely rarified compared to gas at an atmospheric density
of ∼ 1019 cm−3. In fact, the densities of molecular clouds are many orders of
magnitude lower than the density of the best vacua achievable in the laboratory.
(We will see below that these low densities have an important effect on the radiation
emitted by the ISM.) The nearest (and probably the best studied) giant molecular
clouds are in the Orion star-forming region, at a distance of about 500 pc. Several
views of this region are shown in Fig. 5.1, at various wavelengths and scales.

As we have seen, the mean mass densities inside stars are∼ 1 g cm−3, i.e.,
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Figure 5.1 Several views of the Orion star-forming region.Counterclockwise from top pair:
A map showing radio emission from the CO molecule, superimposed on an op-
tical image of the familiar constellation; near-infrared zoom in on the region
which constitutes the “sword” of the constellation, centered on the Orion nebula;
a further zoom-in (about 1 pc on a side) on the “Trapezium” cluster of massive
young stars that power the brightest H II region; and optical images of several
protoplanetary disks around young stars, seen as dark silhouettes on the back-
drop of the gas emission. Disk diameters are∼ 100 − 500 AU. Photo Credits:
S. Sakamoto et al., see Astrophys. J., 425 (1994), 641; G. Kopan, R. Hurt, and
the Two Micron All Sky Survey; M. McCaughrean and the European Southern
Observatory; and C.R. O’Dell - Vanderbilt University, ESA, and NASA.



basicastro4 October 26, 2006

STAR FORMATION, H II REGIONS, AND THE INTERSTELLAR MEDIUM 115

particle densities of∼ 1024 cm−3. Thus, to form new stars, some regions of a
molecular cloud must be compressed by many orders of magnitude. The details
of the process of star formation are not understood yet. We can outline, however,
some of the general criteria under which gravitational contraction of a gas cloud
can proceed, and potentially lead to the conditions required for star formation.

5.1.1 The Jeans Instability

Let us assume, for simplicity, a spherical gas cloud of constant densityρ and tem-
peratureT , composed of particles with mean massm̄. The gas is ideal, classical,
and nonrelativistic. The cloud’s mass isM , its radius isr, and its gravitational
energy is

|Egr| ≈ GM2

r
. (5.1)

If the cloud undergoes a radial compressiondr, the gravitational energy will change
(become more negative) by

|dEgr| = GM2

r2
dr. (5.2)

The volume will decrease by

dV = 4πr2dr, (5.3)

and the thermal energy will therefore grow by

dEth = PdV = nkT4πr2dr =
M

m̄ 4
3πr3

kT4πr2dr = 3
M

m̄
kT

dr

r
. (5.4)

The cloud will be unstable to gravitational collapse if the change in gravitational
energy is greater than the rise in thermal energy (and the pressure support it pro-
vides),

|dEgr| > dEth. (5.5)

Substituting from Eqns. 5.2 and 5.4, we see that this means that, for a cloud of
given radiusr and temperatureT , collapse will occur if the mass is greater than
theJeans mass,

MJ =
3kT

Gm̄
r. (5.6)

Equivalently, a cloud of massM will collapse only if its radius is smaller than the
Jeans radius,

rJ =
Gm̄

3kT
M. (5.7)

This condition can also be stated as a condition on the density, which must be larger
than theJeans density,

ρJ =
M

4
3πr3

J

=
3

4πM2

(
3kT

Gm̄

)3

. (5.8)
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Let us obtain some representative numbers for a typical molecular cloud with
M ∼ 1000M¯ andT ∼ 20 K. At these low temperatures, there are few free
electrons, and most of the hydrogen is bound in H2 molecules, sōm ≈ 2mH . The
Jeans density is then

ρJ =
3

4π(1000× 2× 1033 g)2

(
3× 1.4× 10−16 erg K−1 × 20 K

6.7× 10−8 cgs× 2× 1.7× 10−24 g

)3

(5.9)

= 3× 10−24 g cm−3,

corresponding to a number density of

nJ(H2) =
ρJ

m̄
=

3× 10−24 g cm−3

2× 1.7× 10−24 g
∼ 1 cm−3. (5.10)

Thus, the typical observed density of molecular clouds,102−104 cm−3, is several
orders of magnitude higher than the Jeans density and, according to the criterion
we have just formulated, the clouds should be unstable to gravitational collapse.
Since the clouds exist and appear to be long-lived, another source of pressure, other
than thermal pressure, must be present. It is currently believed that the dominant
pressure is provided by turbulence, magnetic fields, or both.

If, rather than looking at the entire1000M¯ cloud, we consider a one-solar-mass
clump of gas inside the cloud (with the same temperature ofT = 20 K and density
of 102 − 104 cm−3), the Jeans density for this clump is106 times larger, i.e.,∼
106 cm−3. This is much higher than the actual density of the clump, and the clump
is thus stable against collapse. We can therefore expect the collapse of a molecular
cloud to begin with the larger masses, that more easily pass the Jeans criterion.
As the collapse proceeds and the density increases, progressively smaller regions
of the cloud reach the Jeans density for their masses, and can start to collapse
independently. This fragmentation into smaller and denser masses continues until
the creation of a cluster of individualprotostars, i.e., objects that will evolve into
stars on the main sequence. From Eq. 5.7, the Jeans radius of a molecular cloud
fragment of mass of order1M¯, which can eventually collapse to such a protostar,
is

rJ ∼ 5× 1016 cm. (5.11)

5.1.2 Cloud Collapse

Although the Jeans criterion provides a necessary condition for the onset of col-
lapse in a gas cloud, the collapse involves the release of gravitational energy, and
can proceed only if there is an avenue for releasing this energy. If, for example,
the gravitational energy is converted to thermal energy and the temperature and the
pressure rise, the Jeans mass will rise and the collapse will stop. The contraction
will then proceed slowly, at a pace determined by the rate at which thermal energy
is radiated away. However, if the gravitational energy is converted to some other,
non-pressure-producing, form, then the collapse of a cloud that passes the Jeans
criterion can proceed on a free-fall time. Two such avenues for converting grav-
itational energy, which are important in star-forming regions, are dissociation of
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H2, which uses up 4.5 eV per molecule, and ionization of hydrogen, which takes
13.6 eV per atom.

Consider, for example, the1M¯ clump discussed above. If hydrogen disso-
ciation and ionization can take place, then once the density has reached the Jeans
value for such a mass,ρJ = 3×10−18 g cm−3, the cloud can collapse on a free-fall
timescale (Eq. 3.15)

τff ∼
(

3π

32Gρ

)1/2

=
(

3π

32× 6.7× 10−8 cgs× 3× 10−18 g cm−3

)1/2

(5.12)

= 1.2× 1012 s = 40, 000 yr.

The free-fall collapse will stop once most of the hydrogen is firstdissociatedand
then ionized, because continued compression past that point will quickly raise the
temperature and pressure. We can find the properties of the collapsed cloud at its
new equilibrium state from the virial theorem, which we developed in the context
of stellar physics. At the new virial equilibrium, the thermal energy of the (now
ionized) gas will again equal minus-one-half the gravitational energy. If we make
the crude approximation that, during the collapse, the gas does not radiate away
any energy (as in the treatment of convection in Chapter 3.12, this is an “adiabatic”
approximation), then the gravitational energy, in turn, equals the energy converted
in breaking up the molecules and the atoms. Thus,

Egr = −
(

M

2mH
4.5 eV +

M

mH
13.6 eV

)
(5.13)

and

Eth =
3
2
NkT =

3
2

M

0.5mH
kT, (5.14)

so

3
2

M

0.5mH
kT =

1
2

(
M

2mH
4.5 eV +

M

mH
13.6 eV

)
. (5.15)

The typical particle energy at the new equilibrium is then

3
2
kT =

1
8
4.5 eV +

1
4
13.6 eV = 4.0 eV, (5.16)

and the temperature is

T =
2
3

4 eV
0.86× 10−4 eV K−1 = 30, 000K. (5.17)

To find the radius of the clump at this new equilibrium, we can again invoke the
virial theorem,

1
2

GM2

r
∼ 3

2
kT

M

0.5mH
, (5.18)

or

r ∼ GMmH

6kT
(5.19)
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=
6.7× 10−8 cgs× 2× 1033 g × 1.7× 10−24 g

4× 4 eV × 1.6× 10−12 erg eV−1 = 1.0× 1013 cm ≈ 0.7 AU.

Thus, dissociation and ionization of hydrogen alone can consume enough energy
to bring a Solar-mass protostar down to dimensions of order 100 times that of the
Sun. In reality, this adiabatic approximation for cloud collapse only gives an upper
limit to the temperature and radius of the protostar. Several processes by means
of which the gas can radiate away energy (and which will be discussed in Sec-
tion 5.2.3, below) operate efficiently during the collapse, lowering the temperature
considerably. Furthermore, as when discussing stellar structure, we have ignored
angular momentum and magnetic fields, but in stellar formation they likely play
important roles. In particular, angular momentum conservation will restrain the
collapse in the plane perpendicular to the direction of rotation of the cloud, and an
accretion disk structure (see discussion in Chapter 4.6.1) will be formed.

From this point on, the loss of thermal energy is controlled by the radiative ef-
ficiency and the opacity of the gas, and the protostar at the center of the accretion
disk slowly grows in mass by means of the matter channelled into it by the disk, and
contracts in radius. Calculations indicate that after∼ 107−108 yr, the temperature
of ∼ 107 K required for hydrogen ignition is achieved in the core of the protostar,
and it becomes a star on the main sequence in the H-R diagram. While there is
a thus plausible physical path to star formation, it is important to realize that the
processes described above have not been directly observed, since they occur inside
dusty, and hence opaque, molecular clouds.

5.1.3 Planetary System Formation

The field of pre-main-sequence stellar evolution and planetary system formation is
rich and rapidly developing, in terms of both theory and observations, but we will
touch upon it only briefly and descriptively.

In recent years, disks of gas and dust have been discovered around many young
stellar objects (see Fig. 5.1). As noted above, disks are expected naturally since
the angular momentum of a collapsing gas clump prevents it from collapsing in
a purely radial direction. Theseprotoplanetary disks are thought to be potential
planetary systems in the making. One possible scenario for planet formation is
that the rocky cores of planets form first by mutual adhesion of colliding small
fragments in the disk, followed by gravitational accretion of additional solid and
gas-phase material. In an analogy of “the rich get richer”, the superior gravitational
attraction of the largest “protoplanets” allows them to accrete the most material
from the disk and to swallow smaller planets, eventually concentrating much of the
disk material in a fairly small number of planets. In the lower-temperature outer
regions of the protoplanetary disk, beyond the “ice radius” (or “snow line”) where
water is frozen, there is perhaps a larger quantity of solid material available for this
process, compared to the hot inner regions of the disk, where water and CO2 are in
their gas phases. Icy planets and gas giants with large masses can thus form only
beyond the ice radius.

In the final stages of pre-main-sequence contraction and initial nuclear ignition,
a star goes through a “T-Tauri” phase, characterized by a strong stellar wind. Bi-
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polar jets of material are also observed to emerge from some objects. When the
stellar wind begins, it likely cleans out a star’s surroundings of any remaining gas
and dust that are not bound in planets. In the inner regions of the new planetary
system, mainly the rocky cores of the planets remain. In the case of the Earth,
the oceans and the atmosphere may have been later additions, brought to Earth via
comet impacts (see Problem 1).

The recent discovery of extrasolar planets that are gas giants in small-radius
orbits (see Chapter 2.2.4) suggests a process of “migration” of the giant planets
inward. It is presently still debated what is the physical process behind such mi-
gration, and why a migration of giant planets did not occur in our Solar System. It
is unlikely that it did occur, all the way until the “swallowing” of one or more of
the original giant planets by the Sun, since the migrating giant planets would have
dragged the rocky inner planets along with them into the Sun.

5.1.4 The Initial Mass Function

Stars form with a range of masses between those of stars at the hydrogen-burning
limit, M ∼ 0.1M¯, and the most massive known stars,M ∼ 100M¯. The relative
number distribution of stars as a function of mass is described by theinitial mass
function. There is some evidence that this function is “universal”, i.e., of the same
form at all locations, and perhaps also at all times in the past, but there is yet no
full agreement on this issue. Observations suggest that a reasonable description of
the number of stars of massm per unit mass interval is given by a power law,

dN

dm
∝ m−α, (5.20)

whereα = 2.35 over most of the mass range. This is called the Salpeter initial
mass function. Thus, low-mass stars are much more common than high-mass stars.
On the other hand, in the range between0.1M¯ and 1M¯, the slope probably
flattens, and there may even be a maximum to the distribution between0.1M¯
and0.5M¯. The faintness of low-mass stars, on the one hand, and the rarity and
short lives of high-mass stars, on the other hand, make measurement of the initial
mass function a difficult task. This empirical uncertainty compounds the already-
mentioned theoretical uncertainty regarding the details of star formation.

5.1.5 Star Clusters

Due to the “top-down” fragmentation by which molecular clouds collapse, stars
are formed instar clusters. Two main types of clusters are observed: open clusters
and globular clusters. Open clustersare collections of 50-1000 stars, and are
generally (but not always) observed to be young, as evidenced by the presence of
massive stars. Most open clusters are not bound by their self gravity, and therefore
disperse on acrossing timescale, the time it takes a star to cross the cluster, given
the typical random internal velocities. Since young open clusters are currently be-
ing formed from gas that has been enriched by previous stellar generations, the
stars in open clusters are observed to have high “metallicities”, i.e., “heavy” ele-
ment abundances that are comparable to Solar ones.
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Figure 5.2 Left: The Pleiades, an open star cluster that is visible to the naked eye, at a
distance of 120 pc. Note the nebulosities surrounding some of these young stars.
Image scale is about2 pc on the vertical side.Right: The globular cluster M80,
at a distance of 8.7 kpc. Image scale is4 pc on the vertical side. Photo Credits:
NASA, ESA, AURA/Caltech; NASA and the Hubble Heritage Team

Globular clusters are bound systems of104−106 stars within a spherical distribu-
tion of radius of a few parsecs. Their stellar populations consist of main-sequence
stars and giants of masses lower than about a solar mass, as well as the stellar
remnants (white dwarfs, neutron stars) of the more massive stars that existed in
the past. The stars have low metallicities, indicating these are ancient systems that
were formed from relatively unprocessed gas. Figure 5.2 shows examples of an
open cluster and a globular cluster.

A third kind of clusters has been discovered in recent years in galactic regions
called “starbursts” undergoing intense star formation. The clusters, coinedsuper
star clusters, consist of104 − 106 stars within a few pc, including young, very
massive stars. It is possible that super star clusters, or some fraction of them, can
remain bound even after the massive stars in them explode as supernovae, and that
they can survive other subsequent disruptive processes such as tidal forces from the
galactic structures which we will discuss in Chapter 6. If so, after several billion
years they will evolve into objects similar in many properties to globular clusters.
Thus, super star clusters may simply be young globular clusters.

5.2 H II REGIONS

In star-birth regions, the more massive among the stars that have formed have high
effective temperatures. These stars therefore emit UV and X-ray radiation which
ionizes the hydrogen and helium in the uncollapsed parts of the molecular cloud.
The resultingH II regionsconsist of gas in equilibrium betweenphotoionization
by the stellar photons and the inverse process ofrecombination that occurs when
ions capture free electrons. (“HII” is an astronomical term for ionized hydrogen,
i.e., H+. Thus, HI is neutral atomic hydrogen, CIV is three-times-ionized carbon,
or C3+, etc.) Let us examine some of the physical processes involved, and their
consequences.
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Figure 5.3 Schematic illustration of the “Strömgren sphere” of ionized hydrogen that is
produced around a hot star via photoionization. Inside the radiusrstrom, the
hydrogen is almost completely ionized, i.e., there is an “H II” region. Beyond
rstrom, the hydrogen is neutral (“H I”), since all photons capable of ionizing it
have been absorbed. Further yet from the star, all photons energetic enough to
photo-dissociate hydrogen molecules, H2, have also been absorbed, and the gas
is molecular.

5.2.1 The Str̈omgren radius

An approximately spherical region of radiusr will be formed around a hot star,
within which all the photons that can ionize hydrogen (photons with energieshν >
13.6 eV) are absorbed by the gas (see Fig. 5.3). Under steady-state conditions,
the total number of hydrogen recombinations per unit time inside this volume must
equal the total number of photoionizations per unit time. The latter rate equals just
the number of ionizing photons that leave the star per unit time,Q∗. Thus

Q∗ = Rrec
4
3
πr3, (5.21)

whereRrec is the number of recombinations of electrons and protons per unit time
per unit volume. As in our discussion of nuclear reaction rates (see Eq. 3.123),
recombination involves collisions between two types of particles having certain
volume densities, relative velocitiesv, and a cross sectionσrec for interaction. Thus
the recombination rate will be

Rrec = npne〈σrecv〉 = npneα(T ) = α(T )n2
e = α(T )x2n2, (5.22)

where

α(T ) ≡ 〈σrecv〉 (5.23)

is the temperature-dependent “recombination coefficient”. In Eq. 5.22, we have
assumed that the density of electrons and protons is the same,ne = np (as it would
be in a pure hydrogen gas), and that a fractionx of the gas, which has densityn, is
ionized. Let us further assume that the hydrogen is almost fully ionized within this
region, i.e.,x ≈ 1, an assumption we will justify shortly. Combining Eqns. 5.21
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and 5.22, the radius of the spherical volume within which all the ionizing photons
are absorbed is

rstrom =
(

3Q∗
4παn2

)1/3

. (5.24)

This is called theStrömgren radius.
To obtain a typical value ofrstrom, consider a main-sequence O5V star, with a

luminosity per unit frequencyLν . Its output of ionizing photons can be calculated
numerically to be

Q∗ =
∫ ∞

hν=13.6 eV

Lν(O5V)
hν

dν ≈ 3× 1049 s−1. (5.25)

Typical gas densities in HII regions aren = 10 − 104 cm−3. The recombination
coefficientα(T ) can be calculated from quantum mechanics. As will be elaborated
in more detail below, the temperature of the gas is set by a balance betweenheating
via photoionization andcooling through radiation. The equilibrium temperature is
typically 104 K. At this temperature,1

α(104 K) = 2.6× 10−13 cm3 s−1. (5.26)

Thus, for example, forn = 104 cm−3,

rstrom =
(

3× 3× 1049 s−1

4π × 2.6× 10−13 cm3 s−1 × (104 cm−3)2

)1/3

(5.27)

= 6× 1017 cm = 0.2 pc.

Such HII regions of ionized gas, that have been carved out of the molecular gas
by the ionizing radiation around young stars are, in fact, seen in many star forming
regions (see Fig. 5.1).

5.2.2 Ionization Fraction

Outside the Str̈omgren radius the gas is, of course, neutral, since, by definition, the
ionizing photons have all been absorbed. Let us now justify the assumption that,
within the Str̈omgren sphere, the gas is almost completely ionized, and there is a
sharp transition in hydrogen ionization – anionization front – at rstrom. Using
again the same considerations as before to write the rate of a reaction per unit
volume, but now with collisions between neutral atoms and ionizing photons, the
photoionization rate per unit volume at any point is

Rion = nphotonn(1− x)σionc, (5.28)

1This value forα(T ) includes recombinations of hydrogen to all its excited states, but excludes re-
combinations to the ground state. An atom that recombines to the ground state will emit a photon with
energyhν > 13.6 eV, which will quickly ionize some other nearby hydrogen atom. Thus, recombina-
tions to the ground state, under most conditions, have no effect on the overall ionization balance, and
can therefore be ignored. This assumption is called “case-B” recombination.
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wherenphoton is the ionizing photon density,n(1 − x) is the density of neutral
hydrogen atoms, andσion is the photoionization cross section. The photon density
is just the ionizing photon flux at a distancer from the ionizing star, divided byc,

nphoton =
Q∗

4πr2c
. (5.29)

The cross section of a hydrogen atom for photoionization from its ground state by
photons with energies greater thanhν0 = 13.6 eV is

σion ≈ σ0

(
ν

ν0

)−3

, σ0 = 6.3× 10−18 cm2. (5.30)

(Note, for comparison, that this cross section is107 times larger than the Thomson
cross section posed by a free electron. Thus, neutral hydrogen atoms are very easily
ionized by photons with an energy of 13.6 eV.) Photons with energieshν > 13.6 eV
will generally be in the exponentially falling Wien tail of the spectral distribution
produced by the central star (see below). It is therefore safe to make the approxima-
tion that all of the ionizing-photon rate,Q∗, consists of photons withhν ≈ 13.6 eV,
and we can adoptσ0 for σion. Thus

Rion =
Q∗

4πr2
n(1− x)σ0. (5.31)

In a steady state, at every point in the gas there will be a balance between the
ionization rate per unit volume and the recombination rate per unit volume,Rion =
Rrec, or

α(T )x2n2 =
Q∗

4πr2
n(1− x)σ0. (5.32)

This defines a quadratic equation for the ionization fractionx,
x2

1− x
= b, b ≡ Q∗σ0

4πr2αn
, (5.33)

or

x2 + bx− b, (5.34)

with a positive solution (the negative solution is physically meaningless)

x =
1
2
(−b +

√
b2 + 4b). (5.35)

Let us estimatex at a typical location, say,r = 0.1 pc, inside the Str̈omgren radius
of 0.2 pc that we found previously. For that particular choice of parameters,

b =
Q∗σ0

4πr2αn
(5.36)

=
3× 1049 s−1 × 6.3× 10−18 cm2

4π(0.1× 3.1× 1018 cm)2 2.6× 10−13 cm3 s−1 104 cm−3
= 6× 104,

and

x =
1
2
(−b +

√
b2 + 4b) = 0.999983 , 1− x = 1.7× 10−5. (5.37)

Thus, we see that, indeed, the gas interior to the Strömgren radius is almost com-
pletely ionized.2

2In this derivation, we have assumed that the ionizing flux decreases only by geometrical dilution,
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5.2.3 Gas Heating and Cooling Mechanisms

The rate at which energy is fed by the star into the HII region is called theheating
rate. To calculate it, consider a free electron (called a “photoelectron”) that has just
been liberated from an atom by photoionization by an O star. Suppose the star has
an effective temperature ofTE = 20, 000K. The peak of a blackbody distribution
at this temperature is at

hνmax = 2.8kT = 2.8× 0.86× 10−4 eV K−1 × 2× 104 K = 4.8 eV. (5.38)

Only photons with energyhν > 13.6 eV, i.e., in the Wien tail of the distribution,
can ionize the hydrogen atoms, and all of these photons will be absorbed within
the Str̈omgren sphere. The electrons liberated by the photoionization of hydrogen
will have an energy equal to the ionizing photon energy, minus the 13.6 eV binding
energy of atomic hydrogen. The total heating rate, integrated over the whole HII
region volume, will therefore be

Γtot
heating =

∫ ∞

hν=13.6 eV

(hν − 13.6 eV)
Lν(T = 20, 000 K)

hν
dν. (5.39)

The mean heating rate per unit volume is justΓtot
heating divided by the volume of

the Str̈omgren sphere. If the gas is dense enough, the photoelectrons quickly col-
lide with the already-present electrons, protons, and ions in the gas and the pho-
toelectron’s kinetic energy is redistributed among all the particles, which follow a
Maxwell-Boltzmann distribution with a well-defined temperature.

However, to photons, the rarified, ionized gas is largely transparent. The mean
free path to Thomson scattering is

l =
1

nσT
=

1
104 cm−3 × 6.7× 10−25 cm2

= 1.5× 1020 cm = 50 pc, (5.40)

which is much larger thanrstrom. Thus, most of the radiation escapes from the
H II region without scattering. This means that in the HII region there may be
a thermodynamic equilibrium between mass particles (which therefore follow a
Maxwell-Boltzmann energy distribution), but not between mass particles and radi-
ation. In the context of the physics of diffuse interstellar gas, this situation is called
local thermodynamic equilibrium . As a consequence, the radiation emitted by
the104 K gas will not have a blackbody spectrum.

Most of the energy deposited in the HII gas by ionizing photons is radiated
away in the form ofemission linephotons at discrete wavelengths. To see how

as4πr2. This assumption must obviously fail as we approachrstrom, and the ionizing photons are
depleted by the cumulative absorption of the small, but non-zero, neutral fraction of the gas between
r = 0 andrstrom. The thickness of the transition zone between ionized and neutral gas is of order the
mean free path of an ionizing photon,d ∼ 1/nσ0 = 5× 10−6 pc.

In contrast to the result above, a large neutral fraction within the Strömgren radius can arise in
situations where the ionizing source has a “hard” spectrum, i.e., a large fraction of the ionizing photons
have energies significantly larger than 13.6 eV. Because of theν−3 dependence of the photoionization
cross section, the ionization rate is then low, the ionization fractionx can be correspondingly low, and
the transition zone is no longer small compared torstrom. Such conditions arise, e.g., in the gas that
is photoionized by the X-ray photons from accreting objects such as X-ray binaries and active galactic
nuclei (see Chapters 4 and 6).
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Figure 5.4 Example of a recombination cascade in a hydrogen atom. A free electron and
proton recombine into then = 4 excited level of hydrogen, emitting the sum
of the kinetic energy of the free electron and the binding energy of then = 4
level, in the form of a “Brackett continuum” photon. The atom then decays radia-
tively to then = 2 level, emitting an Hβ (Balmer Series) emission-line photon.
Finally, the atom decays to the ground level and emits a Lyman-α photon.

this comes about, let us return to the hydrogen atom. A recombining hydrogen
atom will recombine either to the ground state, or to some excited state, while
radiating its excess energy as a “continuum” photon of energy equal to the differ-
ence between the kinetic energy of the free electron and energy of the atomic state
(see Fig. 5.4). The atom will then decay radiatively in one or more steps until it
reaches the ground state, while emitting an emission line photon at every step, with
an energy corresponding to the difference between the atomic energy levels. The
probabilities for the atom to recombine into each of the states, and then to decay
into each of the lower states, can again be calculated from quantum mechanics. The
last decay usually involves emission of a Lyman series photon (i.e., a transition to
the ground level).

The hydrogen inside the Strömgren radius is constantly being ionized and recom-
bining, and therefore at a given moment, some small fraction of it is in atoms in the
ground state. As already noted, hydrogen in its ground state has a very high cross
section for absorbing Lyman photons and, as a result, the emitted Lyman photon is
almost immediately re-absorbed by some other atom, which again decays in one or
more steps ending in the emission of a Lyman photon. This process is repeated until
the excitation energy of the original state, into which an atom recombined, has been
degraded into many lower-energy hydrogen transition photons (Balmer, Paschen,
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Brackett, etc.) and one Lyman-α photon. The lower-energy photons escape readily
from the gas, while the Lyman-α photons execute a random walk of absorption and
re-emission until reaching the edge of the HII region. If there is dust mixed with
the gas (more on dust soon), a Lyman-α photon may be absorbed by a dust grain
before it reaches the edge of the ionized region, in which case the photon energy is
re-emitted by the grain as infrared thermal radiation. The escape of photons of this
hydrogenrecombination emissionis one way in which the ionized gas “cools”, i.e.,
loses the energy that is constantly being fed into it by the central star.3

The luminosity emitted per unit volume in a particular hydrogen emission line,
say, Hα (n = 3 → 2 in the Balmer series), is (using Eq. 5.22)

LHα = αHα(T )n2
ehνHα, (5.41)

whereαHα(T ) is the effective recombination coefficient for hydrogen recombi-
nations that lead to the emission of Hα. A similar equation can be written for,
say, Balmer continuum photons, a fraction of whose energies actually cools the
gas. Thus, the rate of energy loss, or “cooling rate” of the gas, due to hydrogen
recombination is proportional to the gas density squared. Note that, since most
recombinations end with the emission of one Lyman-α photon, and the rate of re-
combinations equals the rate at which the central star emits ionizing photons, the
Lyman-α photon emission rate approximates the ionizing photon rate. Thus, mea-
suring the Lyman-α flux is a practical way of deducing the ionizing flux of the star
(i.e., the flux withhν > 13.6 eV).4

A second cooling mechanism, which is much more efficient than hydrogen re-
combination, is by means of line emission from ions of heavier elements. The
electrons and ions (mostly protons) in the gas collide with the ions of various
elements, most importantly carbon, nitrogen, oxygen, sulfur, silicon, and iron (so-
called “metals”), that exist in the gas in trace amounts. These ions have excited
energy levels at relatively low energies above the ground level, similar to the typ-
ical kinetic energies of the electrons. An electron-ion collision can therefore lead
to collisional excitation of the ion, which takes up some of the kinetic energy of
the electron. If another collision does not “de-excite” the excited ion and thus re-
turns the energy to the gas, the excited ion will decay radiatively to its lower energy
levels, and the resulting emission-line photons will carry away the energy – there
is a low probability for re-absorption of the photons by other ions, because their
abundance is so low.

3Strictly speaking, recombinationlinesarenot a gas cooling mechanism. By means of the recombi-
nation lines, the gas gets rid of the binding energy of its constituent atoms, but not of its heat (i.e., the
kinetic energy of its constituents). The emitted energy of recombination line photons is always less than
the 13.6 eV of ionization energy per atom that we subtracted in Eq. 5.39, and which therefore does not
contribute to the gas temperature. Only the hydrogencontinuumphotons (Balmer continuum, Paschen
continuum, etc.), minus the binding energy of their appropriate lower energy levels, contribute to gas
cooling via hydrogen recombination emission.

4Under low density (¿ 104 cm−3) conditions, about one-third of the atoms in then = 2 state
can decay to the ground state via “two-photon decay” instead of through Lyman-α emission. The
two photons have a total energy that equals the energy of a Lyman-α photon [13.6 eV(1 − 1/4) =
10.2 eV], but with individual energies distributed in a continuum between 0 and 10.2 eV and peaked at
10.2 eV/2=5.1 eV.
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Even if collisional de-excitation does occur much faster than radiative decay,
this cooling mechanism still operates. Consider a whole population of a particular
ion in a gas that is in local thermodynamic equilibrium. The ratio between the
population of any two of the ion’s energy levels is then, by definition, given by the
Boltzmann factor,

n2

n1
=

g2

g1
e−hν/kT , (5.42)

wherehν is the energy difference between the levels, andg1 andg2 are the statis-
tical weights of the levels. Thus, as long ashν is not much greater thankT , there
will be an equilibrium population of ions in the excited level, and the constantly
ongoing radiative decay of that population will lead to the loss of thermal energy
by the gas, in the form of emission line photons from the ions.

A third type of radiative cooling process, which is efficient mainly under high-
density conditions, is Bremsstrahlung (free-free) emission. Bremsstrahlung can
also become the dominant (even if inefficient) cooling mechanism in gas that is
both sufficiently hot (hence fully ionized) and tenuous (so electrons and ions rarely
meet and recombine, and therefore the recombination rate is low – see Eq. 5.22).
Such conditions exist in the “intracluster medium” of galaxy clusters (see Chapter
6.4).

The total cooling rate of an interstellar gas will thus be a sum of the cooling rates
due to all the various cooling processes. Which processes are dominant will depend
on the gas composition (chemical abundances and ionization fractions), the density,
and the temperature. Figure 5.5 shows an example of a “cooling function”,Λ(T ),
of interstellar gas. The cooling rate per unit volume can be obtained by multiplying
the cooling function, which has units of power times volume, by the gas density
squared. The complex form of the curve is due to the changing dominance of
different cooling processes at different temperatures. Note, in particular, that the
cooling function reaches a maximum atT ∼ 105 K. BeyondT ∼ 107 K, all the
elements in the gas are almost fully ionized and Bremsstrahlung remains the only,
relatively inefficient, cooling avenue. Because the cooling rate,Λ(T )n2, is very
low for a gas that is both hot and tenuous, such a gas may remain “stuck” at a high
temperature for a very long time.

The efficacy of a cooling process may also depend on the opacity of the gas to
radiation at the wavelengths of the cooling emission – if the gas is opaque, the
energy cannot escape. As in the interiors of stars, the opacity depends on chemical
composition, density, and temperature. The temperature, in turn, is determined
under steady-state conditions by the requirement that the heating rate per volume
element equal the cooling rate per volume element,

Γheating = Γcooling. (5.43)

To examine more quantitatively the relative importance of the various gas cool-
ing processes under different conditions, consider a population of hypothetical two-
level ions which can radiate emission-line photons of energyhν. The ions are con-
stantly being excited by collisions with electrons, and de-excited by both collisional
and radiative transitions. The density of electrons isne, and the densities of ions in
level 1 and in level 2 aren1 andn2, respectively. The total density of these ions is
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Figure 5.5 Example of a cooling function for interstellar gas, under the assumption that
the ionization is purely collisional at every temperature (i.e., there is no pho-
toionization). The complex shape of the function is due to the different cooling
mechanisms that are dominant at different temperatures: molecular line emission
at T < 103 K; at T ∼ 103 − 104 K, collisionally excited lines of neutral and
low-ionization species of metals; atT ∼ 104 − 105 K, hydrogen and helium re-
combination; atT ≈ 105 K, T ≈ 2× 105 K, T ≈ 5× 105 K, andT ≈ 106 K,
far-UV and X-ray emission lines from highly ionized species of carbon, oxygen,
neon, and iron, respectively; and Bremsstrahlung atT > 107 K. Note that heat-
ing sources (e.g., stars) will affect the ionization levels of the different elements,
and will therefore influence the form of the cooling function.

n = n1 + n2. Some fraction of the gas is in the ions, as determined by the balance
between ionization due to the radiation field and recombination with electrons, and
hencen ∝ nH ∝ ne. The rate of collisional excitations from level 1 to level 2 of
the ion is proportional to the electron density and to the density of ions in level 1.
Thus,

R12,coll = nen1q12 = ne(n− n2)q12, (5.44)

whereq12 is a collisional excitation coefficient that includes the effects of cross
section and temperature. Similarly, the rate of collisional de-excitations from level
2 to level 1 is

R21,coll = nen2q21, (5.45)

whereq21 is the corresponding collisional de-excitation coefficient. The rate of
radiative decay between the two levels is

R21,rad = n2A21, (5.46)
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whereA21 is the Einstein coefficient for spontaneous radiative emission, i.e., the
reciprocal of the mean lifetime for spontaneous decay to the lower energy level.
(We will here ignore stimulated emission, which is unimportant in most circum-
stances, but, for an exception, see the discussion of masers in the next section.) In
equilibrium, the rate of excitations must equal the rate of de-excitations, i.e.,

ne(n− n2)q12 = n2neq21 + n2A21. (5.47)

Isolatingn2,

n2 =
nenq12

ne(q21 + q12) + A21
. (5.48)

The luminosity in emission-line photons per unit volume is just

L21 = n2A21hν =
nenq12A21hν

ne(q21 + q12) + A21
=

nenq12hν

(1 + q12/q21)neq21/A21 + 1

=
nenq12hν

(1 + q12/q21)ne/ncrit + 1
, (5.49)

where we have defined acritical density, ncrit ≡ A21/q21. The ratio between
the collisional excitation and de-excitation coefficients is related by the statistical
weights,g1 andg2, of the levels and by the Boltzmann factor5,

q12

q21
=

g2

g1
e−hν/kT , (5.50)

and therefore for any temperature, this ratio is of order 1 or less. Looking at the
right-hand term in Eq. 5.49 we see that, ifne ¿ ncrit, the first term in the denomi-
nator can be neglected, and the luminosity depends on electron density as

L21 ∼ nen ∝ n2
e. (5.51)

However, whenne À ncrit, the second term in the denominator can be neglected
and then

L21 ∼ n ∝ ne, (5.52)

i.e., the luminosity grows only linearly with density. Since cooling by hydrogen
recombination and by Bremsstrahlung is proportional ton2

e at all densities, cooling
by heavy-element-ion line emission becomes inefficient compared to cooling by
hydrogen when the density is above the critical density of the major cooling lines.

A good example of a collisional-excitation line coolant is the [OIII ]λλ 4959,
5007 doublet, emitted by doubly ionized oxygen, which is one of the main coolants
of H II regions. (The square brackets indicate that these are “forbidden” quantum
transitions, that have low probability, and hence a long lifetime for radiative decay.)
It is emitted by the transition of an O2+ ion from an excited level to the fine-split
ground level (see Fig. 5.6). At densities lower than its critical density for colli-
sional de-excitation,n ∼ 106 cm−3, a collisionally excited O2+ ion has enough

5This is a consequence of the fact that, if collisions dominate the level populations, then in equilib-
rium we haven1q12 = n2q21. However, under such conditions Eq. 5.42 holds (by definition), and the
stated result then follows.
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Figure 5.6 Part of the energy-level structure of the O2+ ion, an important cooling agent of
interstellar gas. Radiative decay from the1D2 state to two of the sub-levels of
the triply split ground state produces the emission-line doublet [O III]λλ4959,
5007. (Decay to the third sub-level,3P0, is strongly forbidden.) For clarity, the
spacing between the split levels has been greatly exaggerated. The [O III]λ4363
emission line, resulting from radiative decay from1S0 to 1D2, can become strong
in gas with a temperature high enough to excite a significant fraction of the ions
to the1S0 state.

time between collisions to release its energy in photons of these two wavelengths.
These photons give HII regions (e.g., the Orion nebula), when viewed through the
eyepieces of small telescopes, their greenish hue. When these emission lines were
first discovered in the 19th century, they could not be identified with any known
atomic transition, and it was thought that they came from a new, unknown element,
dubbed “nebulium”. The [OIII ]λλ 4959, 5007 doublet is difficult to observe in
the laboratory because, even in the best achievable laboratory vacua, the density is
higher than the criticaln ∼ 106 cm−3. At the low gas densities of HII regions, the
[O III ]λλ 4959, 5007 doublet is one of the primary avenues by which the gas gets
rid of the energy being deposited into it by the central star via photoionization.

Remarkably, not only are the rare “metals” the main coolants of HII regions,
but they also serve as natural thermostats that keep HII gas always at about104 K,
regardless of the effective temperature of the ionizing star. If the star is hot and
deposits a lot of energy into the gas, this raises the collisional excitation rate of the
metals, and hence the rate at which they radiate away the energy in emission lines,
preventing a rise in the temperature. If the star is relatively cool, there will be less
collisional excitation of the metal ions, and hence less loss of energy via emission
lines. The gas temperature will then rise up to about104 K, at which point heating
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Figure 5.7 Typical optical spectrum of an H II region, with the main emission lines marked
– the Balmer series from hydrogen recombination, and the collisionally excited
“metal” lines.

and cooling will balance out. This equilibrium temperature is set mainly by the
atomic properties of the metal coolants.

Figure 5.7 shows a typical optical spectrum of an HII region. A qualitatively
similar spectrum is also emitted by a planetary nebula, where the ionizing source
is a newly-forming white dwarf, instead of a massive young star, and the ionized
gas is the ejected stellar envelope from the red-giant phase, rather than the star-
forming cloud. A detailed analysis of the relative and absolute strengths of the
emission lines in such spectra can reveal a wealth of information about the physical
conditions – the temperature, the density, and the chemical abundances of the gas,
as well as the form of the ionizing spectrum of the source. For example, the O2+

ion emits not only the [OIII ]λλ 4959, 5007 doublet, by transition from level1D2 to
the fine-split ground level, but also the singlet [OIII ]λ 4363 by decaying from level
1S0 to level 1D2 (see Fig. 5.6). The flux ratio off(4363) to f(4959) + f(5007)
provides a direct probe of the excitation level of this ion, which depends mainly on
the gas temperature. Measurement of this ratio is therefore a useful thermometer.

Note that, although we have considered only heating by stellar radiation, the in-
terstellar gas can be heated by other processes, including shock waves from stellar
winds and supernovae, energetic charged particles called “cosmic rays”, and vari-
ous “background” radiation fields that are not associated with a particular source.
Some of these will be discussed in later chapters.
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Figure 5.8 The hyperfine-split ground state of hydrogen. The lower level has angular mo-
mentumF = 0, corresponding to antiparallel electron and proton spins, and the
upper level hasF = 1, with the two spins parallel. In a radiative decay between
the levels, the spin of the electron flips, and aλ = 21 cm (ν = 1421 MHz,
hν = 5.9× 10−6 eV) photon is emitted.

5.3 COMPONENTS OF THE INTERSTELLAR MEDIUM

Beyond the Str̈omgren sphere of HII gas, photons from the ionizing source with
energies11.1 < hν < 13.6 eV canphoto-dissociatemolecular hydrogen6 into
neutral hydrogen atoms, i.e., HI. At some larger radius, all of these photons will
also be used up (or absorbed by interstellar dust – see below), and the molecular gas
will therefore be fully shielded from the stellar radiation. In reality, star-forming
regions do not have perfect spherical geometries because the clouds have irregular
shapes, inhomogeneous densities, and unevenly distributed ionizing stars and star
clusters within them.

An observationally important emission line from the neutral HI gas is the “hy-
perfine splitting” 21 cm radio emission line, at a frequency of 1.421 GHz. The
ground state of hydrogen is split in energy due to the spin-spin interaction between
the electron and the proton (see Fig. 5.8). The upper level corresponds to parallel
spins (total angular momentumF = 1) and the lower level to antiparallel spins
(F = 0). The upper level can be populated by collisions with other atoms, by
absorption of photons of this wavelength from “background radiation” (the cosmic

6Although the binding energy of molecular hydrogen is only 4.5 eV, the cross section for direct
photo-dissociation from the ground state (e.g., by absorption of ahν > 4.5 eV photon) is very low.
Instead, molecular hydrogen photo-dissociates in a two-step process, first by radiative absorption of a
hν > 11.1 eV photon to an excited electronic energy level. Part of the excited electron state’s energy
then unbinds the molecule, and the rest of the energy goes to continuum radiation and kinetic energy of
the atomic fragments.
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microwave background, to be discussed in Chapter 9, is one such background), and
by previous decays of the atom to the ground level via one of the Lyman transi-
tions, which populate both hyperfine levels according to their statistical weights (3
to 1). Radiative decay from theF = 1 to theF = 0 level is “highly forbidden”.
The timescale is therefore107 yr for the electron to do such a “splin-flip”, with the
accompanying spontaneous emission of a 21 cm photon. The long timescale means
that the 21 cm line does not play a significant role in gas cooling7. Nevertheless, the
large amounts of atomic hydrogen in many astronomical settings, and the relative
ease of sensitive radio observations, make the 21 cm emission a bright and useful
tracer of this phase of the interstellar medium.

The molecular-gas phase of the interstellar medium radiates primarily in tran-
sitions at IR through radio wavelengths. The main constituent of this gas, the
H2 molecule, is an inefficient radiator and its emission is therefore quite weak. In
its place, the molecular phase can be traced in emission (or absorption of a back-
ground source) by the next most common molecules: CO (carbon monoxide), OH
(hydroxyl), NH3 (ammonia), and others. Although CO is only∼ 10−5 as abundant
as H2, in many cases it is the dominant coolant of the molecular gas, and thus de-
termines the temperature of the molecular gas phase. As was the case for atomic
lines, analysis of the fluxes in different lines and their ratios provides a diagnos-
tic of physical conditions in the gas (temperature, density, abundances) and of the
embedded stars. Apart from the molecules already mentioned, hundreds of differ-
ent types of molecules have been identified in the ISM by their spectra. Some of
these molecules are fairly complex, for example CH3CH2OH (ethanol – drinking
alcohol), which consists of nine atoms.

The complex energy-level structures of molecules allow, in some molecules, the
creation of a “population inversion”, in which a meta-stable level (i.e., one having
a long lifetime for spontaneous radiative decay) is populated in many molecules.
Given the appropriate gas geometry, radiative decay bystimulated emissionfrom
this level to a lower energy level can produce amplification of the radiation cor-
responding to the transition. The amplification grows exponentially with the path
length. Many such astronomicalmasers(“microwave amplification of stimulated
emission radiation”) have been discovered for transitions in OH, H2O, and CH3OH
(methanol – “wood alcohol”). Observationally, one sees a compact region in a
molecular cloud radiating in the masing transition with a huge intensity. Astro-
nomical masers achieve the large path lengths required for amplification by means
of the large distances available in astronomical settings. This is in contrast to lasers
and masers in the laboratory, which generally achieve large path lengths by means
of multiple reflections between mirrors.

The last important component of the ISM, to which we have already alluded
several times, isinterstellar dust. Dust consists of solid grains containing mainly
Fe, Si, C, H2O ice, and CO2 ice, with a range of grain sizes, but typicallyr ∼
0.001− 0.1µm. Given these grain sizes, a more appropriate name would be “inter-
stellar smoke”– the particles of familiar tabletop dust are much larger. The process

7The main coolant of HI gas is usually a far-infrared line of singly ionized carbon, CII λ158µm,
that is collisionally excited by impacts with neutral atoms. Warmer (∼ 104K) neutral gas is cooled
primarily by Lyman-α emission from collisionally excited hydrogen atoms.
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Figure 5.9 Images of the “dark cloud” Barnard 68 in optical light (left) and in the near
infrared (right). The dust in a molecular cloud on the line of sight obscures the
optical light from the gas and the stars behind it, while the IR light suffers less
extinction by the dust. The cloud is at a distance of 120 pc, and is about 0.1 pc
across. Photo credits: J.F. Alves et al., and the European Southern Observatory.

of formation and detailed composition of interstellar dust are not fully known yet.
Dust is produced in the photospheres of evolved stars and in supernovae, and is
expelled by stellar winds and by supernova explosions. Its presence is detected in
astronomical observations either by the attenuation it causes in background light
sources via scattering and absorption, or by the re-emission of the absorbed energy
as thermal infrared radiation Attenuation of background light by dust is called in-
terstellarextinction. In images of star-forming regions, dust extinction produces
dark patches that obscure stars and fluorescing gas (see Fig. 5.9). As seen in
Fig. 5.10, extinction increases steeply with decreasing wavelength in the IR through
UV range. As a result, the short-wavelength emission from a source will be atten-
uated more than the long-wavelength emission, and dust will also cause the so-
called reddening of background sources of light. Over most of the wavelength
range shown, the extinction behaves roughly with an exponential dependence on
wavelength, as[log E(λ)] ∼ [log E(λ0)]λ0/λ. The “bump” at≈ 2200 Å is likely
due to absorption by a graphite-like component in the dust particles. Compari-
son of the observed color and brightness of a light source to its intrinsic color and
brightness (as deduced, e.g., if the source is a star, from its absorption line spec-
trum) allows deducing the amount and properties of the dust along the line of sight.
Apart from their observational effects, dust grains play an important physical role
as sites to which atoms, ions, and simple molecules can temporarily attach, interact
with other attached particles to form more complex molecules, and then return to
the ISM. Furthermore, electrons released from dust grains by UV photons via the
photoelectric effect are the main heating source of atomic gas.
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Figure 5.10 A typical curve of extinction – the attenuation factor produced by interstellar
dust – as a function of wavelength, from the UV (1300Å) to the near-IR (3 mi-
crons). The case shown is set to have a factor of 10 extinction at 5500Å. Note
the large extinctions in the UV, compared to the moderate values at IR wave-
lengths. Data credit: J. Cardelli et al. 1988, Astrophys. J., 329, L33.

5.4 DYNAMICS OF STAR-FORMING REGIONS

In the preceding discussion of the ISM and HII regions, we have repeatedly invoked
steady-state conditions. However, in some situations, dynamical evolution needs to
be taken into account. When a new massive star “turns on”, the ionization front it
produces in the surrounding gas advances (relatively slowly; see Problem 4), from
zero radius until equilibrium is reached at the Strömgren radius. Stars, both in
their pre-main-sequence stage, and after they evolve off the main-sequence, when
they are giants or supergiants, shed their outer envelopes and drive winds and
dust into the surrounding ISM. These winds drive shocks into the ISM, affecting
its temperature and density structure, as well as enriching the ISM with newly
synthesized heavy elements.

The massive stars that end their evolution as core-collapse supernovae release
in the explosion of order1M¯ or more of highly enriched “ejecta” which plow
through the previously shed stellar envelopes and through the ISM, at supersonic
velocities of order103 − 104 km s−1. The ejecta drive strong shocks which heat
the ejecta and the surrounding material to keV temperatures, making supernova
remnants bright X-ray sources (even when the remnant is no longer powered by
the rotational energy of the neutron star, as in the case of the very-young Crab
nebula). At the shocks, electrons are accelerated to relativistic energies and spiral
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around magnetic field lines, emitting synchrotron radiation from radio to optical
bands. Finally, the shocks from supernovae may initiate compression of the gas in
neighboring molecular clouds, and thus set off new generations of star formation.

In any interstellar environment, many of the numerous processes we have dis-
cussed in this Chapter, both in and out of equilibrium, play a role and are interde-
pendent. As a result, the prediction of observables that can be compared to actual
measurements, such as emission-line luminosities and ratios, generally requires nu-
merical calculations that take into account all the relevant processes. The physical
conditions in the ISM – temperature, density, chemical abundances, and heating
sources – can then be deduced by comparing the measurements to the results of
model calculations using grids of these physical input parameters. Knowledge of
the physical conditions in different environments and at different stages can, in turn,
lead to further understanding of star formation.

PROBLEMS

1. The oceans on Earth have a mean depth of 3.7 km and cover 71% of the
Earth’s surface. It has been suggested that this water was brought to Earth by
comets (which are composed mainly of frozen water and CO2).
a. Calculate the kinetic energy of a spherical comet of radius 4 km, com-
posed of water ice, which arrives from far away to the region of the Earth’s
orbit around the Sun.
b. Estimate the radius of the cylindrically shaped crater that such a comet
creates when it strikes the Moon. Assume that the crater, of depth 10 km,
is formed by heating to3500 K, and thus vaporizing, a cylindrical volume
of moon rocks. Moon rocks are made of silicates, which have molecular
weights around 30 (i.e., a typical molecule has 30 times the mass of a hydro-
gen atom), and mean solid densitiesρ ∼ 2 g cm−3. Ignore the latent heat
required to melt and vaporize the rocks, and the energy involved in vaporiz-
ing the comet itself.
Hint: Equate the kinetic energy of the comet with the thermal energy of the
vaporized rocks.
Answer:51 km.
c. The number of craters per unit area in the relatively smooth “mare” regions
of the Moon, which trace the impact history over the past∼ 3 Gyr, indicate
a total of about 10 impacts, leaving 50-km-radius craters, during this period.
Based on the assumptions in (b), these would be impacts of objects with radii
> 4 km. From geometrical considerations alone (i.e., the relative target sizes
posed by the Earth and by the Moon, and ignoring gravity) estimate how
many such objects have struck the Earth, and what is the mean time interval
between impacts. How does the interval you found compare to∼ 60 Myr,
the typical interval between large extinctions of species on Earth? (The most
recent large extinction, 65 Myr ago, eliminated the dinosaurs, and marked the
rise of the mammals.)
Answer: 140 Earth impacts, 21 Myr mean interval. The impact rate was
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higher in the past, and declined as the comet reservoir was depleted, mainly
by captures on Jupiter and the Sun.
d. Assume that comets have a mass distributiondN/dm ∝ m−3, with radii
ranging from 0.2 to 4 km. Based on the number of 4 km comet impacts, show
that the total comet mass, if composed mainly of frozen water, is sufficient
to make Earth’s oceans.

2. Consider a newly formed globular cluster, with a total mass106 M¯, and an
initial mass functiondN/dm = am−2.35 in the mass range0.1 − 20 M¯,
wherem ≡ M/M¯.
a. Find the constanta.
Answer:1.9× 105.
b. Find the total luminosity of the cluster, assuming that all its stars are on
the main sequence, and a mass-luminosity relationL ∼ M4. What fraction
of the luminosity is contributed by stars more massive than5M¯?
Answers:2.0× 108L¯; 0.98.
c. Find the mean mass of a star in the cluster.
Answer:0.33M¯.
d. Assume that the main sequence lifetime of a1M¯ star is 10 Gyr, and
main sequence lifetime scales with mass asM−2. What is the mass of the
most massive main-sequence stars in the cluster after 1 Gyr? What is the
total luminosity of the cluster at that time?
Answers:3.2M¯; 1.5× 106L¯.

3. Assume that the Milky Way, the galaxy in which we live, is composed of
5 × 1010M¯ of gas, and∼ 1011 stars, which were formed with an initial
mass functiondN/dM ∝ M−2.35 in the range0.4− 100 M¯.
a. What fraction of the stars formed with a mass above8M¯, the lower limit
for eventual core collapse? How many neutron stars and black holes are there
in the galaxy, and roughly how much mass is there in these remnants?
Answers:0.018; 1.8× 109 remnants; and∼ 3× 109M¯, assuming a typical
remnant mass of1.4M¯.
b. Assume that every stellar core collapse, and the supernova explosion that
follows it, distribute0.05M¯ of iron into the interstellar medium. What is the
mean interstellar mass abundance of iron in the Galaxy? Compare your an-
swer to the measured mass abundance of iron in the Sun,ZFe,¯ = 0.00177,
and explain how this shows that the Sun is a “second generation” star, that
was formed from pre-enriched interstellar material.
c. Several systems of “binary pulsars” are known, consisting of two neu-

tron stars in close orbits. If half of all stars are in binaries, and members
of binaries are formed by a “random draw” from the initial mass function
(i.e.,P (m) ∝ m−2.35), then how many pairs of stars in the Milky Way were
formed in whichboth companions were more massive than8M¯?
Answer:7.7× 106.
d. Due to asymmetries in the supernova explosion, neutron stars are born
with a “kick ” that gives them a typical velocity of 500 km s−1. What is the
maximal initial separation that will allow a binary to remain bound?
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Hint: Equate the binding energy between two8M¯ stars at separationr to
the kinetic energy of two1.4M¯ neutron stars, each having typical kick ve-
locity.
e. If binaries form with an initial separation distributed uniformly between
0 and 0.01 pc, how many neutron stars binaries have survived the formation
kick? Answer:600.

4. A new star lights up inside a cloud of atomic hydrogen with a constant num-
ber density ofn atoms per unit volume. The star emits ionizing photons at a
rate ofQ∗ photons per unit time. The ionizing photons begin carving out a
growing “Str̈omgren sphere” of ionized gas inside the neutral gas .
a. At a distancer from the star, what is the timescaleτion over which an
individual atom gets ionized, if the ionization cross section isσion?
b. If the recombination coefficient isα ≡ 〈σv〉, what is the timescaleτrec for
an individual proton to recombine with an electron?
c. At a position close to the star, where the ionizing flux is high, and therefore
τion ¿ τrec, show that the velocity at which the ionization front that bounds
the Str̈omgren sphere advances isvif = Q∗/(4πr2n).
Hint: Assume, as usual, that the gas is completely ionized within the front,
and completely neutral beyond it. Consider a slab of neutral gas behind the
ionization front, with area∆A and thickness∆r, and find the volume of
neutral gas that is ionized during an interval∆t.
d. Evaluatevif for Q∗ = 3× 1049 s−1, n = 104 cm−3, and forr = 0.01 pc,
0.05 pc , and 0.1 pc, respectively. Fromvif(r), obtain and solve a simple
differential equation forrstrom(t), and find roughly how long it takes the
ionization front to reach the final Strömgren radius (0.2 pc for these parame-
ters; see Eq. 5.27).
Answers:At r = 0.01 pc, vif = c; at 0.05 pc,vif = 0.3c and at 0.1 pc,
2.5× 104 km s−1; about 10 years to reachrstrom.
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Chapter Six

The Milky Way and Other Galaxies

Galaxies are concentrations of107 to 1011 stars, and are essentially the only places
where stars exist.1 The Sun is a star in the Milky Way, a largespiral galaxy. Stars
are, however, just one of several components that make up a galaxy. In this chapter,
we will examine the properties of the Milky Way, of other galaxies, and of systems
of galaxies.

6.1 STRUCTURE OF THE MILKY WAY

Fig. 6.1 shows optical-band images of spiral galaxies from different perspectives.
Fig. 6.2 shows schematically the various components of the Milky Way and of other
spiral galaxies. The components, which we will describe in more detail below, are:
a flattened circularstellar disk, which has spiral-shaped density enhancements in
it; a thinner,gas-and-dust disk, within the stellar disk; a stellarbulgeor spheroid;
an extended, spheroidal,halo of gas, stars, and globular clusters; a centralsuper-
massive black hole; cosmic rays– energetic protons, nuclei, and electrons that are
trapped by the magnetic fields in the disk; and adark halo of unknown composi-
tion, which extends far beyond the visible components.

The Sun is in the disk of the Milky Way (often referred to as “the Galaxy”, with
a capital G). The diffuse band of light known by this name, and visible in the night
sky, is composed of individual stars. Its appearance is the result of our vantage
point inside the plane of the disk (see Fig. 6.3). The Sun’s distance to the Galactic
center is

R¯ = 8.0± 0.5 kpc. (6.1)
The distance can be found, e.g., by measuring distances to globular clusters and de-
termining the centroid of their distribution. (A more recent determination utilizes
the observed angular sizes of orbits of stars of known velocity near the Galactic
center). From the differential motion of stars in the Solar neighborhood (as deter-
mined by proper motions and Doppler line-of-sight velocities), the orbital velocity
of the Sun around the Galactic center is

v¯ = 220 km s−1. (6.2)
The orbital period is therefore

τ =
2πR¯

v¯
∼ 2× 108 yr. (6.3)

1An exception is a recently discovered population of intergalactic stars in galaxy clusters, comprising
of order 10% of the stellar population in that environment. Also, the first stars formed in the Universe
probably preceded the first galaxies.
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Figure 6.1 Three examples of spiral galaxies, each with its disk at a different angle to our
line of sight, from face-on (M51, top left), through inclined (NGC 3370, top
right), to nearly edge-on (NGC 4594, bottom). Note the spiral pattern traced
by star-forming regions and, in the edge-on case, the thin gas-and-dust disk that
is discernible by its extinction of the starlight behind it. Note also the varying
domination of the disk and bulge components among the three galaxies, and the
spheroidal population of globular clusters, evident as numerous compact sources,
in the edge-on case. Image scales are of order 20 kpc in each picture. Photo
credits: S. Beckwith, A. Riess, NASA, ESA, and the Hubble Heritage Team.
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Figure 6.2 Schematic edge-on view of the main components of a spiral galaxy. The location
of the Sun in the Milky Way is indicated.

For a spherical mass distribution, the massM(R¯) internal to a radiusR¯ obeys

GM(R¯)
R2¯

=
v2
¯

R¯
, (6.4)

or

M(R¯) ≈ R¯v2
¯

G
=

8 kpc× 3.1× 1021 cm kpc−1 × (2.2× 107 cm s−1)2

6.7× 10−8 cgs
(6.5)

= 1.8× 1044 g ≈ 1011M¯.

Although the mass distribution in the Milky Way is highly non-spherical, Eq. 6.4
is a good approximation also for a circular flattened mass distribution, in which
v(r) =constant, which is roughly true for the Milky Way. About half the mass
interior toR¯ is in stars, and the typical stellar mass is about0.5M¯, so there are
about1011 stars interior to the Solar orbit.

6.1.1 Galactic Components

6.1.1.1 The disk

The Galactic disk has a mass distribution that falls exponentially with both distance
r from the center and heightz above or below the plane of the disk:

ρ(r, z) = ρ0

[
exp

(
− r

rd

)] [
exp

(
−|z|

hd

)]
. (6.6)
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Figure 6.3 Top: An optical-light image in the direction of the Milky Way’s center. Although
the Galactic disk is visible as a broad swath of light, the center of the Galaxy
is obscured by the dust in the disk.Bottom left: A half-sky image (i.e.,2π
steradians) with the Milky Way overhead. The disk+bulge structure can be seen.
The region shown in the top panel is indicated.Bottom right: Optical image of
the nearby edge-on spiral galaxy NGC 891. Note how similar the Milky Way
and NGC 891 appear. Photo credits: Wei-Hao Wang; and C.Howk, B.Savage,
N.A.Sharp, WIYN/NOAO/NSF, copyright WIYN Consortium, Inc., all rights
reserved.
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The scale length of the disk,rd = 3.5± 0.5 kpc, and hence atr = 8 kpc the Sun is
in the outer regions of the Galaxy. The characteristic scale height ishd = 330 pc
for the lower-mass (older) stars in the disk andhd = 160 pc for the gas-and-dust
disk. The Sun is located atz = 30 pc above the midplane of the disk. The mass of
the disk within one scale radius is

Mdisk ∼ 1010M¯, (6.7)

most of it in stars (and about 10% in gas). This implies about2× 1010 stars, and a
mean density

n̄stars ∼ 2× 1010

π(3500 pc)2 × 2× 330 pc
∼ 1 pc−3 ∼ 3× 10−56 cm−3. (6.8)

The mean distance between stars is then

d̄ = n̄−1/3 ∼ 1 pc (6.9)

Ignoring gravity for a moment, the mean free path for a star to physically collide
with another star (i.e., for the centers of the stars to pass within two stellar radii of
each other) is

l =
1

n̄σgeom
, (6.10)

where the geometric cross section isσgeom = π(2r¯)2, for a star of Solar ra-
dius. The random, non-circular, velocity of stars in the disk is typicallyvran ∼
20 km s−1. For a given star, the time between collisions is then

τcoll =
l

vran
=

1
n̄σgeomvran

(6.11)

∼ 1
3× 10−56 cm−3 × π × (2× 7× 1010 cm)2 × 2× 106 cm s−1

= 2× 1026 s = 7× 1018 yr.

This is∼ 5 × 108 times the age of the Universe, and thus, accounting only for the
geometric cross section, most stars never collide (in a galaxy with1011 stars, there
will be of order 100 collisions in the course of1010 yr). In reality, gravitational
focusing– the fact that nearby stars attract each other – increases the effective cross
section for a physical collision as

σeff = σgeom

(
1 +

v2
e

v2
ran

)
, (6.12)

whereve is the escape velocity from the surface of the star (see Problem 2 for a
derivation). The escape velocity is defined as the velocity of a particle that has
equal kinetic and potential energies, and is therefore not bound. For a Sun-like star,
ve = 620 km s−1, and hence the effective collision cross section is∼ 1000 times
larger than the geometrical one. This factor, however, does not change the fact that
stellar collisions in the disk are extremely rare. In the innermost regions of the
galaxy, where the density and random velocities are the highest, the probability for
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a stellar collision is significant. Also, if we consider the cross section to be that of
a planetary system of radius 20 AU, the collision time goes down by a factor10002

to about1012 yr (gravitational focusing becomes unimportant in this case, because
the escape velocity from 20 AU in onlyve ∼ 10 km s−1). Thus, about 1% of all
disk stars undergo, during their lifetimes, a disruption of their planetary systems (if
they have such systems) by the close passage of another star.

The gas-and-dust disk has a smaller scale height than the stellar disk. From our
vantage point near the midplane of the Galactic disk, extinction by dust makes it
extremely difficult to see most of the Galaxy at optical wavelengths (and to a lesser
degree, also at IR wavelengths). The extinction to the Galactic center at visible
wavelengths amounts to a factor of about1011. The view perpendicular to the disk,
looking at the halo of the Galaxy and beyond our galaxy, is essentially unattenuated.

The spiral arms in the disk are the sites of slightly increased gas density. The
conspicuous appearance of spiral arms is due to the fact that star formation is sig-
nificantly enhanced along the arms, and the luminosity of young, massive stars is
high. It is often remarked that O and B stars and HII regions trace out the spiral
arms in the Milky Way and other spiral galaxies like “beads on a wire”. The fact
that there is ongoing star formation in the disk means that the stellar population in
the disk has a large range of ages, including old stars (10 Gyr), intermediate age
stars like the Sun (5 Gyr), and recently formed stars.

It is important to realize that the spiral arms are almost stationary features,
through which stars move in and out as they orbit a galactic center, or transient fea-
tures that appear and disappear at different locations in the disk. Recall the Sun’s
orbital period around the Galactic center, of2 × 108 yr. Stars at half the galacto-
centric distance orbit the center with about the same velocity of 200 km s−1, and so
have a period that is half as long. If the spiral pattern were moving with the stars,
the pattern would have wound about 50 times over1010 yr, and would have been
washed out. Instead, the spiral patterns are observed to wind just a few times, at
most. One of the mechanisms proposed to explain spiral arms involvesdensity
waves, regions of higher stellar and gas density. A common example of a density
wave is a traffic jam through which cars pass at lower speed, leading to a density
enhancement along the road. The traffic jam can be stationary, or move backward
or forward at some speed, which is unrelated to the speed of the cars going through
it. A traffic jam can also disappear at some location along a road and appear at
another. In a spiral galaxy disk, density waves can result from particular shapes of
the orbits of the individual stars and the gas, which spend longer times during their
orbits at the locations of the peaks of the density waves. Other mechanisms have
also been suggested to produce spiral arms, such as interactions between galaxies.
It is possible that several effects are at play.

6.1.1.2 The spheroid

The spheroid of the Galaxy consists of a spheroidal stellar bulge of typical size
1 kpc, with a density proportional to radius as

ρ ∼ r−3, (6.13)
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and a stellar and gas halo with a similar profile out to about 50 kpc. About 200
globular clusters are also members of this halo population and they follow the same
spatial distribution. The instrinsic three-dimensional shape of the spheroid, which
at the arbitrary projection of any particular galaxy appears circular or elliptical, is
probably that of a body of revolution obtained by rotating an ellipse about its minor
axis (this is called anoblate spheroid.)

The stars in the bulge and in the halo are old (10-14 Gyr). The age of the stellar
population in a globular cluster, which is a system of stars that formed together
at about the same time, can be deduced from its H-R diagram, by the location of
the turnoff from the main sequence to the giant branch (see Fig. 4.1). Stellar mod-
els are used to predict at what age the spectral types at the observed turnoff point
complete their main-sequence lifetimes. The spectra of the stellar atmospheres
also reveal the element abundances that the stars had when they formed. The old
stars comprising the halo population formed from material that underwent rela-
tively little heavy-element enrichment by the winds from giants and the ejecta from
supernovae, following previous stellar generations. For example, in halo stars the
iron-to-hydrogen mass fraction, relative to Solar, is

[Fe/H]
[Fe/H]¯

= 10−4.5 to 10−0.5. (6.14)

6.1.1.3 The Galactic center

The Galactic center has been studied intensively in recent years at IR, radio, X-
ray, andγ-ray wavelengths, which are less affected than optical light by the large
amounts of dust on our line of sight. The Galactic center region has a large den-
sity of stars, and includes several young star clusters, supernova remnants, and a
complex assortment of atomic and molecular gas (see Fig. 6.4). Radio and X-ray
observations reveal a compact, stationary source named Sagittarius A* at the lo-
cation of the kinematic center (i.e., the center as determined from stellar orbits).
The high angular resolution possible with radio-telescope interferometers reveals
a size of∼ 1 AU for this object. Observations over the past decade of the actual
orbits of stars around the center (see Fig. 6.5) have allowed a fairly accurate mea-
surement of the central mass,M ≈ 4× 106M¯ with < 45 AU. The concentration
of such a large mass within such a small region, with little luminosity to show for
it, is strong evidence for the presence of asupermassive black hole. The radio and
X-ray emission are the result (in a manner that is not yet fully understood) of the
release of gravitational energy of matter being accreted by the black hole. Such
objects appear to be present in the centers of all large galaxies, based on the ob-
served motions of stars and gas in the central regions. The black-hole masses are
roughly proportional to the stellar masses of the bulges, and have a range of about
106−109 M¯. It is currently not known whether central black holes are byproducts
of galactic formation and evolution, or perhaps play an important role in regulating
galaxy growth. We will return to supermassive black holes in Section 6.3.
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Figure 6.4 Left: A radio-wavelength (90 cm) image of∼ 1 kpc around the Galactic Cen-
ter. The Galactic plane goes from top-left to bottom-right (compare to Fig 6.3).
The central source radio source, Sagittarius A, is marked. The unresolved radio
source at the kinematic center of the Galaxy, Sagittarius A*, is within it. A num-
ber of other structures are also identified, mainly supernova remnants emitting
synchrotron radiation and H II regions that emit free-free radiation.Right: Ra-
dio image at a wavelength of 1.3 cm of the central parsec around Sagittarius A*,
which is at the center of the image, surrounded by diffuse emission from ionized
gas. Photo credits: NRAO/AUI and N.E. Kassim, Naval Research Laboratory;
NRAO/AUI, Jun-Hui Zhao, and W. M. Goss

6.1.1.4 Cosmic rays

“Cosmic rays” is a term for energetic matter particles that arrive at Earth from
space. They can be detected directly using high-altitude balloon experiments, or by
tracking the showers of secondary particles (mainly muons) that they produce when
they hit Earth’s atmosphere. Cosmic rays consist of electrons, protons, and heavier
nuclei, with all of the elements present. Some cosmic rays are of Solar origin, from
particles carried out with the Solar wind. Other cosmic ray particles are Galactic,
and are thought to be produced and accelerated mainly in supernova explosions.
They are then trapped by the magnetic field of the Milky Way’s disk. Finally, some
cosmic rays are probably of extragalactic origin, and come from active galactic
nuclei (see Section 6.3) and from gamma-ray bursts .

6.1.1.5 The dark halo

The last galactic component we will discuss, and in some detail, is the dark halo.
The evidence for dark halos in galaxies is kinematic, based on the measurement
of rotation curves, i.e., the circular velocity,v(r), of test particles in orbit around
the center of a galaxy, as a function of radiusr. The circular velocity is found by
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Figure 6.5 Left: Near-infrared (2.2µm wavelength) diffraction-limited image of the central
arcsecond (0.04 pc) around the Galactic Center, obtained in June 2005.Right:
Positions of the seven stars marked in the left panel, as traced with such images
between 1995 and 2005, and the best-fitting elliptical orbits. The orbits indicate
an enclosed mass of≈ 4 × 106M¯ within a radius of< 45 AU (the closest
approach achieved by star S0-16), presumably a supermassive black hole at the
position of Sagittarius A*. Figure credit: A. Ghez and J. R. Lu, see Astrophys.
J. (2005), 620, 744.
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Figure 6.6 Schematic example of a spiral galaxy’s rotation curve – its circular velocity as a
function of radius. Outside the inner few kiloparsecs, rotation curves invariably
become “flat”, i.e., approach a constant velocity, suggesting the presence of a
halo of dark matter. The dashed curve shows the∼ r−1/2 Keplerian falloff that
would be expected, in the absence of dark matter, beyond a radius that includes
most of the visible luminous matter.

observing material (e.g., gas) that is orbiting in the gravitational potential of the
galaxy and measuring the line-of-sight velocity from the Doppler shift of a known
transition, seen in the spectrum in emission or absorption. The measurement then
needs to be corrected for various observational effects, such as inclination, motion
of the observer, and projection (since the observer sees only the velocity component
along the line of sight), to obtain the intrinsic circular velocity. Rotation curves are
often measured using the 21 cm emission line of HI, the Balmer Hα emission line
from H II regions, the absorption lines in the integrated light from stars, and the
molecular emission lines from CO. Fig. 6.6 shows a typical galactic rotation curve.

A remarkable finding that has few or no exceptions is that, at large enough radii,
galaxy rotation curves are “flat”, i.e.,v(r) =constant. This holds even in the very
outer parts of galaxies, far beyond the regions where most of the emission from
stars and from gas is concentrated, and where only trace amounts of luminous mat-
ter exist (some luminous matter is generally needed, in the role of test particles,
in order to make the kinematic measurements). If the mass distribution followed
the light, one would expect that, at some radius, most of a galaxy’s mass would
be within, and hence the rotation curve would fall in an approximately Keplerian
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fashion,v ∼ r−1/2, as for a point mass. Since

M(r) =
v2r

G
, (6.15)

v(r) = constant implies

M(r) ∼ r. (6.16)

Thus, the flat rotation curves mean that, far beyond the exponentially dimming disk
and the spheroid with its steeply falling light distribution, the mass enclosed within
a radiusr continues to grow linearly withr, out to the largest radii that can be
measured. This dark halo constitutes much of the galaxy’s total mass, the exact
fraction depending on where the dark halo ends. For example, in the Milky Way,
the flat rotation curve is seen to extend out to∼ 30 kpc, of order 10 disk scale
lengths. Thus, the total mass is about 10 times the mass inside a scale length, and
80-90% of the Galaxy’s mass, of order1012M¯, is dark. The luminous parts of
galaxies are just the “tip of the iceberg”, while the majority of the mass is dark and
extended. Combining Eq. 6.16 and the scaling relation between mass, density, and
radius,

r ∼ M(r) ∼ ρr3, (6.17)

and hence in the outer regions of a galaxy, where the dark matter is dominant, the
mass density profile of the dark matter must be

ρ(r) ∼ 1
r2

. (6.18)

6.1.2 The Nature of the Dark Matter

Let us consider the possible nature and forms of this ubiquitous dark matter.
Gas: If the dark matter were a gas of normal baryonic matter, it could be one of the
following:
atomic gas– but it would then radiate strongly at 21 cm;
molecular gas– possible, in principle, but the gas would have to be un-enriched

in heavy elements (to avoid emission from CO), and very cold (to avoid H2 emis-
sion). It could still be detected by the effects of H2 absorption and scattering of
background UV sources, and some first attempts to see such an effect have not suc-
ceeded, making this option questionable. However, this dark matter candidate has
not been fully ruled out yet; or
ionized gas– a hot ionized gas is a strong emitter in X-rays of thermal free-free

radiation2, which is not observed.
Dust: Dust would emit IR radiation, and would produce visible extinction of
background objects by the halos surrounding other galaxies. Furthermore, dust is
composed of “metals” (i.e., elements heavier than helium), and on average only
about 2% of baryonic matter is composed of metals. One would have to somehow

2“Thermal Bremsstrahlung” is emitted by the electrons in an ionized gas that has a Maxwell-
Boltzmann velocity distribution, even if the gas is tenuous enough for the radiation to escape freely
with few scatterings, and hence the radiation is not in thermal equilibrium with the gas.



basicastro4 October 26, 2006

150 CHAPTER 6

drive away from the galaxy a mass of hydrogen and helium gas that is 50 times
greater than the mass of the dust making up the halo.
Massive Compact Halo Objects (MACHOs):This category includes all gravita-
tionally bound, star-like, objects, including planets and black holes. The various
possibilities are as follows:
main sequence stars– cannot comprise the dark halos of galaxies since they would
be visible, not dark;
giant stars– are even more luminous than main sequence stars, so are certainly not
an option;
neutron stars– their formation is accompanied by supernova explosions which
produce large amounts of heavy elements. If much of the dark halo were composed
of neutron stars, the metal abundances in the halo gas would be very high, but they
are measured to be low. Furthermore only a fraction (about 1/10) of the initial mass
of a massive star ends up in a neutron star, and the rest would have to be blown
away from the galaxy.
black holes– the same argument as for neutron stars can be made. However, sp
little is known about the supernova explosions (if any) that accompany black hole
formation, that the argument does not carry so much weight. The distribution of
binary separations observed in the halo can also be used to argue indirectly against
a dark halo composed of black holes, since encounters with the black holes would
disrupt the binaries.
white dwarfs– if dark halos are composed of white dwarfs, the winds from the
giants that preceded their formation would have produced a large enrichment in
intermediate-mass elements (He, N, Ne, C, O) of the halo gas, which is again not
seen. Furthermore, one would expect to see luminous red halos, composed of the
red-giant precursors of the white dwarfs, when looking at distant galaxies (corre-
sponding to largelookback times, before the white dwarfs formed), and these are
probably not seen. Due to the incomplete theoretical understanding of element en-
richment by stellar winds, and the difficulty of observing very distant galaxies, this
option is not completely ruled out.
brown dwarfs and “planets”– Such objects, with masses in the range between the
planet Jupiter (MJ = 0.001M¯) and the stellar ignition limit (Mmin ≈ 0.07M¯ =
70MJ ), emit little radiation and cause no enrichment of the interstellar medium.
They were therefore leading contenders for MACHO-type dark matter, until they
were ruled out by the gravitational lensing experiments we will describe below.
Elementary ParticlesThis category includes any type(s) of elementary particles,
known or unknown. The follwoing are some options:
electrons and protons– this is just ionized hydrogen, which we already excluded
based on the low observed level of X-ray emission from galactic halos;
neutrons– free neutrons decay in about 15 min into electrons and protons (plus
neutrinos), which are excluded.
massive neutrinos– although it now seems likely that neutrinos have mass, it is not
clear if they are massive enough to be a significant component of the dark matter.
Their relativistic speeds also pose a problem in models of galaxy formation if the
neutrinos constitute the main dark-mass component. However, this option has not
been fully excluded.
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Figure 6.7 Gravitational deflection of a light ray from a distant source passing a point mass
M to within a distanceb, and continuing in the direction of a distant observer. In
the weak-field limit (i.e., if, at the closest point of approach the gravitational po-
tentialφ ¿ c2, or equivalently,b À rs), the deflection angle isα = 4GM/c2b.

“cold dark matter” – this sub-category refers to a broad class of currently undiscov-
ered, but theoretically proposed, particles. These particles come from extensions to
the “standard model” of particle physics but are not present in the standard model it-
self. They all share the property that they are “weakly interacting” (like neutrinos),
i.e., they are affected only by the weak and gravitational interactions, and hence do
not emit electromagnetic radiation. Furthermore, they have a high mass per par-
ticle, and since they are bound in a galaxy potential, they move at non-relativistic
speeds and are thus “cold” (as opposed to the “hot” neutrinos). Some candidate
particles are “axions” and particles that are predicted to exist in the framework of
a theory called Supersymmetry. The whole zoo of plausible particle dark matter
candidates is sometimes called WIMPS, for weakly interacting massive particles.

Reviewing the above list of dark matter candidates, two categories are neither
excluded nor arguably unlikely: cold dark matter and sub-stellar-mass MACHOs.
The MACHO option has been recently tested experimentally via the phenomenon
of gravitational lensing. To understand how this was done, let us digress and
develop the theory of gravitational lenses.

6.1.3 Gravitational Lensing Basics

General Relativity predicts that space is curved by the presence of mass. As we
have seen in the example of the Schwarzschild metric, in a gravitational field, as
seen by a distant observer, light can be thought of as moving at a speed less than
c, and the field thus acts effectively as an index of refraction. Therefore, a light
ray traversing a region where the gravitational field has a gradient (e.g., near a
point mass) willbend toward the mass, in accordance with the Fermat Principle
(of which Snell’s Law in optics is an example).

Consider, then, a light ray from a distant source approaching a point massM and
being bent as a result of this effect (see Fig. 6.7). Denote the distance of closest
approach of the ray to the mass (the “impact parameter”) asb, and the bending
angle of the ray asα. Let us assume that the following two conditions apply: the
gravitational field is weak, even at the location of the ray’s closest approach to the
mass – this means thatb is much larger than the Schwarzschild radius, or

GM

c2b
¿ 1; (6.19)

and the radius over which the mass has significant bending influence on the the ray,
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namely∼ b, is much less than the other relevant distances in the problem, namely
the distances between the observer, the source, and the point mass. This is called
the “thin lens approximation” , again in analogy to optics. Similarly, we shall
refer to the point mass as the “lens” due to the same analogy. A calculation (which
we will not pursue) of a photon trajectory in the Schwarzschild metric under these
limiting conditions gives a simple formula for the bending angle,

α =
4GM

c2b
=

2rs

b
. (6.20)

Note thatα is proportional toM and inversely proportional tob.
For example, for a light ray coming from a distant star projected near the limb of

the Sun,

b ≈ r¯ = 7× 1010 cm. (6.21)

The weak-field and thin lens approximations certainly apply (b ≈ r¯ ∼ 105rs and
d¯ ∼ 200b), and therefore Eq. 6.20 gives

α =
2rs

b
=

2× 3× 105cm
7× 1010cm

=
6
7
10−5 rad = 1.8 arcsec, (6.22)

where we have converted radians into arcseconds, by multiplying by3600×180/π
(recall that an arcsecond is 1/3600 of a degree). Thus, light rays from stars projected
near the Solar limb will bend by this angle, and will appear to an observer on Earth
to be arriving from a direction further from the limb. In other words, when the Sun
is near the line of sight to these stars their positions on the sky will appear to shift
away from the limb, relative to their positions when the Sun is elsewhere.3. This
phenomenon is an example oflensingof stars by the Sun’s gravitational potential.

The first attempts to measure the lensing effect were carried out in 1919, dur-
ing a total Solar eclipse, when the Moon covers the Sun and thus reduces its glare,
allowing stars to be seen projected near the limb in daytime. These were the first ex-
perimental tests of General Relativity. Although the results were not conclusive due
to the difficulty of measuring such a small angular shift under transient and diffi-
cult conditions, the results were widely publicized by the popular press, and turned
Einstein overnight into a celebrity. Since then, this and many other predictions of
the weak-field limit of General Relativity have been confirmed experimentally to
great accuracy.

To proceed, consider now the following three elements: a point light source, a
point mass (i.e., a “lens”), and an observer, with all three on a straight line (see
Fig. 6.8). In optical terms, the source is on the “optical axis” of the lens. Clearly,
only rays with a particular impact parameterb will reach the observer – rays with
largerb will not be deflected enough, and rays with smallerb will be deflected too
much. Thus, all rays emitted at a certain angle to the optical axis will reach the

3Atmospheric refraction produces a similar effect on the setting Sun, giving it a flattened shape, and
making it visible above the horizon when in reality it has already set. Note, however, that contrary to
atmospheric refraction, gravitational light deflection does not depend on the wavelength of the photons,
i.e., it is “achromatic”; the Equivalence Principle of General Relativity, which states that a reference
frame in a gravitational field cannot be distinguished from an accelerated reference frame, dictates that
photons of all energies will be deflected by the same angle given by Eq. 6.20.
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Figure 6.8 Geometrical configuration in which a point source of light (S), a lensing point
mass, and an observer (on the right-hand side) are on a straight line, with dis-
tances as marked. For a particular lensing mass,M , only rays passing by the lens
at a specific impact parameterb will reach the observer. By symmetry, the image
of the source will be deformed into a ring, of angular radiusθE (see Eq. 6.25),
called an Einstein ring. The large angles drawn are only for the sake of clarity,
and in practice all angles are extremely small. Light rays are shown to bend at
one point along their path, in keeping with the “thin lens” approximation.

observer, and by symmetry, the source will appear deformed into a ring, called an
Einstein ring, with an angular radiusθE , and physical radiusRE in the plane of the
lens. Let us label the observer-source distanceDos, the observer-lens distanceDol,
and the lens-source distanceDls. Since we assumed the weak-field approximation,
GM/c2b ¿ 1, thenα = 4GM/c2b ¿ 1, i.e., α is a small angle. Similarly, the
thin-lens approximation,b ¿ Dol, impliesθE ¿ 1. Looking at the line segment
SI, we can therefore write

SI = αDls = θEDos. (6.23)

Substituting Eq. 6.20 forα, with b = RE = DolθE ,

4GM

c2DolθE
Dls = θEDos, (6.24)

or

θE =
(

4GM

c2

Dls

DolDos

)1/2

. (6.25)

TheEinstein anglesets the angular scale of the problem. For example, if we take a
lens approximately halfway between the observer and source, thenDls/Dos ≈ 1/2,
and

θE = 0.64× 10−3 arcsec
(

M

M¯

)1/2 (
Dol

10 kpc

)−1/2

. (6.26)

Thus, a stellar-mass object halfway on our line of sight to a star at a distance of
20 kpc will gravitationally lens and deform the light from the star into an approxi-
mately 1-milliarcsecond Einstein ring. If the lens is a stellar-mass object in a galaxy
at a “cosmological” distance of 1 Gpc (109 pc), then theEinstein radius becomes
of order a micro-arcsecond. This is the reason why lensing by stellar-mass objects
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Figure 6.9 Geometry in which the point source of light (B), is off the “optical axis” (A)
defined by the lens and the observer. In this case, two lensed images are seen by
the observer. One image is at position C in the source plane, at an angleθ+ from
the lens. The second lensed image is on the opposite side of the lens, at position
D in the source plane, separated from the lens by an angleθ−.

is often calledmicrolensing (a name that is retained also when the lens is closer,
and the angular scale is actually larger).

Consider now a more general case, where the light source is not on the optical
axis of the lens, but rather at some angleβ to it (Fig. 6.9). As before,α ¿ 1, and
the thin lens approximation,b ¿ Dol, impliesθ ¿ 1. Sinceβ < θ, β is also a
small angle. From Fig. 6.9, we can see that AB+BC=AC. Considering the small
angles projected on these line segments, we can write

Dlsα + Dosβ = Dosθ. (6.27)

Isolatingβ,

β = θ − Dls

Dos
α = θ − Dls

Dos

4GM

c2Dolθ
= θ − θ2

E

θ
, (6.28)

or,

θ2 − βθ − θ2
E = 0. (6.29)

Solving this quadratic equation forθ, the angle of thelensed imagerelative to the
lens, we find two solutions,

θ± =
1
2
[β ± (β2 + 4θ2

E)1/2]. (6.30)

Thus there will always betwo lensed imagesfor a point-mass lens (except when
the source is on the optical axis,β = 0, in which case we recover the single-image,
Einstein-ring solution). The two images haveθ with opposite signs, and hence they
will straddle the lens on both sides.

Next, let us calculate the appearance of the lensed source on the sky. The source,
were it not lensed, would subtend a tangential angleγ relative to the origin at the
position of the lens, and a radial angledβ (see Fig. 6.10). The lensing effect shifts
the images of the source on the sky radially, relative to the lens, and therefore
produces tangential stretching of the images, by factorsθ±/β. These ratios can be
calculated directly from Eq. 6.30. At the same time, the radial angular width of the
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Figure 6.10 Schematic illustration showing the actual location on the sky of an unlensed
source, at an angleβ from the lens, and its two apparent lensed images, at po-
sitionsθ+ andθ−, demonstrating the calculation of the magnification of the
lensed images. The source has an extentdβ in the radial angular direction and
βγ in the tangential direction. The lensed image at positionθ+ is tangentially
stretched by the ratioθ+/β. The lensed image can also be either stretched or
shrunk in the radial angular direction, by the ratiodθ+/dβ. The magnifications,
i.e., the ratios of solid angles subtended by the images and by the source, are
thereforeθ±dθ±/βdβ. Since surface brightness is conserved, the magnifica-
tion of each image is also its amplification.

source can be stretched or shrunk in the lensed images relative to the original size,
by a factordθ±/dβ. These derivatives are, again, easily obtained from Eq. 6.30.
The relative increase in the angular size, ormagnification, of each image will
therefore be

a± =
θ±dθ±
βdβ

=
θ±
2β

[
1± β

(β2 + 4θ2
E)1/2

]
. (6.31)

Surface brightness (i.e., flux per solid angle of sky) is conserved by gravitational
lensing, and therefore the magnification impliesamplification, i.e., a magnified
image will appear brighter. Microlensing occurs on angular scales such that the
individual images cannot be resolved (i.e., discerned individually) by optical tele-
scopes. However, one can measure the total magnification (or amplification), rela-
tive to the unlensed solid angle (or flux), as a result of the lensing:

atot = a+ + a− =
u2 + 2

u(u2 + 4)1/2
, (6.32)

where

u ≡ β

θE
, (6.33)

i.e., the angular separation between source and lens in units of the Einstein angle.
Whenu is large (i.e., the source is far, in projection, from the lens), we can see that
atot tends to 1, as expected. Whenu = 1 (i.e., the source is at a position on the sky



basicastro4 October 26, 2006

156 CHAPTER 6

Figure 6.11 Relative motion on the sky of a lens (center, with its Einstein angleθE indi-
cated) and a source that is projected behind it. Projected to the plane of the
lens, the source moves at a constant transverse velocityv in a straight line, with
an angle of closest approachβ0 at timet0. From the Pythagorean theorem, the
time dependence of the lens-source separation,β(t), is given by Eq. 6.36.

through which the Einstein ring would run, if the source were on the optical axis),

atot(u = 1) =
3√
5

= 1.34, (6.34)

i.e., the source will be magnified (amplified) by 34%. We can also see from Eq.
6.32 that for smallu,

atot ∼ 1
u

, (6.35)

and formally becomes infinite whenu = 0. This simply reflects the fact that a point
source is being stretched into a circle, and there is an infinite number of points on a
circle. In reality, there are no true “point sources”; every source of light has a finite
physical (and hence angular) extent, and only one point in the source, which has
zero area and hence emits zero flux, will be exactly atu = 0. The magnified flux
in the observed Einstein ring will therefore be finite.

Now, let us add to the problem a relative transverse motion between the source
and the lens, as viewed by an observer (such motion can be due mainly to the
motion of the observer), with a velocityv measured in the plane of the lens. The
simplest case is apparent motion along a straight line on the sky. From Fig. 6.11,
we see that the source angle will now be a function of time,

β(t) =
[
β2

0 +
v2

D2
ol

(t− t0)2
]1/2

, (6.36)

whereβ0 is the angle of closest approach andt0 is the time of closest approach, or

u(t) ≡ β(t)
θE

=
[
u2

0 +
(t− t0)2

τ2

]1/2

, (6.37)

where

u0 ≡ β0

θE
, τ ≡ θEDol

v
. (6.38)
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Figure 6.12 Theoretical microlensing curves, obtained by combining Eqns. 6.32 and 6.37,
and showing the total magnification of a microlensing event as a function of
time. Curves are shown for three different Einstein-angle-normalized impact
anglesu0. The time of maximal approach ist0 = 100 and the Einstein-crossing
timescale isτ = 20 (both in arbitrary time units). Note how the peak magni-
fication rises with decreasingu0, and equals approximatelyu−1

0 , as expected
from Eq. 6.35.

Thus the total magnification as a function of time,atot(t), is obtained by putting
u(t) from Eq. 6.37 in place ofu in Eq. 6.32. Sinceu is an even function of
(t − t0), atot(t) describes a curve that is symmetric in time with respect tot0,
starting and ending atatot(t) = 1 for t = ±∞, and rising on an “Einstein-ring
crossing timescale”τ to the maximum att = t0 (see Fig. 6.12).

If such a microlensing magnification curve is observed in a source undergoing
transient lensing, one can deduce the parameters describing the curve:u0, t0, and
τ . The parameterτ is a function ofv, θE , andDol, and therefore ofv, M , and
Dol (assuming the source distance,Dos, is known). Thus, givenv andDol, one
can deduce the mass of the lens by measuring the characteristic time,τ , of the total
magnification curve.

6.1.4 The Magellanic Cloud Microlensing Experiments

The discussion above shows that it is possible, in principle, to detect the presence of
dark moving compact masses, and to deduce their properties, by virtue of their tran-
sient gravitational magnification effect on background sources. This led Paczyński
in 1986 to propose an elegant experiment, which would test if the dark halo of the
Milky Way is composed of MACHOs, as follows. Consider the Large Magellanic
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Figure 6.13 Optical image of the Large Magellanic Cloud (LMC), a “dwarf irregular”
galaxy that is a satellite galaxy of the Milky Way. At a distance of 50 kpc,
the LMC is close enough that the individual stars in it can be resolved from
each other in ground-based telescope images, despite the limited resolution due
to blurring in the Earth’s atmosphere. Image width is about 5 kpc. Photo Credit:
NOAO/AURA/NSF

Cloud (LMC), which is a small satellite galaxy of the Milky Way, at a distance
of l = 50 kpc. A virtue of the LMC is that it is near enough that many of its
constituent stars can be discerned individually in telescope images (see Fig. 6.13).
Assume that the Milky Way’s dark halo, with a total massMDM, extends out to the
LMC and is composed of MACHOs, each of massm. The mean MACHO number
density is then

n =
MDM

m 4
3πl3

. (6.39)

At a given moment, a star in the LMC will be amplified by> 1.34 if it happens
to be projected within the Einstein angleθE of an intervening MACHO. We can
therefore define a “lensing cross section”, for amplification by a factor of 1.34 or
more, of

σ = π(θEDol)2 = π
4Gm

c2

Dls

lDol
D2

ol. (6.40)
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The number of such “targets” that will be crossed by any line of sight to a star in
the LMC is

N ≈ nσl. (6.41)

(In reality, bothn andσ change with distance, so the accurate expression is

N =
∫ l

0

n(r)σ(r)dr, (6.42)

but the approximate expression is sufficient for our purposes.) Inserting the expres-
sions forn andσ into Eq. 6.41,

N ≈ MDM

m 4
3πl3

π
4Gm

c2

Dls

lDol
D2

oll. (6.43)

After cancelling and taking the typical MACHO to be about halfway between us
and the LMC, so thatDls ∼ Dol ∼ l/2, we find

N ≈ GMDM

lc2
=

(v¯
c

)2

. (6.44)

In the last equality we have used the fact thatGM(r)/r equals[v(r)]2, and, since
the rotation curve is flat,v(r) is just v¯. We thus get the elegant result that, if
the dark halo of the Galaxy (which constitutes most of the Galaxy’s mass) is com-
posed of MACHOs, the number of MACHOs along the sightline to an outside light
source, and that are passed to within an Einstein radius, is just(v¯/c)2. Since this
number is obviously much smaller than one, it is actually the fraction of stars that
are lensed, or the probability that a particular star is lensed. Note thatN depends
on the total massMDM, (or alternatively, on the circular velocityv¯), but not on
the individual MACHO massesm. Takingv¯ = 220 km s−1, we find

N ∼
(

220× 105 cm s−1

3× 1010 cm s−1

)2

∼ 10−6. (6.45)

In other words, at any given moment, one in a million stars in the LMC should be
significantly lensed (i.e., amplified by more than 1.34) by a MACHO in our dark
halo.

The Einstein angle of a Solar-mass MACHO located at half the distance to the
LMC (Eq. 6.26) isθE ∼ 2 × 10−9, and the apparent motion on the sky between
the MACHO and the LMC star is due mainly to the Sun’s orbit around the Galaxy
center,v = 220 km s−1. The Einsteindiametercrossing timescale of alensing
eventdue to such a MACHO is then

τ(1M¯) =
2θEDol

v
=

4× 10−9 × 25× 3.1× 1021 cm
220× 105 cm s−1

= 1.4×107 s ≈ 6 months.

(6.46)
Alternatively, if the halo is composed of Jupiter-mass MACHOs of mass10−3M¯,
thenθE , and henceτ will be about 30 times smaller:

τ(1MJ) = 6 days. (6.47)

The proposed experiment is then the following. Monitor regularly the bright-
nesses of about107 LMC stars for about 5 years. If the Milky Way dark halo is
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Figure 6.14 Example of a microlensing event observed in the direction of the Galactic bulge,
involving a foreground star that temporarily magnifies the light from a back-
ground star projected behind it. Note the excellent fit (solid curve) to the data
provided by Eqns. 6.32 and 6.37 during most of the event. However, the small,
day-long, perturbation in the curve of magnification vs. time on its falling side
(enlarged in the inset) reveals the presence of a planet around the lens star. A
detailed model (solid curve in the inset) indicates an approximately 5-Earth-
mass planet at an orbital radius of several AU from the main lens star. The
single-lens model (short-dashed curve) and a model assuming a binary source
star (long-dashed curve) are both ruled out by the data. Figure credit: PLANET,
OGLE, and MOA collaborations, see J.-P. Beaulieu et al. 2006, Nature, 439,
437.

made of MACHOs, regardless of their masses, at any given moment about 10 of
the monitored stars will be undergoing a lensing event. If, for example, the MA-
CHOs are of about Solar mass, about10 × 5 yrs × 2 yr−1 = 100 lensing events
with 6-month timescales will be discovered in the course of the 5-year survey. If
the MACHOs are Jupiters, about10× 5 yrs× 52 yr−1 = 2600 week-long lensing
events will be found. If the dark halo is not made of MACHOs, few lensing events
will be found.

In 1991, several observational groups began carrying out just such experiments
on dedicated∼ 1-meter-diameter telescopes. The experiments had just become
feasible thanks to two technological developments. Large-area electronic CCD
cameras allowed recording simultaneously the images of many LMC stars in a
single frame. Computing power made it possible to automatically measure the
light from millions of individual stars in these images and to search for the handful
undergoing amplification by lensing, with the time dependence given by Eqns. 6.32
and 6.37. After the first year, two of the experiments reported the discovery of the
first lensing events, having the expected time dependence. The Einstein-crossing
timescales wereτ = 35 − 230 days, corresponding to MACHO masses ofm ∼
(0.1− 1)M¯, assuming typical Galactic velocities and lenses about halfway along
the line of sight to the sources. However, after 6 years of monitoring about 10
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million stars, only 15, or so, lensing events had been found by each experiment, as
opposed to the∼ 100 that would have been expected, given these timescales.

MACHOs can therefore constitute no more than a small fraction of the Milky
Way dark halo. A more thorough calculation, accounting also for the detection
efficiencies of each survey, indicated that about 20%, or less, of the dark halo is
composed of MACHOs. If true, a 20% fraction in compact, about-solar-mass, ob-
jects poses a new and additional problem. It is much more than expected from the
known stellar halo population of the Galaxy, and putting even this fraction in any
of the known types of objects that have such masses (main-sequence stars, white
dwarfs, neutron stars, black holes) raises similar problems to those already pointed
out for the case that the entire halo were made of such objects. However, it is also
possible, within the experimental and theoretical uncertainties, that the small num-
ber of observed microlensing events were all due to lensing by the known stellar
populations in the Milky Way’s disk and bulge and by stars in the LMC itself. The
bulk of the dark matter must be made of something other than MACHOs, with cold
dark matter now being the prime contender.

We note in passing that, although few microlensing events in the direction of
the LMC have been seen, thousands of events toward the Galactic bulge have been
recorded, due to lensing of a star by another star along the line of sight. Because
of the large density of stars in this direction, the probability of star-star lensing is
relatively high (see Problem 5). Figure 6.14 shows an example of data for such
a microlensing event. A major motivation for discovering and closely following
these events is a search forextrasolar planetsaround the lensing stars. Under
some conditions, such a planet, even one with a small mass, can reveal its presence
by means of the perturbation it causes in the magnification curve of the event. To
date, a number extrasolar planets have been discovered via microlensing, one of
them in the event shown in Fig. 6.14.

6.1.5 Modified Physics Instead of Dark Matter

A perhaps more radical solution of the dark matter problem is that there is no dark
matter, and it is the physics (which we are using to deduce kinematically that dark
matter exists) that needs to be modified. Several such modifications to Newtonian
mechanics have been proposed. Most notable among them has been Milgrom’s
and Bekenstein’s “Modified Newtonian Dynamics” (MoND), which proposes that
Newton’s second law,F = ma, may not be applicable in the regime of the weak
accelerations existing in galaxy halos. Newton’s laws have been tested only in the
Solar system, where, e.g., the Earth’s centripetal acceleration is

a⊕ =
v2
⊕

d¯
=

(30× 105 cm s−1)2

1.5× 1013 cm
= 0.6 cm s−2. (6.48)

By comparison, the acceleration of the Sun around the Galactic center is

a¯ =
v2
¯

R¯
=

(220× 105 cm s−1)2

8× 3.1× 1021 cm
= 2× 10−8 cm s−2, (6.49)

more than seven orders of magnitude smaller than Solar system accelerations. In
MoND, F = ma is replaced by a modified acceleration law. The modified form
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Figure 6.15 Several examples of elliptical galaxies (M49, M60, and M86), all at distances
of ∼ 15 Mpc. Photo credits: NOAO/AURA/NSF.

includes a characteristic acceleration,a0 ≈ 1 × 10−8 cm s−2, which is deter-
mined empirically by observations of galaxy rotation curves. At accelerations much
smaller thana0, the MoND version of the second law approaches the form

F = ma2/a0, (6.50)
which leads to flat rotation curves (see Problem 7). MoND succeeds remarkably
well in phenomenologically reproducing the rotation curves of galaxies. Relativis-
tic versions of the theory (required, e.g., for making predictions of gravitational
lensing phenomena) have been devised, but their observational implications are
still being worked out. It is also debated whether or not the theory works well in all
observed astronomical environments.

6.2 GALAXY DEMOGRAPHICS

Three types of galaxies are observed to be common in the Universe. The dominant
mass components ofspiral galaxies, which we have discussed at length, are a
bulge, a disk, and a dark halo. Different spiral galaxies have varying degrees of
prominence of their bulges and disks, from those with a dominant bulge (often
called “early type” spiral galaxies) to those with little or no bulge component (called
“late-type” spirals)4. Many spiral galaxies, perhaps including the Milky Way, also
have a central stellarbar.

Elliptical galaxies resemble in many ways the bulges of spiral galaxies, but are
devoid of a disk (see Fig. 6.15). The stars in elliptical galaxies are therefore pre-
dominantly old, as is the case in spiral bulges. As opposed to the stars in the disks of
spiral galaxies, which move in approximately circular orbits in a well-defined plane
around a galaxy’s center, the stars in ellipticals move in “random” orbits, having
a large range of inclinations and eccentricities.5 The instrinsic shape of elliptical

4This nomenclature has a historical, rather than a physical, origin, and is quite unfortunate since
“early-type” galaxies consist of mostly “late-type” stars (i.e., low-mass stars), and “early-type” stars
(i.e., massive stars) are found preferentially is “late-type” galaxies that have disks with ongoing star
formation.

5It is important to point out here that closed Keplerian orbits are a rule only around spherically sym-
metric mass distributions. Galaxy potentials are, in general, not spherically symmetric, and therefore
stars follow unclosed orbits that trace out a “rosette” that never repeats itself exactly.
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galaxies is not clear yet, and could be either a spheroid (i.e., the body of revolution
obtained by rotating an ellipse around one if its axes) or atriaxial ellipsoid of the
form x2/a2 + y2/b2 + z2/c2 = 1. Being devoid of disks, ellipticals also have a
low gas and dust content. The most massive known galaxies are ellipticals.

The most common galaxies areirregular galaxies which constitute the third
main type. The prototypical irregular galaxy is the LMC. Irregulars have ongo-
ing star formation, and therefore young stellar populations. Both ellipticals and
irregulars do not have well formed disks, and it is therefore more difficult to de-
termine whether or not they possess dark halos. It is not yet clear why these three
main galaxy types exist, or how galaxy properties are established or evolve during
galaxy formation, but various possible scenarios have been proposed.

Galaxies of all types come in a range of luminosities, masses, and sizes. Among
these parameters, the total stellar luminosity of a galaxy can be measured most di-
rectly. The distribution of galaxy luminosities, orluminosity function , is described
approximately by a “Schechter function”, giving the number,φ(L), of galaxies per
unit volume with luminosity in an intervaldL aboutL:

φ(L)dL ≈ φ(L∗)
(

L

L∗

)−1

exp
(
− L

L∗

)
dL. (6.51)

Thus, there are fewer galaxies as one goes to higher luminosities, up to some char-
acteristic luminosity,L∗ ≈ 2 × 1010L¯. The exponential cutoff aboveL∗ means
that galaxies with more than a few timesL∗ are very rare.

The Milky Way, as well as the nearest large galaxy, M31 in Andromeda, both
have luminosities of roughlyL∗. The mean density of galaxies with luminosities
in the rangeL∗ ± L∗/2 is about

φ(L∗) ∼ 10−2 Mpc−3. (6.52)

Thus, there is, on average, about one∼ L∗ galaxy per100 Mpc3, or an average
distance of about 5 Mpc between large galaxies. We can use Eq. 6.11, which we
derived to estimate the time between collisions of stars in a galaxy, to find roughly
a typical time for physical collisions between galaxies. Taking a galactic radius of
50 kpc, a relative velocity between nearby galaxies of 500 km s−1, andφ(L∗) for
the density of galaxies,

τcoll =
1

nσv
(6.53)

=
1

10−2 × (3.1× 1024 cm)−3 × π(2× 50× 3.1× 1021 cm)2 × 500× 105 cm s−1

≈ 5× 1012 yr.

Thus, over the age of the Universe (about1010 yr, which is also a typical age for
most galaxies), about one in500 large galaxies would undergo a collision with
another large galaxy. In reality, the fraction is higher because galaxies are clustered
in space (see below), and because of gravitational focusing. Furthermore, as we
will see in Chapter 8, in the past the density of galaxies,n, was higher than today.
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Figure 6.16 Two examples of pairs of galaxies in the process of collision, with “tails” of
stars and gas that are drawn out of each galaxy by the tidal forces exerted by
the other galaxy.Top left: The galaxy pair NGC 4038/9 in a montage of an
optical image, tracing the stars, and a radio image in 21 cm, showing emission
from neutral hydrogen.Top right: Zoom on the central region of NGC 4038/9,
where the optical light output is dominated by H II regions and massive young
stars formed as a result of the collision.Bottom: The colliding galaxy pair
NGC 4676. Photo credits: NRAO/AUI and J. Hibbard; the European Southern
Observatory; and NASA, H. Ford, G. Illingworth, M. Clampin, G. Hartig, the
ACS Science Team, and ESA.
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Several examples of such collisions are shown in Fig. 6.16. During a galaxy-galaxy
collision, the constituent stars never physically collide with each other, for the same
reason that the stars inside a given galaxy rarely collide – the cross sections are
too small and the densities too low. Thus, in effect, colliding galaxies can “pass”
through each other.

Note that, if a galaxy is in free fall toward a second galaxy, so are all of its
constituent stars, gas, and dark matter, and therefore these components would not
“feel” the pull of the second galaxy, were they all at similar distances from it. (For
the same reason, a person on Earth does not feel the mean attraction of the Sun or
the Moon, and an astronaut in orbit is weightless). However, the stars and the gas
in one galaxy will feel the spatially varying gravitational field of the other galaxy,
and will therefore experience tidal forces that can disrupt the stellar orbits, or tear
away the stars completely from their parent galaxy. Examples of such tidal streams
of stars and gas are seen in many colliding galaxies. This tidal work can take up
enough of the kinetic energy of the relative motion between the galaxies that a
collision can sometimes end as amerger of two galaxies. In fact, one idea for
explaining the existence of different galaxy types it that ellipticals have resulted
from the mergers of pairs of spirals. Furthermore, galaxy collisions apparently set
off the collapse of gas clouds inside the galaxies, leading to vigorous bursts of star
formation that are often observed in such interacting systems.

6.3 ACTIVE GALACTIC NUCLEI AND QUASARS

We have seen that massive black holes, of106−109 M¯, are common in the centers
of large galaxies. There is no shortage of gas in these regions – abundant material
is shed by normal stars during their evolution, and likely also by stars that have
passed close to the black hole and have been tidally disrupted by it (see Chapter 4,
Problem 7). We therefore expect these black holes to be accreting matter. Al-
though the sources of accreted matter are different from those in interacting binary
systems, which we studied in Chapter 4.6, the physical arguments concerning the
accretion process are the same. We can therefore expect the centers (or “nuclei”)
of galaxies to also display phenomena similar to those in interacting binaries, but
scaled according to the larger accretor masses. For example, recalling the Edding-
ton luminosity (Eq. 4.142),

LE =
4πcGMmp

σT
= 1.3× 1038 erg s−1 M

M¯
, (6.54)

for M ∼ 106−109 M¯ we can expect nuclear luminosities of up to∼ 1047 erg s−1,
outshining an entire large galaxy by many orders of magnitude.

Indeed, some 1-10% of large galaxies can be classified as havingactive galactic
nuclei (AGN), which can be defined as nuclei with a significant amount of luminos-
ity that is of nonstellar origin. The range in the above fraction is, to some degree,
semantic – it depends on what is defined as a large galaxy, what kind of galaxies
one examines, and what is considered a significant amount of nonstellar activity.

There is much evidence for nuclear activity that is not produced by stars. Some
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Figure 6.17 Images of several AGN.Top left: UV-optical image of the center of M87, an
elliptical galaxy in the nearby Virgo cluster of galaxies. M87 contains a rela-
tively low-luminosity active nucleus, evidenced here by the bright unresolved
central source, and the jet of material emerging from the nucleus at relativistic
speeds. The numerous point sources are globular clusters.Top right: Optical
image of the quasar 3C273. The light from the nucleus overwhelms the light
from the host galaxy, which is barely visible, surrounding the nucleus. A jet
can be seen in the lower right quadrant. (The spikes energing from the quasar
are artifacts due to diffraction.)Bottom: Radio image at 6 cm wavelength of
the galaxy Cygnus-A, which has a double-sided jet extending 100 kpc in each
direction. Photo credits: NASA and the Hubble Heritage Team; NASA and J.
Bahcall; NRAO/AUI, R. Perley, C. Carilli, and J. Dreher.
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Figure 6.18 Typical UV-through-optical spectrum of an active galactic nucleus. Note the
blue continuum, topped by broad emission lines, with the main ones indicated.
The emission lines are most probably Doppler broadened by the bulk velocities,
103−104 km s−1, of the emitting gas clouds in the potential of the supermassive
central black hole. Data credit: D. Vanden Berk et al. 2001, Astron. J., 122,
549.

or all of the following phenomena are seen in different AGN: large luminosities
emerging from compact regions that are unresolved by telescopes, implying sizes
less then a few pc; this luminous energy has a spectral distribution that is distinct
from that produced by stellar populations, namely, large luminosities at radio, X-
ray, and sometimes gamma-ray frequencies; jets of material emerging from the
nucleus, often at relativistic speeds, and emitting synchrotron radiation (these jets
are thought to be one possible source of the highest energy cosmic rays detected
on Earth); emission lines in the IR to X-ray range. with a spectrum indicating
excitation of surrounding gas by a powerful source with a nonstellar spectrum;
the emission lines are Doppler-broadened to velocities of up to tens of thousands
of km s−1, suggesting motion in a deep gravitational well; and large-amplitude
variability in luminosity at all wavelengths, and on all timescales, from minutes to
decades. Figs. 6.17-6.20 show examples of some of these phenomena.

Each of the above phenomena is difficult to explain by processes other than ac-
cretion onto a central supermassive black hole. For example, we could invoke a
large population of X-ray binaries to explain the nonstellar spectra, but we would
then be hard pressed to understand how all these individual systems could vary in
phase in order to produce the large amplitudes of variability. To be more quanti-
tative, from considerations of causality, a significant change in luminosity (say, a
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Figure 6.19 Typical spectral energy distribution of an active galactic nucleus, from radio
to X-ray frequencies. The vertical axis showsνLν(ν), which has units of lu-
minosity, and which is convenient for visualizing the relative luminosities in
different frequency bands. The much-narrower spectral energy distribution of
stars in a typical galaxy is shown for comparison. The indicated “bump” in the
optical-to-UV range in the AGN spectral distribution may be due to thermal ra-
diation from an accretion disk around the central black hole. The dashed section
of the curve is an interpolation in the extreme-UV band, where observations are
difficult, because of strong absorption of light from extragalactic sources by
neutral hydrogen in the interstellar medium of the Milky Way. Data credit: M.
Elvis et al. 1994, Astrophys. J. Supp., 95, 1.

doubling) on a timescale of∆t ∼ 1 hr implies a size less than 1 light hour:

R < c∆t = 3× 1010 cm s−1 × 3600 s = 1.1× 1014 cm = 7 AU. (6.55)

Thus, a huge luminosity, comparable to, or outshining, that of an entire galaxy, is
produced in a region smaller than the Solar System.

As another example, some AGN display long and spatially continuous radio jets
of material moving at relativistic speeds (∼ 0.1c − c), with lengths sometimes
reaching∼ 1 Mpc = 3 × 106 l.y. This requires that the nucleus has been contin-
uously active forτ ∼ 3 × 107 yr, and therefore has produced a total energyLτ .
This energy must equal the radiative efficiency times the rest energy of the massM
involved in the process:

Etot ∼ Lτ = ηMc2. (6.56)

Therefore,

M ∼ Lτ

ηc2
=

1047 erg s−1 × 3× 107 × 3.15× 107 s
η (3× 1010 cm s−1)2

=
5× 107M¯

η
. (6.57)
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Figure 6.20 Flux variations in the2 − 10 keV X-ray band of the active galactic nucleus
NGC 3516, over several days. Note the large variation amplitudes on timescales
of hours, and the nonperiodic, random nature of the variability. Data credit: A.
Markowitz and R. Edelson 2005, Astrophys. J., 617, 939.

If AGN were somehow powered through stellar processes by a continuous supply
of material undergoing nuclear reactions, which haveη = 0.007 or less, the mass
required would be at leastM ∼ 1010M¯, comparable to the stellar mass of an
entire galaxy. On the other hand, if the energy source is accretion onto a black
hole, withη = 0.057, the required mass isM ∼ 109M¯. This is just the mass of
the compact central objects (presumably black holes) found in the nuclei of some
massive nearby galaxies.

AGN have been classified into a large zoo of different types, according to the
combinations and the details of the properties, listed above, that they display. A
few of the common types are Seyfert galaxies, radio galaxies, BL-Lacertae ob-
jects, and quasars, and these types are further separated into subcategories (e.g.,
Seyfert 1 and 2, radio-loud and radio-quiet quasars). The physical distinctions be-
tween the different classes and subclasses are still being debated, i.e., what causes
the different appearance and properties of different types of AGN. Some of the
differences are likely due to orientation effects. The accretion disk, and probably
other surrounding AGN components as well, are not spherically symmetric. Their
contribution to the total light output and their ability to obscure other components
therefore depend on the inclination of the system to the observer’s line of sight. It
is also yet unclear why the majority of central black holes in galaxies (including
the4 × 106M¯ black hole at the center of the Milky Way) are not active, and dis-
play only feeble signs of nonstellar activity. One possibility is that the gas in the
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central regions of a galaxy, perhaps by virtue of its high angular momentum or low
viscosity, avoids falling into the black hole. Alternatively, perhaps it falls, but in
a radiatively inefficient way, and carries most of its kinetic energy with it into the
black hole.

The most luminous AGN arequasars, roughly defined as AGN with luminosities
of 1044 erg s−1 or more. Among quasars, the most energetic objects reach lumi-
nosities of order1047 erg s−1, similar to the Eddington limit estimated above for
the largest black-hole masses. Assuming quasars are powered by accretion disks
around black holes with inner radii at the last stable orbit,rin = 3rs = 6GM/c2,
we saw (Eq. 4.133) that the luminosity is

L ≈ 1
2

GMṀ

rin
=

Ṁc2

12
, (6.58)

and, after accounting for General Relativistic effects,
L = 0.057Ṁc2. (6.59)

For a quasar to shine at the Eddington luminosity, its accretion rateṀ must be
large enough that

L = LE = 1.3× 1038 erg s−1 M

M¯
, (6.60)

and therefore

Ṁ =
1.3× 1038 erg s−1 × 3.15× 107 s yr−1

0.057c2

M

M¯
= 4× 10−8M¯ yr−1 M

M¯
.

(6.61)
Thus, a109M¯ black hole radiating at the Eddington luminosity must accrete
40M¯ per year.

The temperature at the inner radius,rin = 6GM/c2, is (Eq. 4.135)

T (rin) =

(
GMṀ

8πσ

)1/4

r
−3/4
in (6.62)

=
c3/2Ṁ1/4

63/4(8πσ)1/4(GM)1/2
= 3× 109 K

(
Ṁ

M¯ yr−1

)1/4 (
M

M¯

)−1/2

.

For the above black hole mass and accretion rate, the inner temperature will thus
be

T = 3× 109 K× 401/4 × (109)−1/2 = 2.4× 105K, (6.63)
producing thermal radiation that peaks in the extreme UV, between the UV and

the X-ray ranges. Quasars in fact have such a UV “bump” in their spectral energy
distributions (see Fig. 6.19), which is thought to be the signature of the accretion
disk.

Since quasars are101 − 104 times brighter than anL∗ galaxy with∼ 1010 stars,
the host galaxies of quasars are often difficult to detect under the glare of the nu-
cleus, especially since the most luminous quasars are generally distant.6 Owing to

6The name “quasars” evolved from the acronym QSRS, for “quasi-stellar radio source” – the first
quasars were discovered in the 1960’s as radio sources that, at visual wavelengths, have a spatially
unresolved, “stellar” appearance. Quasars are often also called QSOs, for Quasi Stellar Objects. It is
more recently, using high-resolution observations in the IR and from space, that the host galaxies of
quasars are routinely detected.
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the finite speed of light, a large distance means a large lookback time. The large dis-
tances of luminous quasars therefore imply that quasars are rare objects at present.
Apparently, most central black holes in present-day galaxies are accreting at low
or moderate rates, compared to the rates that would produce a luminosity ofLE .
Quasars were much more common in the past, and their space density reached a
peak about 10 Gyr ago. The reasons for this “rise and fall” of the quasar population
are unclear. However, there likely is a connection between the growth and devel-
opment of galaxies and of their central black holes. We will briefly return to these
questions in Chapter 9.

6.4 GROUPS AND CLUSTERS OF GALAXIES

Rather than being distributed uniformly in space, galaxies are “spatially correlated”
– near a location where there is a galaxy, one is likely to find another galaxy. In
other words, galaxies are often found ingroupsconsisting of a few to ten members,
and sometimes in richclusters, containing up to about 100 luminous (of orderL∗)
galaxies. We are part of a group of galaxies called the “Local Group”, consisting
of the Milky Way, M31 (the Andromeda galaxy), M33, and some smaller “dwarf”
galaxies. The nearest rich cluster is the Virgo cluster, at a distance of about 15 Mpc.
The typical radius of a galaxy cluster is aboutrcl ∼ 1 Mpc. Galaxy clusters have
a high proportion of elliptical galaxies, compared to regions with a lower space
density of galaxies. In fact, most of the stars in rich clusters are in ellipticals.
Figure 6.21 shows optical and X-ray views of a massive galaxy cluster.

Based on the Doppler line-of-sight velocities measured for the individual galax-
ies in clusters, it is seen that the galaxies in clusters move on orbits with random
inclinations and eccentricities, reminiscent of the stars in elliptical galaxies and in
spiral bulges. The typicalvelocity dispersion, i.e., the root-mean-square velocity
of the cluster galaxies about the mean velocity is aboutσ ∼ 1000 km s−1. A typi-
cal “cluster crossing timescale” – the time it takes for a galaxy to cross the cluster
– is therefore

τcc ∼ rcl

σ
=

3.1× 1024 cm
108 cm s−1

= 3× 1016 s = 109 yr. (6.64)

Several lines of evidence indicate that clusters are old systems, with ages com-
parable to the age of the Universe,∼ 1010 yr. One example of this evidence is
the fact that most of the stars are in elliptical galaxies, which consist of old stellar
populations.

With a cluster crossing time of a billion years, most galaxies in a cluster have
had time to perform a few orbits in the cluster potential, and a cluster is therefore
a gravitationally bound system. Note that, with 100 galaxies within a radius of
1 Mpc, the mean galaxy space density in clusters is104 times higher than the
average for galaxies in general, and relative velocities between galaxies are a few
times higher than between unbound “field” galaxies. The time between collisions
(Eq. 6.53) is therefore reduced to a few billion years, and most galaxies in the
central regions of clusters have undergone collisions with other galaxies. This may
be the reason for the preponderance of ellipticals in clusters.
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Figure 6.21 Optical image of the central region of the massive galaxy cluster Abell 2218.
Note the preponderance of elliptical galaxies. The conspicuous arcs are gravi-
tationally lensed images of distant background galaxies projected near the cen-
ter of the cluster. The arcs are effectively partial Einstein rings which allow
a measurement on the total mass projected internal to them. Image width is
about 0.6 Mpc.Inset: Contours showing the X-ray intensity from the cluster,
superimposed on an optical image. The area within the inner three contours
corresponds approximately to the area shown in the main high-resolution im-
age. The X-ray emission is Bremsstrahlung from hot intracluster gas bound by
the gravitational potential of the cluster. The gas mass is an order of magni-
tude greater than the stellar mass of the cluster. The gas temperature provides
an independent measure of the total cluster mass. Photo Credits: NASA, A.
Fruchter, and the ERO Team; and F. Govoni et al. 2004, Astrophys. J., 605,
695, reproduced by permission of the AAS.

We can estimate a cluster’svirial mass, assuming the galaxy velocities trace the
cluster potential, as

M ∼ σ2rcl

G
=

(108 cm s−1)2 × 3.1× 1024 cm
6.7× 10−8 cgs

= 4× 1047 g = 2× 1014M¯,

(6.65)
where we have used the typical velocity dispersion and radius given above. Galaxy
clusters are the most massive bound systems known. An independent estimate of
cluster mass can be obtained for many clusters via gravitational lensing. Some
rich clusters display large gravitationally lensed arcs (see Fig. 6.21). These are the
tangentially stretched images of distant galaxies projected almost directly behind
the clusters. When the arcs subtend a substantial angle, they are effectively partial
Einstein rings, and their angular radius is approximately the Einstein angle. A
typical lensed arc can have a radius of about 0.5 arcmin. Clusters with such arcs
are usually at distances of orderD ∼ 1 Gpc, so the Einstein angle corresponds to
an Einstein radius of

RE = θED ∼ 0.5
60× 180/π

1 Gpc = 1.5× 10−4 Gpc = 0.15 Mpc. (6.66)
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Eq. 6.25, which we developed for the Einstein angle of a point mass, also holds
for any spherical mass distribution, in which case it gives the total mass projected
inside the Einstein ring. Let us takeθE ∼ 0.5 arcmin, and assume again the
“halfway” location of the lens (i.e., the cluster) relative to the source (the lensed
galaxy), soDol = Dls = Dos/2. Then Eq. 6.25 gives for the cluster mass pro-
jected within 0.15 Mpc

M ∼ θ2
Ec22Dol

4G
∼

(
0.5

60×180/π

)2

× (3× 1010 cm s−1)2 × 109 × 3.1× 1018 cm

2× 6.7× 10−8 cgs
(6.67)

= 4× 1047 g = 2× 1014M¯.

This is of the same order of magnitude as the virial mass estimate we obtained
using the galaxies as kinematic trace particles. (Note, however, that the two mass
estimates are measuring somewhat different things; the virial estimate gives the
mass within a spherical region of radius 1 Mpc, while the lensing estimate gives
the mass enclosed in a long cylindrical volume of radius 0.15 Mpc, with the long
axis of the cylinder pointed at the observer.)

Recall now, that a rich cluster consists of about 100L∗ galaxies, i.e., a mass of
about1013M¯ in stars. Thus, stars constitute at most a few percent of the mass of
a cluster. X-ray observations have revealed that a mass that is about ten times the
mass in stars resides in a hot ionized gas of temperatureT ∼ (2 − 10) × 107K
(i.e., kT ∼ 2 − 10 keV) which constitutes theintracluster medium. The gas
is approximately in hydrostatic equilibrium in the cluster potential and radiates
thermal Bremsstrahlung at X-ray photon energies (see Fig. 6.21, inset). The gas
temperature can be derived from the form of the Bremsstrahlung spectrum. The
intracluster gas provides yet a third estimate of the total mass of a cluster. To see
this, assume that the gas has a roughly spherical distribution with radiusrgas ∼
0.5 Mpc, and recall the equation of hydrostatic equilibrium (Eq. 3.19) from stellar
structure, now expressed as an approximate scaling relation:

P ∼ GMρ

rgas
. (6.68)

Note thatP is the pressure of the gas, butM is the mass contributing to the po-
tential, i.e., it is the total mass due to all the cluster constituents. Equating to the
classical ideal-gas equation of state,

P =
ρ

m̄
kT, (6.69)

we obtain

M ∼ rgaskT

Gm̄
(6.70)

=
0.5× 3.1× 1024 cm× 104 eV × 1.6× 10−12 erg/eV

6.7× 10−8 cgs× 0.5× 1.7× 10−24 g
= 2× 1014M¯,

as found via galaxy kinematics and lensing. Here we have assumed the gas has
a spatially constant temperature (this is indicated by the X-ray observations) of
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10 keV and a fully ionized (appropriate at these temperatures), pure hydrogen,
composition.

The total mass in “visible” baryons, including the hot gas and the relatively small
amount in stars, still accounts for only about 15% of the total mass of a typical
cluster, as determined from galaxy kinematics, lensing, or gas temperature. As in
galaxies, the majority of the mass in clusters is therefore also in dark matter of
unknown composition.

At scales of 10–100 Mpc, galaxies are still not uniformly distributed in space.
Attempts to map the distribution of galaxies indicate that galaxies are preferen-
tially distributed along large structures with a variety of morphological descrip-
tions: “walls”, “sheets”, “filaments”, and “bubbles”, which surround regions of
lower-than-average galaxy density called “voids” (see Fig. 6.22). The emerging
picture is of a “cosmic web” or “foam-like” galaxy distribution, with clusters, and
aggregates of clusters (called “superclusters”) concentrated at the junctions of sev-
eral bubble walls. Numerical models that attempt to reproduce the formation of
these structures via the action of gravity alone have had a fair amount of success
(see Fig. 6.22, for an example).

The hierarchy of progressively larger and larger structures ends at∼ 100 Mpc.
Beyond these scales, the Universe appears “homogeneous”. This means, e.g., that
the total mass included within spheres having a 100 Mpc radius is nearly the same
at all locations in space. This fact will form one of the foundations for the next
chapters.
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Figure 6.22Top: The space distribution of galaxies, as observed in two thin slices that
are centered on our location in the Universe (every dot represents a galaxy).
The figure was produced by measuring the two-dimensional positions of the
galaxies in two narrow, diametrically opposed, strips on the sky, and the dis-
tance to each galaxy. Note the large aggregations of galaxies which surround
relatively empty “void” regions. Every tick mark in the radial direction cor-
responds to∼ 150 Mpc. The “thinning out” of points beyond∼ 400 Mpc
is an observational effect – at these distances, only the rare, more luminous,
galaxies are bright enough to have their distances measured accurately.Bot-
tom: A slice through the volume of a numerical “N-body simulation” in which
1010 particles move under the influence of their mutual gravitational attrac-
tions. Each particle in the calculation represents a mass of∼ 109M¯, and
the image width is about 500 Mpc. Note the web-like distribution of particles,
which is reminiscent of the observed galaxy distribution in the top figure. Fig-
ure credits: The 2dF Galaxy Redshift Survey team, see M. Colless et al. 2001
& 2003, http://arXive.edu/abs/astro-ph/0306581; and V. Springel and the Mil-
lenium Simulation team, see Nature, 435 (2005), 629.
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PROBLEMS

1. Even when distances to individual stars are not known, much can be learned
simply by counting stars as a function of limiting flux. Suppose that, in our
region of the galaxy, the number density of stars with a particular luminosity
L, n(L), is independent of position. Show that the number of such stars
observed to have a flux greater than some fluxf0 obeysN(f > f0) ∝ f

−3/2
0 .

Explain why the same behavior will occur even if the stars have a distribution
of luminosities, as long as that distribution is the same everywhere. If you
observed that the numbers do not grow with decreasingf0 according to this
relation, what could be the reason?
Hint: N(f > f0) is proportional to the volume of the sphere centered on
us, with a radius at which the flux from a star with luminosityL is f0. The
relation between luminosity, flux, and distance then gives the stated result.

2. Derive the expression for gravitational focusing – the increase in the effective
cross section for a physical collision between two objects due to their gravi-
tational attraction (Eq. 6.12), as follows. Consider a point mass approaching
an object of massM and radiusr0. When the distance between the two is
still large, their relative velocity isvran and the impact parameter (i.e., the
distance of closest passage if they were to continue in relative rectilinear mo-
tion) is b. Due to gravitational attraction, the point mass is deflected toward
the object and, at closest approach, grazes the object’s surface at velocity
vmax.
a. Invoke energy conservation to show thatv2

ran = v2
max − v2

esc, where
vesc = (2GM/r0)1/2 is the escape velocity from the surface of the star.
b. Show that angular momentum conservation means thatbvran = r0vmax.
c. Combine the results of (a) and (b) to prove that gravitational focusing re-
sults in an effective cross section for a collision that equals the geometrical
cross section of the object times a factor(1 + v2

e/v2
ran).

3. In the Solar neighborhood, the Milky Way has a flat rotation curve, with
v(r) = vc, wherevc is a constant, implying a mass density profileρ(r) ∼
r−2 (Eq. 6.18).
a. Assume there is a cutoff radiusR, beyond which the mass density is zero.
Prove that the velocity of escape from the galaxy from any radiusr < R is

v2
e = 2v2

c

(
1 + ln

R

r

)
.

b. The largest velocity measured for any star in the Solar neighborhood, at
r = 8 kpc, is 440 km s−1. Assuming that this star is still bound to the galaxy,
find a lower limit, in kiloparsecs, to the cutoff radiusR, and a lower limit,
in units of M¯, to the mass of the galaxy. The Solar rotation velocity is
vc = 220 km s−1.
Answers:R > e× 8 kpc = 22 kpc,M > 2.4× 1011M¯.
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4. A gravitational lens of massM is halfway along the line between a source
and an observer, at a distanced from each, and produces an Einstein ring.
Find the angular radius of the ring, in terms ofM andd. For a one-Solar-
mass lens, at what distanced will the Eintein ring’s radius appear larger than
a Solar radius? (i.e., the ring will not be hidden behind a Sun-like star acting
as the lens).
Answer:1.6× 1016 cm = 0.0052 pc.

5. We calculated (Eq. 6.41, and below it) the probability that a star in the LMC
is gravitationally lensed by MACHOs composing the Galaxy’s dark halo.
Repeat this calculation, but for star-star lensing in the direction of the Galaxy
center, i.e., estimate, to an order of magnitude, the probability that a star in
the bulge of our Galaxy will be gravitationally lensed by another star in the
Galactic disk, close to our line of sight to the bulge star. Assume that we are
at a distancer = 8 kpc to the bulge, a typical stellar mass is0.5M¯, the
stellar mass in the disk interior to the Solar radius is5 × 1010M¯, and the
thickness of the disk ish = 1 kpc.
Hint: To simplify the calculation, find the mean number density of stars in
the disk, and use this as your “target” density. For the lensing cross section,
use the area of a circle formed by the Einstein radius of an0.5M¯ star at
half the distance to the bulge. The distance covered by the line of sight is
our distance to the bulge. The product of the three numbers gives the number
of disk stars that are passed to within an Einstein radius by a random line of
sight to the bulge. If this number is¿ 1, it gives the probability of such an
encounter.
Answer:2.4× 10−6.

6. A point source directly behind a galaxy, at double the observer-galaxy dis-
tanced, is gravitationally lensed by the galaxy’s potential into an Einstein
ring. The galaxy is spherically symmetric, and has a flat rotation curve,
v(r) = vc. The bending angle of a light ray passing through a spherical
mass distribution with impact parameterr from the distribution’s center is

α =
4GM(< r)

c2r
,

whereM(< r) is the mass enclosed withinr.
a. Find the angular radiusθE of the Einstein ring, in terms ofvc, assuming
small angles. CalculateθE , in arcseconds, forvc = 300 km s−1. At d = 0.5
Gpc, to what physical radius,RE , will this θE correspond?
Answers:θE = 2(vc/c)2; RE = 1 kpc.
b. Distant light sources (e.g., quasars, see also Chapter 9), are distributed at
random on the sky. It turns out that those of them that are projected behind
a galaxy withinθE of that galaxy will be noticeably lensed. Assume a Eu-
clidean space with a constant number density of galaxies,n = 10−2 Mpc−3,
RE from item (a), and a typical distance to the sources of2d = 1 Gpc. Write
an expression for the fraction of the distant sources that is lensed by inter-
vening galaxies, and evaluate it numerically. Actual surveys that measure the
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fraction of distant sources that are lensed can probe the properties of the lens-
ing galaxy population, even when those galaxies are not directly observed by
means of their light.
Hint: Find the number of “targets” with densityn, and with cross-sectional
areaπR2

E , that are “hit” by a random line of sight going out to the source
distance. Alternatively, consider the fraction of the sky that is covered by the
total solid angle within the galaxies’ Einstein rings.
Answer:3× 10−4.

7. Modified Newtonian Dynamics (MoND) proposes that, for small accelera-
tions, Newton’s second Law,F = ma, approaches the formF = ma2/a0,
wherea0 is a constant (see Eq. 6.50).
a. Show how such an acceleration law can lead to flat rotation curves, with-
out the need for dark matter.
b. Alternatively, propose a new law of gravitation to replaceF = GMm/r2

at distances greater than some characteristic radiusr0, so as to produce flat
rotation curves without dark matter. Make sure your modified law has the
right dimensions.
c. Modify further the gravitation law you proposed in (b) with some math-
ematical formulation (many different formulations are possible), so that the
law is Newtonian on scales much smaller thanr0, with a continuous transi-
tion to the required behavior atr À r0.
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Chapter Seven

Cosmology – Basic Observations

In previous chapters, we have dealt with progressively larger structures. In this
chapter, we will review the basic observational facts that need to be accounted for
by any theory of cosmology – an attempt to describe the nature, history, and future
of the Universe as a whole. In Chapter 8 such a theory will be developed.

7.1 THE OLBERS PARADOX

As we consider more and more distant objects and structures in the Universe, a
natural question that emerges is, “Does the Universe have an end?” Due to the
finite speed of light, distant objects are seen at largelookback times, leading to
another question: “Does the Universe have a finite age, so that light from objects
beyond some distance has yet to reach us?” These questions are closely related to
the so-calledOlbers paradox. Olbers’s paradox poses the more practical question:
“Why is the night sky dark?” The reasoning behind this question is as follows.

Let us assume, naively, that space is Euclidean and that its constituents are static
(we will see later that at least the latter assumption is incorrect). Assume further-
more that the Universe is infinite and eternal (i.e., has existed forever). Then every
line of sight in the sky must, at some point, reach the photosphere of a star. Iff∗ is
the flux emerging at the star’s photosphere, then the flux reaching us from that star
will be

fobs = f∗
4πr2

∗
4πD2∗

= f∗
dΩ
π

, (7.1)

wherer∗ is the stellar radius,D∗ is the star’s distance, anddΩ is the solid angle
subtended on the sky by the star. Now, since all sightlines eventually hit some
stellar surface, the total flux reaching us from all4π steradians should be

ftot = 4f∗. (7.2)

In other words, the whole sky should radiate like a blackbody at a temperature of
a few thousand degrees – not only should the night sky be bright, but we would be
grilled night and day! Dust along the way does not solve the problem, as every dust
particle would also be inside this blackbody radiator and would quickly be heated
to the same temperature.

The solution to the Olbers paradox is that at least one of the assumptions must be
wrong – the Universe must be finite in extent or in age. To quantify this statement,
let us calculate how far we need to look along some random sightline until we
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encounter a stellar disk. With a mean density ofL∗ galaxies of about10−2 Mpc−3,
and about1010 stars perL∗ galaxy, the mean density of stars in the Universe is

n∗ ∼ 108 Mpc−3 =
108

(3.1× 1024 cm)3
∼ 10−66 cm−3. (7.3)

The cross section of a stellar disk is

σ ∼ πr2
¯ = π(7× 1010 cm)2 ∼ 1022 cm2. (7.4)

The mean free path until we “hit” a stellar surface is therefore

l =
1

n∗σ
∼ 1044 cm = 1026 l.y. (7.5)

The fact that the sky is dark means that either the size of the Universe

l ¿ 1026 l.y., (7.6)

or the age of the Universe

t0 =
l

c
¿ 1026 yr, (7.7)

and therefore the light from those stellar surfaces has yet to reach us. The distance
beyond which light has yet to reach us is called ourparticle horizon. Actually, the
limit is weaker than what we found above, since stars live for a limited time on the
main sequence, and then collapse to neutron stars or white dwarfs. However, this
does not solve the paradox, as every line of sight would eventually still reach the
surface of such a remnant, if not that of a star that is still on the main sequence.
Thus, the conclusion that the Universe must be finite in age, extent, or both, still
holds.

7.2 EXTRAGALACTIC DISTANCES

In previous chapters, the distances to, and the sizes of, Galactic and extragalac-
tic objects were assumed to be known. In practice, measurements of distance are
among the most difficult in astronomy. Broadly speaking, distances are found by
many different methods, which comprise adistance ladder, going from nearby to
distant objects. An overlap in the range of applicability of two different methods
allows calibrating the more “distant” method with the more “nearby” method. An
obvious shortcoming of such a procedure is that errors in the calibrations of the
nearby methods will propagate, and may accumulate to become very large errors
in the distant methods. Fortunately, there are a few “direct” methods that skip over
several, or all, rungs in the distance ladder, and which serve as a check on the
procedure.

Some of the main methods, listed according to the objects and the distance ranges
over which they are applicable, are as follows.
a. Nearby stars, within < 1 kpc, can have their distances measured by trigono-
metric parallax, as described in Chapter 2. Fairly accurate parallax distances can
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Figure 7.1 Illustration of Cepheid properties.Left: Schematic time series for Cepheids of
different luminosities. Right: Schematic Cepheid period-luminosity relation.
Once the relation is calibrated for nearby Cepheids, it can be used to determine
the luminosity of Cepheids with measured periods in another galaxy. Compari-
son of the derived luminosity to the observed Cepheid flux then yields the dis-
tance to the galaxy.

be obtained currently out to∼ 100 pc. The luminosities of nearby main-sequence
stars with parallax-based distancesDpar and observed fluxesf can be found from

Lms = f × 4πD2
par. (7.8)

One can then observe young open star clusters and identify the main sequence in
their H-R diagrams. The observed fluxes of the open-cluster main-sequence stars
are compared to the known, parallax-based, luminosities of nearby stars of the same
spectral type to determine the distances to the clusters:

Dcl =
√

Lms/(4πf). (7.9)

This technique is calledmain-sequence fitting.
Among the stars in the open clusters there are sometimes pulsating stars called

Cepheids. Cepheids are a short-lived phase of some intermediate-mass stars during
part of the helium-core-burning giant stage. The luminositiesLcep of Cepheids
with observed fluxesf that are in clusters with main-sequence-fitting distancesDcl

can again be found from

Lcep = f × 4πD2
cl. (7.10)

The radial pulsations of a Cepheid lead to periodic variations in the luminosity,
with a period in the range from about 1 to 100 days, that is a fuction of the mean
luminosity of the star (see Fig. 7.1). One can then calibrate the Cepheidperiod-
luminosity relation . Cepheids are our first example of astandard candle, a source
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Figure 7.2 The rings around Supernova 1987A. The rings arise in gas that was expelled by
the star prior to the supernova explosion. The gas in the bright “equatorial” ring
was excited by the flash of UV radiation from the explosion. A delay of 240
days between the explosion and the “lighting up” of the ring was due to the light
travel time from the supernova to the ring, indicating a ring radius of 240 light
days. Comparison of this physical scale to the angular scale of the ring provides
a direct distance measurement to the supernova, and hence to the LMC. Photo
Credit: C. Burrows, ESA, and NASA.

of known luminosity that can serve as a distance indicator, by comparison of its flux
to its intrinsic luminosity.
b. The Large Magellanic Cloud (LMC), Local Group galaxies, and Virgo
Cluster galaxies, at< 20 Mpc, are near enough that individual luminous Cepheids
can be detected, and their periods measured. The deduced Cepheid luminosities can
then be compared to their observed fluxes to determine the distances to the galaxies:

Dgal =
√

Lcep/(4πf). (7.11)

In the LMC and in the Local Group one can also find, and measure the parameters
of, detached, double-lined,spectroscopic eclipsing binaries. Measurement of the
orbital velocities of the two components around the center of mass from the “radial
velocity curve”, and of the durations of the eclipses from the “light curve”, gives
the physical radius,r, of each of the two stars (see Chapter 2, Problem 5). The
observed spectral energy distribution yields the effective temperature,TE , of each
star. The luminosity of each star is then justL = 4πr2σT 4

E , and the combined
luminosity of the system can be compared to the observed flux, to derive directly
the distance to the system.

Another direct method to obtain the distance to the LMC utilizes asupernova
light echo that was observed around Supernova 1987A in this galaxy. About
240 days after the explosion, a ring of circumstellar material, ejected by the super-
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Figure 7.3 Masers in the sub-parsec-scale molecular-gas disk in the center of the galaxy
NGC 4258, as observed by radio interferometry using the H2O 22 GHz emission
line. The positions of the masing clumps are shown as they appear on the sky, and
superimposed on a model of a nearly edge-on warped disk. The radio (contin-
uum) emission from the active nucleus of the galaxy and from the inner parts of
its jet are also indicated. Based on their measured emission-line Doppler shifts,
the velocities of the clumps on the right (approaching) and on the left (receding)
follow precisely a Keplerianr−1/2 curve, indicating a mass of3.8× 107M¯ for
the central black hole. The proper motions of the clumps near the line of sight
to the center can be tracked over time as they move from right to left on their
circular orbits. At the same time, their centripetal accelerations can be measured
through their changing Doppler shifts. Comparison of their angular velocities to
their physical velocities gives a direct measurement of the distance to the galaxy.
Figure credit: adapted from J.R. Herrnstein, et al. 2005, Astrophys. J., 629, 719,
by permission of the AAS.

nova progenitor star during previous stages in its evolution, became photoionized
by the flash of UV radiation from the explosion (see Fig. 7.2). The ring began
to shine in emission lines typical of photoionized gas, and is slowly fading as the
atoms recombine. The ring is observed to have an angular radiusθ = 0.85 arcsec-
ond. The 240-day delay,∆t, was due to the light-travel time from the supernova to
the ring, which has a physical radiusR:

∆t =
R

c
=

θDlmc

c
. (7.12)

(Actually, the ring is inclined to our line of sight, and therefore the front side of
the ring was seen to light up earlier than 240 days, and the rear side later, but this
geometric effect can be accounted for.) The distance to the LMC is therefore

Dlmc =
c∆t

θ
=

3× 1010 cm s−1 × 240× 24× 3600 s
0.85/3600× π/180

= 1.5×1023 cm = 50 kpc,

(7.13)
in good agreement with Cepheid-based measurements.

One Virgo galaxy, NGC 4258, has a direct distance measurement based on the
observedproper motions of water masersthat are moving in circular orbits, with
known velocity, around the galaxy’s central black hole. See Fig. 7.3 and its caption
for details.
c. Galaxies within about 100 Mpccan have their distances estimated by means
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Figure 7.4 Schematic illustration of distance measurement by means of surface brightness
fluctuations. On the left, the light output from a small region in a galaxy, e.g.,
one pixel in the array shown, is contributed byN stars that are not individually
resolved as such. The fluctuations in intensity from pixel to pixel will trace the
Poisson fluctuations in the number of stars per pixel. On the right, the same
galaxy is at a larger distance. As a result, more stars are included in every pixel,
and the relative fluctuations,σ, in flux from pixel to pixel will be smaller. Since
the amplitude of the relative fluctuations is proportional to distance−1 (Eq. 7.17),
the fluctuation ratio gives the distance ratio of the galaxies.

of several techniques that are calibrated in nearby galaxies (Virgo and closer). The
Tully-Fisher relation is an empirical correlation between a spiral galaxy’s lumi-
nosityL and the asymptotic circular velocity,vc, reached at large radii by its (flat)
rotation curve:

L ∝ vα
c , (7.14)

where the indexα depends on the bandpass through whichL is measured. Thus, by
measuring the rotation velocity of a distant galaxy, one can deduce its luminosity,
compare with the observed flux, and derive a distance. Similar relations, called
the Faber-Jackson relation, theDnσ relation, and the Fundamental Plane, exist for
elliptical galaxies. However, these relations involve the stellar velocity dispersion,
rather thanvc – the circular velocityvc is difficult or impossible to measure directly
in most ellipticals, in the absence of a disk of trace particles.Globular clusters and
planetary nebulaein nearby galaxies are observed to have luminosity distributions
with a well-defined peak. By measuring the flux distribution of such objects in a
distant galaxy, determining the flux corresponding to the peak of the distribution,
and comparing to the luminosity of the peak of the distribution in local galaxies,
one can deduce the distance.

Another method in this distance regime is the measurement ofsurface bright-
ness fluctuations. Suppose the light from a small solid angle covering part of a
galaxy is produced byN stars (see Fig 7.4). The galaxy is distant, and therefore
the angular separation between the stars is below the resolution limit of the tele-
scope, and the individual stars cannot be discerned as such. An adjacent small area
in the galaxy will include a number of stars that is similar, up to Poisson fluctua-
tions of

√
N . The relative fluctuations in surface brightness (flux per solid angle)
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measured over a sample of many small regions in a galaxy will therefore be

σ =
1√
N

. (7.15)

The number of stars included per unit solid angle obviously depends on distance –
if a galaxy were moved further away, more stars would be included within the same
solid angle, or

N ∝ D2
gal. (7.16)

Therefore,

σ ∝ 1
Dgal

. (7.17)

The proportionality constant can be calibrated in nearby galaxies, and the relation
then allows deducing the distance to other galaxies for which surface brightness
fluctuations are measured.
d. Galaxies out to∼ 1 Gpc – Observations oftype-Ia supernovaethat have ex-
ploded in galaxies that already have distance measurements show that the luminosi-
ties of such supernovae at the time of their maximum brightness are approximately
the same. A correction to the luminosity based on the rate at which the supernova
brightness declines with time makes these supernovae even more reliable standard
candles. Measurement of the flux at peak brightness of such a supernova in a dis-
tant galaxy then yields the distance to the host galaxy of the event. Owing to the
large luminosity of supernovae, this method can be applied to very large distances.
e. Galaxy cluster distances out to∼ 1 Gpc can be estimated directly via the
Sunyaev-Zeldovich effect. The hot electrons in the intracluster medium cause “in-
verse Compton”1 scattering, and therefore a boost in energy, to background pho-
tons passing through the cluster (see Fig. 7.5). A prodigious and well characterized
source of such background photons is the cosmic microwave background, which
we will discuss in Chapter 9. The energy boost is proportional to the physical path
length of the photons through the cluster, and thus the cluster size along the line
of sight can be deduced. From the thermal Bremsstrahlung X-ray emission of the
same hot electron gas, one can also measure an angular size on the sky for the clus-
ter. Comparing the line-of-sight size to the angular size of the cluster, and assuming
that the cluster is spherical (i.e., not flattened or elongated along our sight line), the
distance can be derived (see Problem 3). In reality, clusters are not spherical, but
are spherical on average (i.e., they are not all showing us their flat sides or their
elongated sides). Therefore, this method can be used to derive the distances to a
sample of clusters that are known to be all at about the same distance. The ap-
plicability of this will become evident when we learn the concept of cosmological
redshift.

1Compton scattering, like Thomson scattering, is scattering of photons on electrons, but for the case
that the electrons are relativistic, or the photons have energies> mec2, or both. With typical intracluster
medium temperatures ofkT ∼ 10 keV, the electron velocities arev ∼ (10−8erg/me)1/2 ∼ 0.1c,
i.e., mildly relativistic. When the electrons are more energetic than the photons, the scattered photons
receive an energy boost, and the process is sometimes called inverse Compton scattering.
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Figure 7.5 Schematic illustration of the principle of galaxy-cluster distance measurement
via the Sunyaev-Zeldovich effect. On the left, a photon from the cosmic mi-
crowave background passes through the hot gas of the intracluster medium, is
slightly boosted in energy through inverse Compton scattering on the electrons
in the gas, and continues in its path to the observer. The distortion in the spec-
tral energy distribution of the background photons is proportional, among other
things, to the path lengthx through the cluster. On the right, the emission from
the same hot gas, as viewed in X-rays by the observer, subtends an angleθ on
the sky. Assuming the cluster is spherical (and hence its transverse and radial
diameters are the same), the distance to the cluster isD = x/θ.

7.3 HUBBLE’S LAW

The methods outlined above can be used to measure distances to galaxies. The line-
of-sight velocity of each galaxy can be measured from the Doppler shift of emission
or absorption features in the galaxy spectrum. Since the 1920s, it is clear that, if
one looks at galaxies beyond the nearest ones (e.g., beyond Virgo), all galaxies are
receding from us. Furthermore, the recession velocity is linearly proportional to
the distance, and followsHubble’s Law,

v = H0D. (7.18)

The proportionality coefficient is theHubble parameter, H0 = 70±10 km s−1 Mpc−1

(often called the ”Hubble constant”, though we will see that it is not truly a con-
stant).H0 has dimensions of [velocity]/[distance]=[time]−1. Figure 7.6 shows an
example of a “Hubble diagram” displaying this behavior.

Note that the particular type of relative motion embodied by Hubble’s Law is
of a form such that observers living inany galaxy see the exact same pattern of
recession of the other galaxies surrounding them, with the same proportionality
coefficient that we measure. To see this, consider us, at a point O, observing galaxy
1 at vector positionr1 and galaxy 2 atr2 (see Fig. 7.7). According to Hubble’s
Law, galaxies 1 and 2 have recession velocities

v1 = H0r1 (7.19)

and

v2 = H0r2, (7.20)

respectively. Observers on galaxy 2 will, of course, see our galaxy receding from
them at velocityv2, but they will also see galaxy 1 receding from them at velocity

v12 = v1 − v2 = H0(r1 − r2) = H0r12, (7.21)
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Figure 7.6 A Hubble diagram, showing the recession velocities of galaxies vs. their dis-
tances. The distances are deduced from the observed fluxes at maximum light of
type-Ia supernovae that exploded in the galaxies. The straight line is Hubble’s
Law, v = H0D, with H0 = 70 km s−1 Mpc−1. Data credit: S. Nobili et al.
2005, Astron. & Astrophys., 437, 789.

which is just Hubble’s Law from their point of view. (For the vector subtraction of
velocities, we have assumed a Euclidean space and non-relativistic velocities, but
the result obtained is general.)

There are several immediate consequences to the observation of Hubble’s Law.
First, all galaxies are moving away from each other, i.e.,the Universe is expand-
ing. Second,there is no centerto this expansion since, as we have seen, observers
in all galaxies see the same expansion. Third, in the past, the Universe must have
been denser. Finally, if the expansion has been going on for long enough, there was
a particular time when the distances between all galaxies was zero – this follows
from the linear dependence of velocity on distance. Thus, the Universe (at least as
we know it) has a finite age. If galaxies do not accelerate or decelerate, then that
age, the time since all galaxies were “here” , is just

t0 =
1

H0
=

1
70 km s−1Mpc−1

=
3.1× 1024 cm

70× 105 cm s−1
= 4.4× 1017 s = 14 Gyr.

(7.22)
As we will see in Chapter 9, it turns out that this “Hubble time” is close to the
current best estimates of the age of the Universe.
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Figure 7.7 An observer at O sees galaxies at vector positionsr1 andr2 receding accord-
ing to Hubble’s law. Observers in each of those galaxies will see the other two
galaxies receding from them according to the same Hubble law.

7.4 AGE OF THE UNIVERSE FROM COSMIC CLOCKS

An independent confirmation of the finite age of the Universe comes from several
“natural clocks”. As we have seen, all elements heavier than oxygen are produced
almost solely in stars that undergo supernova explosions. Many of the isotopes
produced are radioactive, with known mean lifetimes. Measurement of present-
day abundance ratios of various isotopes can reveal when they were produced. For
example, from modeling the nuclear reactions that take place during a supernova
explosion, it is found that the nuclei of the two isotopes of uranium,235U and238U,
are produced in similar initial numbers,Ninit, with a number ratio in the range

K ≡
(

Ninit(235U)
Ninit(238U)

)

SN

= 1.16− 1.34. (7.23)

The 235 isotope has a shorter decay lifetime than the 238 isotope, and therefore
the ratio becomes smaller with time. As measured on Earth today, the ratio of the
isotopes is

K0 ≡
(

N(235U)
N(238U)

)

0

= 0.00723, (7.24)

where the zero subscript indicates the present value. The number of nuclei of each
isotope decreases from the initial value with time according to

N(235U) = Ni(235U)e−t/τ235 , (7.25)

and

N(238U) = Ni(238U)e−t/τ238 , (7.26)

whereτ235 andτ238 are the characteristic lifetimes of the two isotopes, which can
be measured in the laboratory. Dividing the two equations,

K = K0 exp
(

1
τ238

− 1
τ235

)
t. (7.27)

From the measured values ofK0, τ235, andτ238, the uranium on Earth was pro-
duced about 6.2 Gyr ago, if one assumes it was produced all at once from pristine
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material (that did not contain previously synthesized uranium that had already been
decaying). The age resulting from this assumption is, in effect, a lower limit on the
age of the Universe; if the Universe had existed for less time, there is no wayK0

could have reached a value as low as observed. A more sophisticated calculation,
that takes into account continuous metal enrichment by several generations of star
formation and the ensuing supernovae, raises the lower limit to about 10 Gyr.

White dwarf cooling is another cosmic clock. As we saw in Chapter 4.2.3.3,
white dwarf temperature is a slow, monotonically decreasing function of time,
which detailed models can predict. Thus, the coolest known white dwarfs can
provide a lower limit on the age of the Universe. If we assume that stars formed
soon after the formation of the Universe, and the first white dwarfs formed shortly
thereafter2, this is also an estimate (rather than just a lower limit) for the age of the
Universe. The coolest white dwarfs give a lower limit of about 10 Gyr for the age
of the Universe.

Finally, age dating of globular clusters is possible by identifying the mass cor-
responding to the main sequence turnoff currently observed in their H-R diagrams
(see Fig. 4.1). Stellar structure and evolution models then give the main sequence
lifetime of stars of such mass, and this is the age of the cluster. Again, assuming an
early formation of globular clusters, this is a lower limit to, or approximately the
value of, the age of the Universe. For most globular clusters, ages in the range of
10-15 Gyr are found.

7.5 ISOTROPY OF THE UNIVERSE

A final, fundamental observation that will guide our development of a cosmological
theory is that, at large enough scales, the Universe appears isotropic (meaning “the
same in all directions”), i.e., there is no preferred direction in space. This is seen
in the distribution on the sky of distant galaxies, as well as of other extragalactic
sources, such as gamma-ray bursts and quasars. Isotropy is also demonstrated to
the extreme by the phenomenon, which we will discuss in Chapter 9, called the
cosmic microwave background.

PROBLEMS

1. Assume that there is a constant ratio between stellar mass and light in the
disks of spiral galaxies, and that disks have a constant surface brightness.
Use the scaling with radiusr, of the stellar mass within such a radius, and the
scaling of circular velocity,vc, with enclosed mass (ignoring dark matter), to
“explain” the Tully-Fisher relation,L ∝ v4

c . The fourth-power dependence is
indeed what is observed at infrared wavelengths, at which light traces stellar
mass relatively well. In reality, however, dark matter cannot be ignored, and

2Stars of initial mass∼ 8M¯, at the border between the initial masses leading to either eventual
core-collapse or to white dwarf formation, have lifetimes of∼ 40 Myr.
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spiral disks do not have a constant surface brightness.

2. Measurements of the radial recession velocities of five galaxies in a cluster
give velocities of 9700, 8600, 8200, 8500, and 10,000 km s−1. What is the
distance to the cluster if the Hubble parameter isH0 = 70 km s−1Mpc−1?
Estimate, to an order of magnitude, the mass of the cluster if every galaxy is
projected roughly half a degree from the cluster center.
Answers:130 Mpc;1014M¯.

3. In the Sunyaev-Zeldovich effect, photons from the cosmic microwave back-
ground radiation are Compton scattered by hot electrons in a cluster along
the line of sight. Assume 0.001 of the photons are scattered, and the mass
of the cluster is2 × 1014 M¯, of which 15% is in the hot gas (fully ionized
hydrogen).
a. Use the Thomson cross section to represent the cross section for Compton
scattering, and assume the cluster is spherical and of constant density, to find
the diameter of the cluster (assume the photons pass through one diameter).
b. If the angular diameter of the cluster is1◦, what is its distance?
c. If the cluster velocity of recession is 8400 km s−1, what is the Hubble
parameter, in units of km s−1 Mpc−1?
Answers:diameter 2.1 Mpc; distance 120 Mpc;H0 = 70 km s−1Mpc−1.
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Chapter Eight

Big-Bang Cosmology

A successful cosmological theory should reproduce the basic observations outlined
in the previous chapter, as well as make testable predictions. In this chapter, we
will develop such a theory.

8.1 THE FRIEDMANN-ROBERTSON-WALKER METRIC

We will start with theCosmological Principle, as formulated by Einstein, which
postulates that the Universe isisotropic andhomogeneous. The observed isotropy
has just been discussed in the previous chapter. Homogeneity is evidenced by the
form of Hubble’s Law, which is such that every observer sees the same expan-
sion. Furthermore, homogeneity takes to the extreme the Copernican Principle,
that we do not hold a special place in the Universe – no one, anywhere in the Uni-
verse, holds a special place, and there is full equality of all observers. Note that
homogeneity does not necessarily imply isotropy, or vice versa. For example, a
spherically symmetric Universe with a radially varying density is not homogenous,
but will appear isotropic to an observer at the center. A rotating Universe may be
homogeneous, but is not isotropic since it has a preferred direction, along the ro-
tation axis. The requirements that the Universe be isotropicand homogeneous is
equivalent to the requirement that it appear isotropic from all locations.

The linear form of Hubble’s Law,v = H0D, leads (naively, at least) at large
enough distances to velocitiesv > c. This suggests that, to describe the dynamics
of the Universe, we require a relativistic theory of gravity, namely General Rela-
tivity. As already discussed in Chapter 4.5, in the context of black holes, General
Relativity relates the density of mass and energy, which are the sources of gravity,
to the curvature of spacetime. The curvature is described by a metric tensor, which
specifies the line element of the curved spacetime. Our first task is therefore to
find the metric of the Universe that corresponds to the Cosmological Principle of
isotropy and homogeneity.

If space is homogeneous, it must have the same curvature everywhere. There are
only three possible geometries that have constant curvature: flat, positively curved,
and negatively curved. In two dimensions, these three geometries correspond, re-
spectively, to a plane, the surface of a 3-d sphere, and a surface that at every point
has the geometry of a saddle (the latter surface cannot be visualized). All points
on the 2-d surface of a 3-d sphere with radiusR (which obviously has constant
curvature everywhere, as required) obey

x2 + y2 + z2 = R2, (8.1)
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and taking the derivative,

xdx + ydy + zdz = 0. (8.2)

The line element, giving the distance between two close points, is

dl2 = dx2 + dy2 + dz2 = dx2 + dy2 +
(xdx + ydy)2

R2 − x2 − y2
. (8.3)

Note that thez coordinate is not needed in order to describe this curved 2-d space
embedded in a 3-d space. In spherical coordinates, the constraint that we must
remain on the surface of a sphere simply means that, in the usual 3-d line element
in spherical coordinates, we setr = R anddr = 0, and thus

dl2 = R2dθ2 + R2 sin2 θdφ2. (8.4)

Note also that no point on this curved 2-d surface is preferred, and it has no bound-
ary. It could therefore correspond to a 2-d homogeneous and isotropic Universe
that is unbounded but finite.

Since we live in a world with three space dimensions, we must extend these
concepts to a “hypersphere”, i.e., a positively curved 3-d surface, or “3-sphere”
of radiusR, embedded in a Euclidean 4-space having coordinatesx, y, z, andw.
The fourth space dimension along thew axis is fictitious and will not be needed to
describe the properties of this curved space. In analogy to the 2-sphere,

x2 + y2 + z2 + w2 = R2, (8.5)

and the line element is

dl2 = dx2 + dy2 + dz2 +
(xdx + ydy + zdz)2

R2 − x2 − y2 − z2
. (8.6)

Recalling thatx2 + y2 + z2 = r′2, wherer′ is the usual 3-d radial coordinate, we
can writedl2 in spherical coordinates as

dl2 = dr′2+r′2dθ2+r′2 sin2 θdφ2+
r′2dr′2

R2 − r′2
=

R2dr′2

R2 − r′2
+r′2dθ2+r′2 sin2 θdφ2

(8.7)

=
dr′2

1− r′2
R2

+r′2dθ2+r′2 sin2 θdφ2 = R2

(
dr′2/R2

1− k r′2
R2

+
r′2

R2
dθ2 +

r′2

R2
sin2 θdφ2

)
.

In the last equality we have introduced a “curvature” parameter,k. For the case we
have considered, of a hypersphere,k = +1. Takingk = 0, we recover the usual 3-
d Euclidean relation, and this corresponds to “flat” 3-d space. Takingk = −1 gives
the line element for a negatively curved 3-d space of constant curvature, called a
3-hyperboloid. Finally, if we define a new dimensionless coordinate,

r ≡ r′

R
, dr ≡ dr′

R
, (8.8)

and add the time dimension to the line element, we get the spacetime interval be-
tween two adjacent events:

ds2 = c2dt2 − dl2 = c2dt2 −R2

(
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
. (8.9)
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The coefficients of this interval constitute theFriedmann Robertson Walker (FRW)
metric. The meaning of the time coordinate we have introduced here (i.e., time as
measured by whom?) will be elucidated soon.

Note that the factorR that multiplies the dimensionless spatial part of the FRW
metric is a scale factor. For example, ifR(t) grows with time, every observer
sees other points in the Universe receding radially, just as in the observed Hubble
expansion of galaxies. Thus, a galaxy at coordinates (r, θ, φ) remains at those co-
ordinates, and it is the coordinate system, which is “locked” onto the galaxies, that
expands according toR(t). The coordinates (r, θ, φ) are therefore calledcomoving
coordinates.

The instantaneous distance from us to a galaxy at coordinater (as would be
measured, e.g., by an imaginary taut running tape measure, with one end held at
the galaxy and the other end held by us – this is called theproper distance) is

l =
∫ r

r=0

dl = R(t)
∫ r

0

dr√
1− kr2

=





R sin−1 r if k = +1
Rr if k = 0
R sinh−1 r if k = −1

. (8.10)

For k = +1, r = sin(l/R). The coordinater reaches a maximum of 1 at a proper
distancel = πR/2, and galaxies beyond this point have smallerr, reaching r =
0 at l = πR, which is ourantipode. If we travel continuously in one direction,
we will pass the antipode, and after traversing a distance2πR, we will come back
to the point of origin, facing the same direction. Similarly, the area of a sphere
centered on us and passing through a galaxy at coordinater, which corresponds to
a physical radial coordinater′ = Rr, is

A = 4πr′2 = 4πR2r2 = 4πR2 sin2 l

R
. (8.11)

Beyondl = πR/2, the area of the sphere decreases, and at the antipode atl = πR,
the sphere centered on us and enclosing all the previous spheres has zero area.
This geometrical behavior is the 3-d analog of traveling in a certain direction on
a 2-sphere, or of drawing concentric circles on a 2-sphere – once a circle passes
through a point at a distance (as measured on the surface of the sphere) ofl = πR,
its circumference is zero, even though it encloses all the previous circles.

Since

l =
∫ r

r=0

dl = R(t)
∫ r

0

dr√
1− kr2

, (8.12)

andr is a comoving coordinate and therefore is independent of time, the velocity
of a galaxy atr is

v = l̇ = Ṙ(t)
∫ r

0

dr√
1− kr2

=
Ṙ

R
l. (8.13)

If we identify the ratioṘ/R ≡ H(t) with the Hubble parameter, we recover
Hubble’s Law. Indeed, Hubble’s parameter must depend on time, since we saw it
is roughly just the reciprocal of the age of the Universe, and the age increases with
time. Stated differently, if, e.g., the galaxies used to measure Hubble’s Law do not
accelerate or decelerate, their distances grow linearly with time, and therefore the
Hubble parameterH = v/D becomes smaller with time.
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8.2 THE FRIEDMANN EQUATIONS

We have seen that the FRW metric can describe the three possible constant-curvature
geometries of an isotropic and homogeneous Universe, and allows for a Hubble-like
expansion described by a scale factorR(t). To proceed and obtain the equations of
motion that describe the behavior of this scale factor, we need to specify the mass-
energy distribution and relate it to the FRW metric through the Einstein equations
of General Relativity,

Gµν =
8πG

c4
Tµν . (8.14)

Let us see, even if only schematically, how this is done.
As we saw in Chapter 4 (Eq. 4.109), the spacetime intervalds is determined by

the metric tensorgµν as

(ds)2 =
∑
µ,ν

gµνdxµdxν . (8.15)

The Einstein TensorGµν is a combination of first and second derivatives of, in
this case, the FRW metric tensor,gµν . Note that the matrix representing the FRW
metric tensor is diagonal (there are no cross terms in Eq. 8.9), greatly simplifying
Gµν . The nonzero terms ofgµν are

g00 = 1, g11 = − R2

1− kr2
, g22 = −R2r2, g33 = −R2r2 sin2 θ. (8.16)

To find the Eintein tensorGµν starting fromgµν (readers unfamiliar with tensor
calculus can skip down to Eq. 8.22), one needs to calculate the “affine connections”,

Γµ
σν =

1
2
gµρ

(
∂gσρ

∂xν
+

∂gνρ

∂xσ
− ∂gσν

∂xρ

)
; (8.17)

the Riemann tensor,

Rα
βγδ =

∂Γα
βδ

∂xγ
− ∂Γα

βγ

∂xδ
+ Γα

ργΓρ
βδ − Γα

ρδΓ
ρ
βγ ; (8.18)

the Ricci tensor,

Rβγ = gαδRα
βγδ; (8.19)

the Ricci scalar,

R = gβγRβγ , (8.20)

and finally the Einstein tensor,

Gµν = Rµν − 1
2
gµνR. (8.21)

In all these relations, the index summation convention is implied, in which sum-
mation over all four coordinates is carried out whenever the same index appears
jointly as a subscript and a superscript. The first two diagonal components of the
Einstein tensor are

G00 =
3

c2R2
(Ṙ2 + kc2), G11 = −2RR̈ + Ṙ2 + k

c2(1− kr2)
. (8.22)
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In general, the components of the energy-momentum tensorTµν , which is always
symmetric (or can be symmetrized), are:
T00=energy density;
T0i=momentum flux;
Tii=isotropic pressure;
Tij=anisotropic pressure (stress and strain),
where the 0 index refers to the time coordinate and the indicesi, j to the three

spatial coordinates. For an isotropic and homogeneous Universe,Tµν is diagonal
and

Tµµ = (P + ρc2)
vµvµ

c2
− Pgµµ, (8.23)

wherevµ is the 4-velocity,P is the pressure, andρc2 is the mass-energy density.
Furthermore, for a comoving observer,v = (c, 0, 0, 0), and therefore

T00 = ρc2, T11 =
PR2

1− kr2
. (8.24)

Substituting the (0,0) and (1,1) components ofGµν andTµν into the Einstein equa-
tions gives the two equations:

Ṙ2 + kc2

R2
=

8π

3
Gρ, (8.25)

and

2R̈

R
+

Ṙ2 + kc2

R2
= −8π

c2
GP. (8.26)

(The equations resulting from the two other non-zero components ofGµν andTµν

are redundant with these equations. This is a consequence of the isotropy inherent
to the FRW metric.) Subtracting the two equations from each other, and slightly
rearranging the first equation, gives the first and secondFriedmann Equations1,
that relate the first and second time derivatives of the scale factorR to the energy
density, pressure, and curvature of the Universe:

(
Ṙ

R

)2

=
8π

3
Gρ− kc2

R2
, (8.27)

and

R̈

R
= −4πG

3c2
(ρc2 + 3P ). (8.28)

The Friedmann equations are two coupled differential equations for the three
unknown functionsR(t), ρ(t), andP (t). Given an equation of state,P (ρ), and
suitable boundary conditions, they can be solved. However, even before we solve
them, some immediate consequences are apparent. The first consequence of the
Friedmann equations is that the Universe must be expanding or contracting. We
know that the Universe has some nonzero mass densityρ, and therefore Eq. 8.27

1The second equation is often called “the acceleration equation.”
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tells us thatṘ is nonzero. (Even if the right hand side of Eq. 8.27 is momen-
tarily zero, Eq. 8.28 guarantees that this is only momentary). Eq. 8.28 says the
acceleration is always negative, i.e., the Universe is decelerating, and always has
been. Since the Hubble Law shows us that the Universe is currently expanding, the
Universe was expanding in the past too, and even faster than now2. Thus, if the
assumptions of homogeneity and isotropy are valid, and the formulation of General
Relativity that we have presented is correct, it is unavoidable that the Universe be-
gan in an infinitely dense state not more than 14 Gyr ago, the“Big Bang” , and has
been expanding since.

The two Friedmann equations imply a third useful relation, obtained as follows.
Equation 8.27, slightly rearranged, is,

Ṙ2 =
8π

3
GρR2 − kc2. (8.29)

Taking the time derivative of both sides gives

2ṘR̈ =
8π

3
Gρ2RṘ +

8π

3
Gρ̇R2. (8.30)

Substituting Eq. 8.28 for̈R,

2Ṙ

[
−4πGR

3c2
(ρc2 + 3P )

]
=

8π

3
Gρ2RṘ +

8π

3
Gρ̇R2. (8.31)

This simplifies to

−Ṙ(ρc2 + 3P ) = 2ρc2Ṙ + ρ̇c2R. (8.32)

Collecting like terms gives

−3Ṙ(ρc2 + P ) = ρ̇c2R, (8.33)

or

ρ̇c2 = −3
Ṙ

R
(ρc2 + P ), (8.34)

which, as we will see, expresses the conservation of energy, and which is often
called the “third Friedmann equation”, the “fluid equation”, or the “energy conser-
vation equation”. Note that, in the three equations,ρ is a mass density andρc2 is an
energy density. Thus, if the dominant source of energy density is not the rest mass
density (e.g., if it is mainly a radiation density,ρrad), then we will replaceρ with
ρrad/c2 in each equation.

8.3 HISTORY AND FUTURE OF THE UNIVERSE

Solving the Friedmann equations forR(t) can give a description of the history and
future of the Universe. First, however, an equation of state,P (ρ), needs to be

2In Section 8.5, we will find a more general formulation of the Friedmann equations, that actually
does allow for positive acceleration ofR. In Chapter 9, we will see that such an acceleration, under
the influence of a yet-unexplained form of “dark energy”, is likely taking place now, and probably also
occurred in the very early Universe.



basicastro4 October 26, 2006

BIG-BANG COSMOLOGY 197

specified. There are two important cases. In the“matter-dominated” case, the
pressure from all sources is much less than the matter density,

P ¿ ρc2. (8.35)

SettingP = 0 in Eq. 8.34, we find

ρ̇

ρ
= −3

Ṙ

R
, (8.36)

which has the solution

ρ ∝ R−3. (8.37)

A second important case is when the dominant energy density comes from ultra-
relativistic particles (e.g., photons), which have a pressure that is 1/3 of their energy
density (see Eq. 3.74),

P =
1
3
u =

1
3
ρc2. (8.38)

In this “radiation dominated” case, Eq. 8.34 becomes

ρ̇

ρ
= −4

Ṙ

R
, (8.39)

with the solution

ρ ∝ R−4. (8.40)

Let us consider now the history of the scale factorR(t). Sinceρ behaves asR−3

to R−4, in Eq. 8.27 one can always find an early enough time, whenR was small
enough, such that the second term, which goes asR−2 can be neglected,

8π

3
Gρ À

∣∣∣∣
kc2

R2

∣∣∣∣ . (8.41)

In the matter-dominated era, whenρ ∼ R−3, Eq. 8.27 then becomes approxi-
mately

(
Ṙ

R

)2

∼ 1
R3

, (8.42)

or

R1/2dR ∼ dt. (8.43)

Integration gives

R3/2 ∝ t, (8.44)

and

R(t) ∝ t2/3. (8.45)

Since the energy density of radiation falls faster withR than that of matter, at an
early enough time there must have been a radiation dominated era, during which
ρ ∼ R−4. At that time

(
Ṙ

R

)2

∼ 1
R4

, (8.46)
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or

R dR ∝ dt, (8.47)

R2 ∝ t, (8.48)

and

R(t) ∝ t1/2. (8.49)

Note that the reason why the expansion is slower during the radiation-dominated
phase, compared to the matter dominated phase (R ∝ t1/2 vs. R ∝ t2/3, respec-
tively) is because the gravitating effect of the radiation pressure, in the former case,
contributes to slowing down the expansion.

As we look back to the earliest times, as expected, we find that

lim
t→0

R(t) = 0, (8.50)

and

lim
t→0

ρ(t) = lim
t→0

R−4 = ∞. (8.51)

This singularity in density ast → 0 is the Big Bang.3 By now we can also see
what is the meaning of the time coordinatet. It is simply a universal, or “cosmic”,
time that can be measured by all comoving observers since the Big Bang. Since the
Universe is homogeneous and isotropic, all comoving clocks advance at the same
rate. All observers could, in principle, synchronize their clocks by, e.g., agreeing
thatt = t0 will occur when the local mean density measured by an observer reaches
a particular value,ρ0.

Looking to the future, at some point we can no longer ignore the curvature term
in Eq. 8.27. We then need to consider separately the three possibilities,k = 0,±1.
If space is flat (k = 0), Eq. 8.27 becomes

(
Ṙ

R

)2

=
8π

3
Gρ. (8.52)

Recalling the definition of the time-dependent Hubble parameter as

H ≡ Ṙ

R
, (8.53)

this can be rewritten as

ρ =
3H2

8πG
. (8.54)

In other words, a flat Universe implies a particularcritical density for every mo-
ment, including now. We previously saw (Eq. 7.22) that, for a current value of the

3It is a common misconception that, ast → 0, all the matter in the Universe “was concentrated in
a single point”. This would imply that the Big Bang occurred at a particular location in space, contrary
to the Cosmological Principle. In fact, the singularity is in the density, and it occurs everywhere in the
Universe at once. Even if the Universe is infinite (k = 0 andk = −1 cases), and hence has infinite
volume and mass, then no matter how highly compressed is the matter within some volume, there is
infinitely more matter outside the volume, and an equally high density is achievable everywhere else.
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Figure 8.1 Examples of the time dependence of the relative scale factor,R/R0, for var-
ious cosmologies. At early, radiation-dominated times,R grows ast1/2, and
during early matter domination,R ∼ t2/3 for all models. Thet2/3 behav-
ior continues forever in the flat (k = 0), critical-density model. In the open,
curvature-dominated (k = −1) model, the Universe reaches a final “coasting”
phase, withR ∼ t. In the supercritical,k = +1, case,R attains a maximum and
the Universe then recollapses to a singularity, retracing its past evolution sym-
metrically in reverse. The asymmetric appearance of thek = +1 curve is due to
the logarithmic scale of the plot (the logarithmic scale is useful for visualizing
the early-time behavior and the various power-law dependences).

Hubble parameter,H0 = 70 km s−1 Mpc−1, 1/H0 = 4.4× 1017 s, and therefore
in cgs unitsH0 = 2.3× 10−18 s−1. At present, the critical density is

ρc,0 =
3H2

0

8πG
(8.55)

=
3(2.3× 10−18 s−1)2

8π × 6.7× 10−8 cgs
= 9.2× 10−30 g cm−3 = 1.4× 1011M¯ Mpc−3.

Recall that the typical density ofL∗ galaxies (see Chapter 6.2) is10−2 Mpc−3,
and that such galaxies, including their dark halos, have masses of∼ 1012M¯. The
matter density due to galaxies is therefore of order 10 times less than the critical
density. It is convenient to express the actual matter density of the Universe in units
of the critical density, by means of the parameter

Ωm ≡ ρ

ρc
. (8.56)

If Ωm = 1, thenk = 0. If, furthermore, we are now in a matter-dominated era
(as we will see below that we are), then the approximate solution of Eq. 8.27 that
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we found before is exact,R ∝ t2/3, and thereforeṘ ∝ t−1/3. The scale factor
(and hence the distance between any two galaxies) continues to grow forever while
gradually slowing down, stopping only att = ∞.

Proceeding to the fate of the Universe in the second case, of a positively curved
space withk = +1, asR continues to grow and the densityρ goes down, there will
come a time when the two terms on the right-hand side of Eq. 8.27 are equal,

8π

3
Gρ =

kc2

R2
. (8.57)

This will happen when the scale radius

R =
(

3c2

8πGρ

)1/2

, (8.58)

at which time (
Ṙ

R

)2

= 0, (8.59)

i.e., the expansion will halt. However, the deceleration in Eq. 8.28 does not change
its negative sign, and therefore this is the beginning of a collapse, in which the
Universe traces in reverse its past expansion, up to a “Big Crunch”. Recall that,
since such a recollapsing Universe has positive curvature, its volume is finite but
unbounded. It is called aclosedUniverse.

Finally, if k = −1, after sufficient time the curvature term will dominate over
the density term in Eq. 8.27, so that

(
Ṙ

R

)2

∼ c2

R2
, (8.60)

or

Ṙ = c. (8.61)

In other words, the expansion continues forever at a constant, “coasting”, rate. The
k = −1 universe is an “open” universe that is infinite and forever expanding (as
is thek = 0 case). Figure 8.1 shows examples of the time dependence ofR(t) for
each of the three curvature possibilities.

When is the transition from a radiation dominated Universe, withρ ∼ R−4, to a
matter dominated Universe, withρ ∼ R−3? The energy density in radiation at any
time,ρrad, is related to its value today,ρrad,0, by

ρrad = ρrad,0
R4

0

R4
. (8.62)

Similarly for the mass energy density,

ρmc2 = ρm,0c
2 R3

0

R3
. (8.63)

The two energy densities were equal when

R0

R
=

ρm,0c
2

ρrad,0
. (8.64)
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As we will see, the Universe is filled today with a radiation field, the cosmic
microwave background, that has the spectrum of a blackbody at a temperatureT0 =
2.73 K. The radiation energy density today is therefore

ρrad,0 = aT 4
0 = 7.6×10−15 erg cm−3 K−4×(2.73 K)4 = 4.2×10−13 erg cm−3.

(8.65)
We saw that the present-day matter density is not far (within an order of magnitude)
from the critical closure densityρc. We will see later on that it is actually about 0.3
of the critical density. Thus

ρm,0c
2 ≈ 0.3ρc,0c

2 = 0.3× 9.2× 10−30 g cm−3 × (3× 1010 cm s−1)2 (8.66)

= 2.5× 10−9 erg cm−3.

Therefore, today we are clearly in a matter-dominated era. The transition from
domination by relativistic particles to the present, matter-dominated, era occurred
when the scale factorR was smaller than its present valueR0 by

R0

R
=

ρm,0c
2

1.7ρrad,0
=

2.5× 10−9 erg cm−3

1.7× 4.2× 10−13 erg cm−3
= 3500. (8.67)

(The factor 1.7 accounts for the energy density due to thecosmic neutrino back-
ground, another component of the Universe that must exist, although it has not yet
been detected – see Chapter 9, Problem 9. At early times these neutrinos, even
though they have a non-zero mass, were relativistic, and therefore behaved just
like the radiation, with a density proportional toR−4. It can be shown that their
energy density then was 0.68 times the photon energy density.) Recall that under
matter-dominated conditionsR grows ast2/3 (Eq. 8.45), and therefore

R0

R
=

(
t0
t

)2/3

. (8.68)

Thus, the time of transition to matter domination was

t =
t0

(3500)3/2
=

t0
2× 105

. (8.69)

In other words, the Universal expansion has been matter-dominated for all but a
small fraction of the age of the Universe.

To calculate the age of the Universe, we can therefore safely make the approxi-
mation that we have hadρ ∼ R−3 throughout the history of the Universe. Let us
examine the various possibilities. First, ifρ0 = ρc,0, so thatk = 0, we saw that Eq.
8.27 gives

H2(t) ≡
(

Ṙ

R

)2

=
8πG

3
ρ ∝ R−3. (8.70)

Then
(

Ṙ

R

)2

= H2
0

R3
0

R3
, (8.71)
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which after separating the variables and integrating becomes

1
H0

∫ R0

0

R1/2dR

R
3/2
0

=
∫ t0

0

dt, (8.72)

or

t0 =
2
3
H−1

0 . (8.73)

If we consider an empty Universe withρ = 0, which is the extreme case of
k = −1, Eq. 8.28 becomes

R̈ = 0, (8.74)

and

Ṙ = const. (8.75)

But

H =
Ṙ

R
, (8.76)

so

Ṙ = HR = H0R0, (8.77)

∫ R0

0

dR

H0R0
=

∫ t0

0

dt, (8.78)

and

t0 = H−1
0 . (8.79)

Thus, for

1 > Ωm,0 > 0, (8.80)

the age of the Universe is in the range

2
3
H−1

0 < t0 < H−1
0 . (8.81)

We already saw that, forH0 = 70 km s−1Mpc−1, H−1
0 = 14 Gyr. The age of the

Universe is therefore between 9 and 14 Gyr, for this range of values of the density
parameterΩm,0. The transition from a radiation-dominated to a matter-dominated
expansion occurred at a time

t =
t0

(3500)3/2
=

t0
2× 105

∼ 65, 000 yr (8.82)

after the Big Bang, assuming the larger age.
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Figure 8.2 A galaxy at the edge of a spherical mass distribution of constant densityρ and
radiusR, as viewed by an observer at the center. Energy conservation and New-
tonian kinematics lead to approximate versions of the Friedmann equations.

8.4 A NEWTONIAN DERIVATION OF THE FRIEDMANN EQUATIONS

A more intuitive understanding of the Friedmann equations can be obtained from an
approximate derivation based on local Newtonian arguments. Consider a spherical
region of radiusR, total massM , and constant densityρ (see Fig. 8.2). A galaxy
of massm is at the edge of the region, at a radiusR from an observer at the center.
Energy conservation means that

1
2
mṘ2 − GMm

R
= E, (8.83)

where the total energy,E, is a constant. ReplacingM with

M =
4π

3
R3ρ, (8.84)

we obtain (
Ṙ

R

)2

=
8πG

3
ρ +

2E

mR2
. (8.85)

By identifying 2E/m with −kc2, we recover the first Friedmann equation, Eq.
8.27. We thus see that this equation basically says that the sum of the kinetic and
potential energies of the Universe is locally conserved.

The equation of motion for the galaxy, again using Eq. 8.84, is

mR̈ = −GMm

R2
= −4

3
πGRρm, (8.86)

or

R̈

R
= −4π

3
Gρ. (8.87)

This is the second Friedmann equation (Eq. 8.28), except for a missing3P/c2 term
– this is missing since Newtonian gravity does not account for the gravitating effect
of pressure. The second Friedmann equation is thus just the equation of motion
under the influence of gravity.

The third Friedmann equation (Eq. 8.34) can be obtained from a thermodynamic
argument involving only Special, rather than General, Relativity. Conservation of
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energy implies that, in a system undergoing adiabatic compression or expansion
(i.e., with no net heat flow into or out of the system), the energyU , pressureP , and
volumeV obey

dU = −PdV. (8.88)

The adiabatic condition is consistent with the Cosmological Principle, since in a
homogeneous and isotropic Universe there can be no net energy flow from one
region to another. Substituting

U = ρc2V (8.89)

and taking the time derivative on both sides,

d(ρc2V )
dt

= −P
dV

dt
, (8.90)

we obtain

ρ̇c2V + ρc2 dV

dt
= −P

dV

dt
, (8.91)

which simplifies to

ρ̇c2 = − V̇

V
(ρc2 + P ). (8.92)

SinceV ∝ R3,

dV

V
= 3

dR

R
. (8.93)

Substitution in Eq. 8.92 then gives the required result,

ρ̇c2 = −3
Ṙ

R
(ρc2 + P ). (8.94)

The third Friedmann equation, which we previously derived by combining the first
two equations, is thus basically a restatement of energy conservation. We can also
see now that the above derivation holds separately for each of several co-spatial
systems of particles with no net exchange of energy between the systems (so that
the adiabatic condition holds for each system). This can occur if there is no inter-
action between the systems, or if they are in full thermodynamic equilibrium. For
example, in a gas composed of matter and radiation in thermodynamic equilibrium,
Eq. 8.94 will hold separately for the matter density and its associated pressure, and
for the radiation density and its pressure.

8.5 DARK ENERGY AND THE ACCELERATING UNIVERSE

We have derived above the dynamics of a universe that is controlled solely by the
gravity due to matter and radiation. However, it is possible, in principle, to add a
termΛgµν to the Einstein equations which, we will see, can act as a repulsive force
that counteracts the conventional attractive gravity. Such a term, called acosmo-
logical constant, was first introduced by Einstein to his equations in order to allow
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the existence of a static Universe (which, as we saw, is not possible in the for-
mulation we have developed so far). After the Hubble expansion was discovered,
Einstein discarded the cosmological constant, but it has resurfaced several times
over the years, by way of attempts to explain a number of different observations.
In recent years, evidence is mounting that aΛ-like term may, in fact, be required to
describe the dynamics of our Universe. The cosmological constant is one possibil-
ity among a class of such terms that can be added to the Einstein equations, which
are generally referred to asdark energy or vacuum energy.

With the addition ofΛ, the Friedmann equations that result by writing the Ein-
stein equations for the FRW metric are modified, and become

(
Ṙ

R

)2

=
8π

3
Gρ− kc2

R2
+

Λ
3

, (8.95)

and

R̈

R
= −4πG

3c2
(ρc2 + 3P ) +

Λ
3

. (8.96)

The third Friedmann equation,

ρ̇c2 = −3
Ṙ

R
(ρc2 + P ), (8.97)

remains unchanged (see Problem 4).
From Eq. 8.96, it is clear that a large enough positive value ofΛ can causëR

to become positive, i.e., to make the Universe accelerate, as opposed to the de-
celeration that always exists without such a term. Note thatΛ has dimensions of
[time]−2. From Eq. 8.95, we can see that the cosmological constant acts effectively
as an additional energy density,

εΛ =
c2

8πG
Λ. (8.98)

However, ifΛ is constant,εΛ is an energy density that remains constant, rather than
falling, whenR grows with time.4 Thus, afterR has grown enough, it is guaranteed
that theΛ term will dominate the right-hand side of Eq. 8.95. We can then write
Eq. 8.95 as

H2 =

(
Ṙ

R

)2

≈ Λ
3

, (8.99)

or

Ṙ ≈
(

Λ
3

)1/2

R, (8.100)

4This counter-intuitive behavior results from the strange equation of state associated with the cosmo-
logical constant, which relates anegative pressureto εΛ: P = −εΛ (see Problem 5). When a volume
element in the Universe grows due to the expansion, the work done by the negative pressure maintains
the energy density constant.
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which has the solution

R(t) ∝ exp

[(
Λ
3

)1/2

t

]
= exp(Ht), (8.101)

where the Hubble parameterH has actually become a constant. In other words,
once the cosmological constant term comes to dominate, the Universe enters an
accelerating, exponentially expanding, phase. IfΛ remains constant, this phase
lasts forever. During the exponential expansion phase, the particle horizon – the
most distant point an observer can, in principle, see – tends to a constant comoving
coordinaterh (see Problems 1 and 2). Thus, as opposed to a Universe without a
cosmological constant, in which more and more of the volume becomes visible as
time progresses, there is a fixed limit beyond which light will never reach us (since,
at the time of emission, galaxies beyond that distance are receding from us faster
than the speed of light). Galaxies within the particle horizon will get more and
more redshifted with time, and therefore an observer in such a universe will see
more and more of the light sources around him “blinking out” (actually, getting
redshifted to infinity). Finally, observers in an exponentially expanding Universe
are surrounded also by anevent horizon, similar to that around a black hole, that
bounds the region of space with which they can communicate or interact causally.
The comoving radial coordinate of the event horizon,reh, shrinks exponentially
with time, and therefore all observers eventually lose contact with each other (see
Problem 3).

It turns out observationally that a model that is particularly relevant to the real
Universe is one with a non-zero cosmological constantand a flat space. In this
case, settingk = 0 in Eq. 8.95 and dividing both sides byH2

0 , we obtain

H2

H2
0

=
8π

3H2
0

Gρ +
Λ

3H2
0

. (8.102)

Recalling our definition of the present critical density for closure,

ρc,0 =
3H2

0

8πG
, (8.103)

this can be written as

H2

H2
0

=
ρ

ρc,0
+

Λ
3H2

0

. (8.104)

If we recall also the definition of the density parameter,

Ωm ≡ ρ

ρc
, (8.105)

and define an analogous dimensionless parameter forΛ,

ΩΛ ≡ Λ
3H2

0

, (8.106)

then Eq. 8.104at the presentbecomes

1 = Ωm,0 + ΩΛ,0. (8.107)
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However, the same argument can be made at any time, and therefore, ifk = 0,

Ωm + ΩΛ = 1 (8.108)

always. Thus, as opposed to the flat, zero-Λ, universe, in which the mass density
always equals exactly the critical closure density (i.e.,Ωm = 1), in a flat, non-zero-
Λ, universe, it is only thesum of Ωm andΩΛ that is constant and equal to 1. In
a closed, positive-curvature Universe,Ωm + ΩΛ > 1, and in an open, negative-
curvature Universe,Ωm + ΩΛ < 1. In the next chapter, we will review recent
measurements indicating thatΩm + ΩΛ is very close to 1 (i.e., space is nearly
flat/Euclidean). Ask = 0 marks the border between a closed and an open Universe,
it may be difficult to find out whether space has a finite or infinite volume.

PROBLEMS

1. Show that the current proper distance to our particle horizon, defined as the
most distant place we can see (in principle), for a matter-dominatedk = 0
universe with no cosmological constant, isrhR0 = 3ct0, whererh is the co-
moving radial coordinate of the particle horizon,R0 is the scale factor today,
andt0 is the present age of the Universe. Thus, more and more distant regions
of the Universe “enter the horizon” and become visible as time progresses.
Why is the answer different from the naively expected result,ct0?
Hint: Light moves along “null geodesics”, defined as paths along whichds =
0, and therefore in the FRW metric, light reaching us from a comoving
coordinater will obey

0 = c2dt2 −R(t)2
dr2

1− kr2
.

ReplaceR(t) with R0(t/t0)2/3 appropriate for this cosmology, separate the
variables, and integrate fromr = 0 to rh and fromt = 0 (the Big Bang) to
t0 (today).

2. For ak = 0 universe withΩΛ = 1, that att = 0 already has a scaleR0, find
the comoving radial coordinate,rh, of galaxies that will be on the particle
horizon (see Problem 1) at a timet in the future. Show that in this case,rh

approaches a constant,c/(H0R0), and therefore galaxies beyond thisrh will
never become visible.
Hint: Proceed as in Problem 1, but now withR(t) = R0exp(H0t). (Show
why thisR(t) is an exact solution of the Friedmann equations for the cosmo-
logical parameters above).

3. a. For the same cosmology as in Problem 2 (k = 0, ΩΛ = 1), find the
comoving radiusreh of galaxies that will be on ourevent horizonat a timet
in the future, i.e., galaxies with which we will be unable to communicate. In
other words, light signals sent by us at timet will never reach those galaxies,
light signals sent out by those galaxies at timet will never reach us, and
therefore we will never see those galaxies as they appeared at timet and
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thereafter. Show that, in this case,reh shrinks exponentially, and we thus
lose the possibility of communication with more and more of our neighbors.
b. Assume thatH0 = 70 km s−1Mpc−1 and find, for such a universe (which
approximates the actual world we live in), within how many years will the
galaxies in the the nearby Virgo cluster (distance∼ 15 Mpc) reach the event
horizon.
Hint: Proceed as in Problem 2, but integrate fromr = 0 to reh and fromt
(future emission time) tot = ∞ (the photons never reach us). Then equate
reh to the comoving radius of Virgo,15 Mpc/R0.
Answer:79 Gyr.

4. Repeat the derivation of the third Friedmann equation, from the first and
second Friedmann equations, but in the presence of a cosmological constant
(Eqns. 8.95 and 8.96), and show that this equation is unchanged. Note that,
in this derivation,ρ andP still refer to the density and pressure associated
with normal matter and radiation, rather than with the cosmological constant
term, which cancels out.

5. Show that the equation of state associated with the energy density of the
cosmological constant isP = −εΛ, with a negative pressure. Two different
ways to do this are as follows.
a. Invoke energy conservation and follow the derivation of Eqns. 8.88-8.94
to argue that Eq. 8.94 holds also for the “dark energy” density component,
εΛ, alone, i.e.,

ε̇Λ = −3
Ṙ

R
(εΛ + PΛ).

The required result follows from noting thatΛ is a constant.
b. Rewrite the Friedmann equations plus cosmological constant (Eqns. 8.95,
8.96), but absorb theΛ/3 term, i.e., in Eq. 8.95, define an energy densityεΛ
(Eq. 8.98) such thatρ is replaced byρ+εΛ/c2. In Eq. 8.96, replaceρc2+3P
with ρc2+εΛ+3(P +PΛ). Then eliminateΛ from the two defining equations
of εΛ andPΛ to obtain the required dark energy equation of state.
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Chapter Nine

Tests and Probes of Big Bang Cosmology

In this final chapter, we will review three experimental predictions of the cosmo-
logical model that we developed in Chapter 8, and their observational verification.
These tests – cosmological redshift, the cosmic microwave background, and nu-
cleosynthesis of the light elements – also provide information on the particular
parameters that describe our Universe. We will conclude with a brief discussion on
the use quasars and other distant objects as cosmological probes.

9.1 COSMOLOGICAL REDSHIFT AND HUBBLE’S LAW

Consider light from a galaxy at a comoving radial coordinatere. Two wavefronts,
emitted at timeste andte + ∆te, arrive at Earth at timest0 andt0 + ∆t0, respec-
tively. As already noted in Chapter 4.5 in the context of black holes, the metric of
spacetime dictates the trajectories of particles and radiation. Light, in particular,
follows a null geodesic withds = 0. Thus, for a photon propagating in the FRW
metric (see also Chapter 8, Problems 1-3), we can write

0 = c2dt2 −R(t)2
dr2

1− kr2
. (9.1)

The first wavefront therefore obeys
∫ t0

te

dt

R(t)
=

1
c

∫ re

0

dr√
1− kr2

, (9.2)

and the second wavefront∫ t0+∆t0

te+∆te

dt

R(t)
=

1
c

∫ re

0

dr√
1− kr2

. (9.3)

Sincere is comoving, the right-hand sides of both equalities are independent of
time, and therefore equal. Equating the two left-hand sides,

∫ t0+∆t0

te+∆te

dt

R(t)
−

∫ t0

te

dt

R(t)
= 0. (9.4)

Expressing the first integral as the sum and difference of three integrals, we can
write ∫ t0

te

−
∫ te+∆te

te

+
∫ t0+∆t0

t0

−
∫ t0

te

= 0, (9.5)

and the first and fourth terms cancel out. Since the time interval between emission
of consecutive wavefronts, as well as the interval between their reception, is very



basicastro4 October 26, 2006

210 CHAPTER 9

short compared to the dynamical timescale of the Universe (∼ 10−15 s for visual
light, vs.∼ 1017 s for a Hubble time), we can assume thatR(t) is constant between
the two emission events and between the two reception events. We can then safely
approximate the integrals with products,

∆te
R(te)

=
∆t0

R(t0)
. (9.6)

Recalling that

∆te =
1
νe

=
λe

c
(9.7)

and

∆t0 =
1
ν0

=
λ0

c
, (9.8)

we find that

∆t0
∆te

=
λ0

λe
=

νe

ν0
=

R(t0)
R(te)

≡ 1 + z, (9.9)

where we have defined thecosmological redshift, z. Thus, the further in the past
that the light we receive was emitted (i.e., the more distant a source), the more the
light is redshifted, in proportion to the ratio of the scale factors today and then.
This, therefore, is the origin of Hubble’s Law.

Just like Doppler shift, the cosmological redshift of a distant object can be
found easily by obtaining its spectrum and measuring the wavelengths of individ-
ual spectral features, either in absorption or in emission, relative to their laboratory
wavelengths. Note, however, that cosmological redshift is distinct from Doppler,
transverse-Doppler, and gravitational redshifts. The cosmological redshift of ob-
jects that are comoving with the Hubble flow is the result of the expansion of the
scale of the Universe that takes place between emission and reception of a signal.
In an expanding Universe (such as ours),R(t0) > R(te) always, and thereforez is
always a redshift (rather than a blueshift). Indeed, it is found observationally that,
beyond a distance of about 20 Mpc, all sources of light, without exception, are red-
shifted.1 In addition to the cosmological redshift, the spectra of distant objects can
be affected by (generally smaller) redshifts or blueshifts due to the other effects.
Figure 9.1 shows the spectra of several distant quasars (objects that were discussed
in Chapter 6.3). Note the various redshifts by which the emission lines of each
quasar (hydrogen Balmer Hα and Hβ, and the doublet [OIII ]λλ 4959, 5007 are the
most prominent) have been shifted from their rest wavelengths by the cosmological
expansion.

1Nearby objects, such as Local Group galaxies and the stars in the Milky Way, are not receding with
the Hubble flow (nor will they in the future) because they are bound to each other and to us. Similarly,
the stars themselves, the Solar System, the Earth, and our bodies do not expand as the Universe grows.
It is a common misconception that the “driving force” of the cosmological recession is the “expansion
of space itself”. In fact, galaxies are receding from us simply because they were doing so in the past,
i.e., they have initial recession velocities and inertia (although now they are aided by dark energy – see
below). A massless test particle placed at rest at any distance from us would not join the Hubble flow.
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Figure 9.1 Optical spectra of four quasars, with cosmological redshifts increasing from top
to bottom, as marked. Note the progression to the red of the main emission lines,
which are indicated. The width of the Balmer lines is the result of Doppler
blueshifts and redshifts about the line centers, due to internal motions of the
emitting gas, under the influence of the central black holes powering the quasars.
The [O III] lines are narrower because they are emitted by gas with smaller in-
ternal velocities. Data credit: S. Kaspi et al. 2000, Astrophys. J., 533, 631.

We have seen that the evolution of the scale factor,R(t), depends on the pa-
rameters that describe the Universe,H0, k, Ωm, andΩΛ. This suggests that, if
we could measureR(t) at different times in the history of the Universe, we could
deduce what kind of a universe we live in. In practice, it is impossible to mea-
sureR(t) directly. However, the cosmological redshiftz of an object gives the
ratio between the scale factors today and at the time the light was emitted. We can
therefore deduce the cosmological parameters by measuring properties of distant
objects that depend onR(t) through the redshift. Two such properties that have
been particularly useful are the flux from an object and its angular size. Models
with different cosmological parameters make different predictions as to how these
observables change as a function of redshift. Measuring the flux from a “standard
candle” to derive a “distance”, and plotting the distance vs. the “velocity”, is of
course the whole idea behind the Hubble diagram. Now, however, we realize that
cosmological redshift is distinct from Doppler velocity. Furthermore, in a curved
and expanding space, “distance” can be defined in a number of different ways, and
will depend on the properties and history of that space. Nevertheless, observables
(e.g., the flux from an object of a given luminosity, or the angular size of an object
of a given physical size, at some redshift) can be calculated straightforwardly from
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Figure 9.2 A Hubble diagram extending out to redshiftz ≈ 1.7, based on type-Ia super-
novae. Note that redshift now replaces velocity (compare to Fig. 7.6) and the
“luminosity distances” to these standard candles are now plotted on the vertical
axis. The top and bottom curves give the expected relations for cosmologies with
Ωm = 0.3, ΩΛ = 0.7, andΩm = 1, ΩΛ = 0, respectively. The data favor the
top curve, indicating a cosmology currently dominated by dark energy. The cal-
culation of the curves is outlined in Problems 4 – 7. Data credits: A. Riess et al.
2004, Astrophys. J., 607, 665, and P. Astier et al., 2006, Astron. & Astrophys.,
447, 31.

the FRW metric and the Friedmann equations and compared to the observations.
We will work out examples of such calculations in Section 9.3, and in Problems 4
– 7 at the end of this Chapter.

In recent years, the Hubble diagram, based on type-Ia supernovae serving as
standard candles, has been measured out to beyond a redshiftz = 1, corresponding
to a time when the Universe was about half its present age. Figure 9.2 shows an ex-
ample. The intrinsic luminosity of the supernovae at maximum light, compared to
their observed flux, permits us to define a cosmological distance calledluminosity
distance,

DL ≡
(

L

4πf

)1/2

. (9.10)

The observed supernova fluxes (or, equivalently, their luminosity distances) vs. red-
shift are best reproduced by a model in which the Universe is currently in an ac-
celerating stage, into which it transited (from the initial deceleration) at a time
corresponding to aboutz ∼ 1. If one assumes a flat,k = 0, Universe (for which
the evidence will be presented in Section 9.3), the data indicateΩm ≈ 0.3 and
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ΩΛ ≈ 0.7. If this is true, the dynamics of the Universe are currently dominated
by a “dark energy” of unknown source and nature that is causing the expansion to
accelerate. The cosmological constant case, treated in§8.5, is one possible form of
the dark energy.

In the derivation of cosmological redshift, above, we considered the propagation
of individual wavefronts of light. Instead, we could have discussed the propagation
of, say, individual photons, or of brief light flashes, but would have gotten the
same result: the time interval between emission of consecutive photons or light
signals appears lengthened to the observer by a factor1 + z. Thus, in addition to
cosmological redshift, light signals will undergocosmological time dilation. For
example, if a source at redshiftz is emitting photons at a certain wavelength and at
some rate, not only will an observer see the wavelength of every photon increased
by 1 + z, but the photon arrival rate will also be lower by(1 + z). Both of these
effects will reduce the observed energy flux, in addition to the reduction due to
geometrical (4π × distance2) dilution (see Problem 3).

9.2 THE COSMIC MICROWAVE BACKGROUND

Since the mean density of the Universe increases monotonically as one goes back
in time,2 there must have been an early time when the density was high enough
such that the mean free path of photons was small, and baryonic matter and radi-
ation were in thermodynamic equilibrium. The radiation field then had a Planck
spectrum. Since the energy density of radiation changes with the scale factor as
(Eq. 8.40)

ρ ∝ R−4, (9.11)

but this energy density also relates to a temperature as

ρ = aT 4, (9.12)

we can consider atemperature of the Universe at this stage, which varied as

T ∝ 1
R

. (9.13)

Therefore, early enough, the Universe was not only dense but also hot. At some
stage, the temperature must have been high enough such that all atoms were con-
stantly being ionized. The main source of opacity was then electron scattering.
Going forward in time now, the temperature declined, and atT ∼ 3000 K, few
of the photons in the radiation field, even in its high-energy tail, had the energy
required to ionize a hydrogen atom. Most of the electrons and protons then recom-
bined. Once this happened, at a timetrec = 400, 000 yr after the Big Bang, the

2In principle, models with a large-enough positive cosmological constant permit a currently expand-
ing Universe that had, in its past, a minimumR that is greater than zero, and thus no initial singularity.
At times before the minimum, the Universe would have been contracting. In such a universe, as one
looks to larger and larger distances, objects at first have increasing redshifts, as usual. However, beyond
some distance, objects begin having progressively smaller redshifts, and eventually blueshifts. Such a
behavior is contrary to observations.
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.

The photons emerging from the last-scattering surface undergo negligible addi-
tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, asR−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photonenergydensity therefore continues to decline asR−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequencyν to an observed frequencyν′ according to the transformation

ν′ =
ν

1 + z
, dν′ =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3

c2

dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon,hν, we obtain thenumberdensity of photons
per unit frequency interval,

nν =
2ν2

c2

dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor(1 +
z)3, and the new distribution will be

n′ν′ =
nν

(1 + z)3
=

2ν2

c2

dν

ehν/kT − 1
1

(1 + z)3
=

2ν′2

c2

dν′

ehν′/kT ′ − 1
, (9.17)

where

T ′ ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

wherezrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.

In the 1940’s Gamow predicted, based on considerations of nucleosynthesis
(which will be discussed in the next section) that recombination must have oc-
curred atzrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). Thiscosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.
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Figure 9.3 Observed spectrum of the cosmic microwave background, compared with aT =
2.725 K blackbody curve. The error bars shown are500σ, so as to be discernible
in the plot. Data credit: D. J. Fixsen et al. 1996, Astrophys. J., 473, 576.

microwave background(CMB) radiation was discovered accidentally in 1965 by
Penzias and Wilson, while studying sources of noise in microwave satellite com-
munications. They translated the intensity they measured at a single frequency into
a temperature,Tcmb ≈ 3 K, by assuming that the radiation has a Planck spectrum
and that the frequency is on the Rayleigh-Jeans side of the distribution4 (Eq. 2.18),
according to

Bν ≈ 2ν2

c2
kT. (9.20)

Subsequent measurements, especially with several recent space-based experiments,
have confirmed that the spectrum has a precise blackbody form, and have refined
the temperature measurement toTcmb = 2.725±0.002 K (see Fig. 9.3). Note that
the CMB solves the Olbers paradox in a surprising way: every line of sight does in-
deed reach an ionized surface with a temperature similar to that of the photosphere
of a star. Despite our being inside such an oven, we are not grilled because the
expansion of the Universe dilutes the radiation emitted by this surface, and shifts it
to harmless microwave energies.

4As opposed to the thermal flux from a star of unknown surface area, for which a temperature cannot
be deduced from one or more measurements solely on the Rayleigh-Jeans side, the CMB is anintensity,
i.e., an energy flux per unit solid angle on the sky, and it is completely specified for a blackbody of a
given temperature. A temperature derived in this way is called by radio astronomers abrightness
temperature
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The photon number density due to the CMB is

nγ,CMB ∼ aT 4

2.8kT
=

7.6× 10−15 cgs× (2.7 K)3

2.8× 1.4× 10−16 erg K−1
= 400 cm−3. (9.21)

Let us see that this is much larger than the cosmic mean number density of photons
originating from stars. Ifngal is the mean number density ofL∗ galaxies, then at
a typical point in the Universe the flux of starlight from galaxies within a spherical
shell of thicknessdr at a distancer from this point is

df =
L∗ngal4πr2dr

4πr2
= L∗ngaldr. (9.22)

For a rough, order-of-magnitude, estimate of the total flux from galaxies at all
distances, let us ignore the Universal expansion, possible curvature of space, and
evolution with time ofL∗ andngal, and integrate fromr = 0 to r = ct0, where
t0 is the age of the Universe. Then the total flux isf = L∗ngalct0. Stars produce
radiation mostly in the optical/IR range, with photon energies or orderhνopt ∼
1 eV. The stellar photon density is about1/c the photon flux. Thus,

nγ,∗ ∼ L∗ngalt0
hνopt

≈ 1010L¯ × 10−2 Mpc−3 × 14 Gyr
1 eV

(9.23)

=
1010 × 3.8× 1033 erg s−1 × 10−2 × (3.1× 1024 cm)−3 × 4.4× 1017 s

1.6× 10−12 erg

≈ 4× 10−3 cm−3.

Thus, there are of order105 CMB photons for every stellar photon.5

The present-day baryon mass density is about 4% of the critical closure density,
ρc. The mean baryonnumber density is therefore

nB ≈ 0.04ρc

mp
≈ 0.04× 9.2× 10−30 g cm−3

1.7× 10−24 g
= 2× 10−7 cm−3. (9.24)

(Less than one-tenth of these baryons are in stars, and the rest are in a very tenuous
intergalactic gas.) The baryon-to-photon ratio is therefore

η ≡ nB

nγ
≈ 5× 10−10. (9.25)

Thus, although theenergy density due to matter is much larger than that due to
radiation (Eqns. 8.65 and 8.66), thenumber density of photons is much larger
than the mean number density of baryons.

5The mean stellar photon density above is, of course, not representative of the stellar photon density
on Earth, which is located inside anL∗ galaxy, very close to anL¯ star. The daylight Solar photon
density on Earth (see Eq. 3.8) is1010 times greater than the mean stellar value for the Universe, found
above, and is thus also much greater than the CMB photon density.
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9.3 ANISOTROPY OF THE MICROWAVE BACKGROUND

The temperature of the CMB,T = 2.725 K, is extremely uniform across the sky.
There is a smalldipole in the CMB sky, arising from the Doppler effect due mostly
to the motion of the Local Group (at a velocity of≈ 600 km s−1) relative to the
comoving cosmological frame. Apart from the dipole, the only deviations from
uniformity in the CMB sky are temperatureanisotropies, i.e., regions of various
angular sizes with temperatures different from the mean, with fluctuations having
root-mean-squaredδT = 29 µK, or

δT

T
∼ 10−5. (9.26)

Figure 9.4 shows a map of these temperature fluctuations. The extreme isotropy of
the appearance of the Universe atz ∼ 1000 is an overwhelming justification of the
assumption of homogeneity and isotropy inherent to the Cosmological Principle.
However, this extreme isotropy raises the questions ofwhy andhow the Universe
can appear so isotropic. At the time of recombination, the horizon size – the size of
a region in space across which light can propagate since the Big Bang (see Chap-
ter 8, Problems 1-3) – corresponded to a physical region that subtends only about
2◦ on the sky today. Thus, different regions separated by more than∼ 2◦ could not
have been in causal contact bytrec, and therefore it is surprising that they would
have the same temperature to within10−5. CMB photons from opposite directions
on the sky have presumably never been in causal contact until now, yet they have
almost exactly the same temperature.

The currently favored explanation for this “horizon problem” is that, very early
during the evolution of the Universe, in the first small fraction of a second, there
was an epoch of“inflation” . During that epoch, a vacuum energy density with
negative pressure caused an exponential expansion of the scale factor, much like
the second acceleration epoch that, apparently, we are in today. The inflationary
expansion led causally connected regions to expand beyond the size of the horizon
at that time. All the different parts of the microwave sky we see today were, in fact,
part of a small, causally connected region before inflation. The cause and details
of inflation are still a matter of debate, but most versions of the theory predict that,
today, space is almost exactly flat (i.e.,Ωm + ΩΛ is very close to 1). We will see
now that this prediction is strongly confirmed by the observed characteristics of the
anisotropies.

The temperature anisotropies in the CMB arise through a number of processes,
but at their root are small-amplitude inhomogeneities in the nearly uniform cosmic
mass distribution. These inhomogeneities are set up at the end of the inflationary
era, and their characteristics are yet another prediction of inflation theories. Most
of the mass density at that time, as now, is in a non-baryonic, pressure-less, dark
matter. Mixed with the dark matter, and sharing the same inhomegeneity pattern,
is a relativistic gas of baryons and radiation. The photon-baryon gas therefore has
an equation of state that is well described by

P =
1
3
ρc2. (9.27)
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Figure 9.4 A half-sky (2π steradians) map of the temperature of the CMB sky. The typical
relative fluctuations in the temperature, as coded by the grey scale (white is hot,
black is cold), are of order10−5. Note the characteristic sizes of the hot and
cold spots,≈ 0.4◦. As described in the text, this size provides a “standard ruler”
with which the geometry of space can be measured. Foreground microwave
emission from the Milky Way has been subtracted from the image, as well as the
CMB “dipole” anisotropy due to the motion of the Local Group relative to the
comoving cosmological frame. Photo Credit: NASA and the WMAP Science
Team.
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The speed of sound is then

cs =

√
dP

dρ
=

c√
3
. (9.28)

The mass density inhomogeneities have a spatial spectrum with power spread con-
tinuously among all Fourier components, i.e., they have no single physical scale.
(The particular shape of the Fourier spectrum is, as noted above, a prediction of in-
flationary theories.) The gravitational potential of the inhomogeneities attracts the
baryon-photon fluid, which is compressed in the denser regions and more tenuous
in the underdense regions. However, the pressure of the fluid opposes the compres-
sion, and causes an expansion which stops only after the density has “overshot”
the equilibrium density and the gas in the originally overdense region has become
underdense. Thus, periodic expansion and contraction of the various fluid regions
ensues. This means that “standing” sound waves of all wavelengths represented
in the spatial Fourier spectrum of the density inhomogeneities are formed in the
photon-baryon gas6. Their periodsτ and wavelengthsλ are related by

τ =
λ

cs
. (9.29)

When the Universe emerges from the inflationary era, at an age of a small fraction
of a second, theseacoustic oscillationsare stationary and therefore they begin
everywherein phase. Consider now an overdense or underdense region. One of the
Fourier modes that composes the region, and the fluid oscillations that it produces,
has a wavelength that corresponds to a half-period oftrec,

λ = 2cstrec =
2ctrec√

3
, (9.30)

wheretrec is the cosmic time when recombination occurs. Attrec, the baryon-
photon fluid in this particular mode will have executed one-half of a full density os-
cillation, and will have just reached its maximal rarefaction or compression, where
it will be colder or hotter, respectively, than the mean. At that time, however, the
baryons and photons decouple, and the imprint of the cool (rarified) and hot (com-
pressed) regions of the mode is frozen onto the CMB radiation field, and appears
in the form of spots on the CMB sky with temperatures that are lower or higher
than the mean. Similarly, higher modes that have had just enough time, between
t = 0 andt = trec, to undergo one full compression and one full rarefaction, or
two compressions and a rarefaction, etc., will also be at their hottest or coldest at
time trec. The CMB sky is therefore expected to display spots having particular
sizes. Stated differently, the fluctutation power spectrum of the CMB sky should
have discrete peaks at these favored spatial scales.

In reality, the picture is complicated by the fact that several processes, other
than adiabatic compression, affect the gas temperature observed from each point.

6The waves that are formed are not, strictly speaking, standing waves, since they do not obey bound-
ary conditions. They do resemble standing waves in the sense that a given Fourier component varies in
phase at all locations. However, the superposition of all these waves is not a standing wave pattern, and
does not have fixed nodes.
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Figure 9.5 The angular diameter of the sound-crossing horizon (measurable from the size of
the hot and cold spots in temperature anisotropy maps of the microwave sky), as
it appears to observers in different space geometries. In ak = 0 universe (“flat”
space), the spots subtend on the sky an angleθ given by Euclidean geometry.
In a k = +1 Universe, the angles of a triangle with sides along geodesics sum
to > 180◦. Since light follows a geodesic path, the converging light rays from
the two sides of a CMB “spot” will bend, as shown, along their path, andθ will
appear larger than in thek = 0 case. For negative space curvature, the angles in
the triangle sum to< 180◦, andθ is smaller than in the flat case.

However, all these effects can be calculated accurately, and a prediction of the
power spectrum can be made for a particular cosmological model. It turns out that
measurement of the angular scales at the positions of the“acoustic peaks” in the
power spectrum, and their relative heights, can determine most of the parameters
describing a cosmological model. Let us see how this works for one example –
the angular scale of the first acoustic peak as a measure of the global curvature of
space.

As seen in Eq. 9.30, the physical scale of the first acoustic peak is the “sound-
crossing horizon” at the time of recombination. It therefore provides an excellent
“standard ruler” at a known distance. The angle subtended on the sky by this stan-
dard ruler (i.e., the angle of the first peak) can be predicted for every geometry (i.e.,
curvature) of space. Comparison to the observed angle thus reveals directly what
that geometry is (see Fig. 9.5).

Consider, for example, a flat (k = 0) cosmology with no cosmological constant.
We wish to calculate the angular size on the sky, as it appears today, of a region of
physical size (Eq. 9.30)

Ds =
2ctrec√

3
=

2× 400, 000 l.y.√
3

= 140 kpc, (9.31)

from which light was emitted at timetrec. Between recombination and the present
time, the Universal expansion is matter-dominated, withR ∝ t2/3 for this model,
i.e.,

R

R0
=

(
t

t0

)2/3

=
1

1 + z
, (9.32)
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and hence we can also writeDs as

Ds =
2ct0√

3
(1 + zrec)−3/2. (9.33)

The angle subtended by the region equals its size, divided by its distance to usat the
time of emission(since that is when the angle between rays emanating from two
sides of the region was set). As we are concerned with observed angles, the type
of distance we are interested in is the distance which, when squared and multiplied
by 4π, will give the area of the sphere centered on us and passing through the
said region. If the comoving radial coordinate of the surface of last scattering is
r, the required distance iscurrently just r × R0, and is called theproper motion
distance. (For k = 0, the proper distance and the proper motion distance are the
same, as can be seen from Eq. 8.10.) The proper motion distance can again be
found by solving for the null geodesic in the FRW metric (see Eq. 9.2),

∫ t0

trec

cdt

R(t)
=

∫ r

0

dr√
1− kr2

. (9.34)

Settingk = 0, and substituting

R(t) = R0

(
t

t0

)2/3

, (9.35)

we integrate and find

rR0 = 3ct0[1− (trec/t0)1/3] = 3ct0[1− (1 + zrec)−1/2]. (9.36)

However, at the time of emission, the scale factor of the Universe was1 + z times
smaller. The so-calledangular diameter distanceto the last scattering surface is
therefore

DA =
rR0

1 + z
= 3ct0[(1 + zrec)−1 − (1 + zrec)−3/2]. (9.37)

The angular size of the sound-crossing horizon at the recombination era in ak = 0
cosmology is thus expected to be

θ =
Ds

DA
=

2ct0(1 + zrec)−3/2

3
√

3ct0[(1 + zrec)−1 − (1 + zrec)−3/2]
=

2
3
√

3[(1 + zrec)1/2 − 1]
.

(9.38)
Since recombination occurs atTrec ≈ 3000 K, and the current CMB temperature
is 2.7 K, zrec ≈ 1100, and

θ ≈ 0.012 radian = 0.7◦. (9.39)

For this particular cosmological model (k = 0, ΩΛ = 0), this will be the angular
scale of the first acoustic peak in the Fourier spectrum of the CMB fluctuations.
The hot and cold “spots” in CMB sky maps will correspond to half a wavelength,
i.e., will have half this angular size, or somewhat smaller than the diameter of the
full Moon (half a degree). In a negatively curved geometry, where the angles of a
triangle add up to less than180◦, the angle subtended by the standard ruler of length
2cstrec will be smaller than in a flat geometry. In a positively curved Universe, this
angle will appear larger than in the flat case.
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Figure 9.6 Observed angular power spectrum of temperature fluctuations in the CMB. The
top axis shows the angular scales corresponding to the spherical harmonic mul-
tipoles on the bottom axis. The curve is based on a detailed calculation of the
fluctuation spectrum using values for the various cosmological parameters that
give the best fit to the data. Note the clear detection of acoustic peaks, with the
first peak on a scaleθ ≈ 0.8◦, indicating a flat space geometry. Data Credits:
NASA/WMAP, CBI, and ACBAR collaborations.

Recent measurements of the CMB fluctuation power spectrum provide spectac-
ular confirmation of the expected acoustic peaks (see Fig. 9.6). When compared to
more sophisticated calculations that account for all the known effects that can in-
fluence the temperature anisotropies, the location of the first peak indicates a nearly
flat space geometry, with

Ωm + ΩΛ = 1.02± 0.02. (9.40)

Note that a region with the diameter of the sound-crossing horizon has, between
recombination and the present, expanded by1 + zrec = 1100, and hence encom-
passes today (i.e., has a “comoving diameter”)140 kpc× 1100 = 150 Mpc. Thus
the CMB hot and cold spots correspond to regions that, today, are quite large.

Among a number of other cosmological parameters that are determined by anal-
ysis of the observed CMB anisotropy power spectrum are

Ωm ≈ 0.3, (9.41)

which together with Eq. 9.40 confirms the result found from the Hubble diagram
of type-Ia supernovae, that the dynamics of the Universe are currently dominated
by a cosmological constant with

ΩΛ ≈ 0.7. (9.42)
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If one assumes that the Universe is exactly flat, then the CMB results also give a
precise age of the Universe

t0 = 13.7± 0.2 Gyr, (9.43)

and a density in baryons

ΩB = 0.044± 0.004. (9.44)

The mere existence of acoustic peaks in the power spectrum means that density
perturbations existed long before the time of recombination, i.e., they were “pri-
mordial”, and that they had wavelengths much longer than the horizon size at the
time they were set up. Inflation is the only theory that currently predicts, based on
causal physics, the existence of primordial, “superhorizon-size”, perturbations. The
observation of the acoustic peaks can therefore be considered as another successful
prediction of inflation.

The large density inhomogeneities we see today – stars, galaxies, and clusters,
formed from the growth of the initial small fluctuations, the traces of which are ob-
served in the CMB. The gravitational pull of small density enhancements attracted
additional mass, at the expense of neighboring underdense regions. The growing
clumps of dense matter merged with other clumps to form larger clumps. This
growth of structure by means of “gravitational instability” operated at first only on
the non-baryonic dark matter fluctuations, but not the baryons, which were sup-
ported against gravitational collapse by radiation pressure. Once the expansion
of the Universe became matter-dominated, the dark matter density perturbations
could begin to grow at a significant rate. Finally, after recombination, the baryons
became decoupled from the photons and their supporting radiation pressure, and
the perturbations in the baryon density field could also begin to grow. The details
and specific path according to which structure formation proceeds is still the sub-
ject of active research. Nevertheless, it is clear that, once the first massive stars
formed (ending the period sometimes called the “Dark Ages”), they reionized most
of the gas in the Universe. Based again on analysis of the CMB, current evidence
is that this occurred during some redshift in the range between∼ 6 and20, when
the Universe was 150-750 Myr old.

By this time, the mean matter density was low enough that the newly liberated
electrons were a negligible source of opacity, and hence the Universe remained
transparent (see Problem 2). Direct evidence that most of the gas in the Universe
is, atz ∼ 6 and below, almost completely ionized, comes from the fact that objects
at those redshifts are visible at UV wavelengths shorter than Lyman-α; even a tiny
number of neutral hydrogen atoms along the line of sight would suffice to com-
pletely absorb such UV radiation, due to the very large cross section for absorption
from the ground state of hydrogen (often called “resonant absorption”). Most of the
gas in the intergalactic medium (which is the main current repository of baryons)
remains in a low-density, hot, ionized phase. The density of this gas is low enough
that the recombination time is longer than the age of the Universe, and hence the
atoms will never recombine.
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9.4 NUCLEOSYNTHESIS OF THE LIGHT ELEMENTS

Looking back in time to even earlier epochs than those discussed so far, the temper-
ature of the Universe must have been high enough that electrons, protons, positrons,
and neutrons were in thermodynamical equilibrium. Since the rest-mass energy dif-
ference between a neutron and a proton is

(mn −mp)c2 = 1.3 MeV, (9.45)

at a timet ¿ 1 s, when the temperature wasT À 1 MeV (1010 K), the reactions

e− + p + 0.8 MeV ⇀↽ νe + n (9.46)

and

ν̄e + p + 1.8 MeV ⇀↽ e+ + n (9.47)

could easily proceed in both directions. The ratio between neutrons and protons as
a function of temperature can be obtained from statistical mechanics considerations
via theSaha equation. For the case at hand, it takes the form

Nn

Np
=

(
mn

mp

)3/2

exp
[
− (mn −mp)c2

kT

]
. (9.48)

WhenT À 1 MeV, the ratio is obviously very close to 1. As the temperature de-
creases, the ratio also decreases, and protons outnumber the heavier neutrons. This
decrease in the ratio could continue indefinitely, but whenT < 0.8 MeV, the mean
time for reaction 9.46 becomes longer than the age of the Universe at that epoch,
t = 2 s. The reaction time can be calculated from knowledge of the densities of
the different particles, the temperature, and the cross section, as outlined for stel-
lar nuclear reactions in Eqns. 3.123-3.127. The long reaction timescale that the
neutrons and protons, which are converted from one to the other via this reaction
are no longer in thermodynamic equilibrium7. This time is calledneutron freeze-
out, since neutrons can no longer be created. The neutron-to-proton ratio therefore
“freezes” at a value of exp(−1.3/0.8) = 0.20. In the following few minutes, most
of the neutrons become integrated into helium nuclei. This occurs through the re-
actions

n + p → d + γ (9.49)

p + d →3 He + γ (9.50)

d + d →3 He + n (9.51)

n +3He →4 He + γ (9.52)

d +3He →4 He + p. (9.53)

Some of the neutrons undergo beta decay into a proton and an electron before mak-
ing it into a helium nucleus (the mean lifetime of a free neutron is about 15 min),

7At about the same time, neutrinos also “decouple” (i.e., cease to be in thermal equilibrium with the
rest of the matter and the radiation), and the cosmic neutrino background is formed; see Problem 9.
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and a small fraction is integrated into other elements. Numerical computation of
the results of all the parallel nuclear reactions that occur as the Universe expands,
and as the density and the temperature decrease, shows that, in the end, the ratio
between neutrons inside4He and protons is about 1/7. Thus, for every 2 neutrons
there are 14 protons. Since every4He nucleus has 2 neutrons and 2 protons, there
are 12 free protons for every4He nucleus, or the ratio of helium to hydrogen atoms
is 1/12. The mass fraction of4He will then be

Y4 =
4N(4He)

N(H) + 4N(4He)
=

4 1
12

1 + 4 1
12

=
1
4
. (9.54)

A central prediction of Big Bang cosmology is therefore that a quarter of the mass
in baryons was synthesized into helium in the first few minutes.

Measurements of helium abundance in many different astronomical settings (stars,
H II regions, planetary nebulae) indeed reveal a helium mass abundance that is con-
sistent with this prediction. This large amount of helium could not plausibly have
been produced in stars. On the other hand, the fact that the helium abundance is
nowhere observed to be lower than≈ 0.25 is evidence for the unavoidability of
primordial helium synthesis, at this level, among all baryons during the first few
minutes.

Apart from 4He, trace amounts of the following elements are produced during
the first minutes: deuterium (10−5), 3He (10−5), 7Li (10−9), 7Be (10−9), and al-
most nothing else. The precise abundances of these elements depend on the baryon
density,nB , at the time of nucleosynthesis. As we have seen (Eqns. 8.40, 9.13), the
the radiation energy density declines asR−4, but the temperature appearing in the
Planck spectrum also declines asT ∝ 1/R, both before and after recombination.
Since the energy of the photons scales withkT , the photonnumber density de-
clines asR−3. Because baryons are conserved, their density also declines asR−3

when the Universe expands, and therefore the baryon-to-photon ratio (Eq. 9.25),
η ≈ 5 × 10−10, does not change with time. Since we know the CMB photon
density today,nγ , measurements of the abundances of the light elements in astro-
nomical systems that are believed to be pristine, i.e., that have undergone minimal
additional processing in stars (which can also produce or destroy these elements)
lead to an estimate of the baryon density today. In units of the critical closure
density,ρc,

ΩB =
nBmp

ρc
=

η nγmp

ρc
. (9.55)

The baryon density based on these measurements is

0.01 < ΩB < 0.05. (9.56)

As already mentioned, a completely independent estimate ofΩB comes from ana-
lyzing the fluctuation spectrum of CMB anisotropies. The relative amplitudes of the
acoustic peaks in the spectrum depend on the baryon density and hence constrain it
to

ΩB = 0.044± 0.004, (9.57)

in excellent agreement with the value based on element abundances. Note that both
of these measurements tell us that, even though the mass density of the Universe is
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a good fraction of the closure value (Ωm ≈ 0.3), only about a tenth of this mass is
in baryons, while the rest must be in a dark matter component of unknown nature.
Furthermore, less than 1/10 of the baryons are in stars inside galaxies. The bulk
of the baryons are apparently in a tenuous, hot, and ionized intergalactic gas – the
large reservoir of raw material out of which galaxies formed. A small fraction of
this gas is neutral, and can be observed by the absorption it produces in the spectra
of distant quasars. This will be discussed briefly in Section 9.5.

Table 1 summarizes the current view of the cosmological parameters and the
history of the Universe.
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Table 1: History and Parameters of the Universe

Curvature: Ωm + ΩΛ = 1.02± 0.02.
Mass density: Ωm,0 ≈ 0.3, consisting of

ΩB,0 = 0.044± 0.004 in baryons, and
ΩDM,0 ≈ 0.25 in dark matter.

Dark energy: ΩΛ ≈ 0.7.

time redshift temperature event
z T (K)

∼ 10−34 s ∼ 1027 ∼ 1027 Inflation ends,Ωm + ΩΛ → 1,
causally connected regions have ex-
panded exponentially, initial fluctu-
ation spectrum determined.

2 s 4× 109 1010 Neutron freezeout, no more neu-
trons formed.

3 min 4× 108 109 Primordial nucleosynthesis over –
light element abundances set.

65,000 yr 3500 104 Radiation domination → mass
domination,R ∼ t1/2 → R ∼
t2/3, dark-matter structures start
growing at a significant rate.

400,000 yr 1100 3000 Hydrogen atoms recombine, matter
and radiation decouple, Universe
becomes transparent to radiation of
wavelengths longer than Lyα, CMB
fluctuation pattern frozen in space,
baryon perturbations start growing.

∼ 108 − 109 yr ∼ 6− 20 ∼ 20− 60 First stars form and reionize the
Universe, ending the “Dark Ages”.
The Universe becomes transparent
also to radiation with wavelengths
shorter than Lyα.

∼6 Gyr ∼ 1 ∼ 5 Transition from deceleration to ac-
celeration under the influence of
dark energy.

14 Gyr 0 2.725± 0.002 Today.
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9.5 QUASARS AND OTHER DISTANT SOURCES AS COSMOLOGICAL

PROBES

Quasars, which we discussed in Chapter 6.3, are supermassive black holes accret-
ing at rates that produce near-Eddington luminosities of101 − 104 L∗. Their large
luminosities make quasars easily visible to large cosmological distances, and allow
probing the assembly and accretion history of the central black holes of galaxies.
As noted in Chapter 6, luminous quasars are rare objects at present, and apparently
most central black holes in nearby galaxies are accreting at low or moderate rates,
compared to the rates that would produce a luminosity ofLE . However, quasars
were much more common in the past, and their comoving space density reached a
peak at an epoch corresponding to redshiftz ∼ 2 (i.e., about 10 Gyr ago). There
is likely a connection between the growth and development of galaxies and of their
central black holes, and quasar evolution may hold clues to deciphering this con-
nection (see Problem 11). The most distant quasars currently known are at redshifts
beyondz = 6, and are therefore observed less than 1 Gyr after the Big Bang. Mod-
els of structure formation suggest that the first galaxies began to assemble at about
that time.

Since quasars are so luminous, they are also useful cosmological tools, in that
they can serve as bright and distant sources of light for studying the contents of the
Universe between the quasars and us. One such application is the study ofquasar
absorption lines. The light from all distant quasars is seen to be partially absorbed
by numerous clouds of gas along the line of sight. A small fraction (∼ 10−4) of
the hydrogen in these clouds is neutral, and is manifest as a “forest” of redshifted
absorption lines (mostly Lyman-α) in the spectrum of each quasar (see Fig. 9.7).
Each absorption line is at the wavelength of Lyman-α, redshifted according to the
distance of the particular absorbing cloud. The absorption lines are therefore dis-
tributed in wavelength between the rest wavelength of Lyα at 1216Å and the ob-
served, redshifted Lyα wavelength of the quasar [say,(1 + z)1216 Å=3648Å, for
az = 2 quasar].

Apart from the hydrogen Lyman-α lines, additional absorption lines are detected.
Absorption lines produced by heavier elements in the same clouds allow estimating
the “metallicities” of these clouds, and reveal very low element abundances, i.e.,
the gas in the clouds has undergone little enrichment by stellar processes. It is in
such clouds that the abundance of primordial deuterium can be measured and com-
pared to Big Bang nucleosynthesis predictions (see Section 9.4). The Lyman-α
clouds are one component (a relatively cool one, withT ∼ 104 K) of the inter-
galactic medium. Most of the intergalactic gas, however, is apparently is in a
hotterT ∼ 105−6 K, more tenuous, component. Estimates of the total mass den-
sity of intergalactic gas find that the bulk of the baryons in the Universe is contained
in this hot component, while less than about 10% of the baryons are in galaxies in
the form of stars and cold gas.

Another application in which quasars serve as distant light sources for probing
the intervening matter distribution is in cases where galaxies or galaxy clusters
gravitationally lens quasars that are projected behind them, splitting them into mul-
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Figure 9.7 A high-resolution spectrum of a quasar at redshiftz = 3.18, with the Lymanα
emission line redshifted to 5080̊A. Note the “Lymanα forest” of absorption
lines starting from the peak of the emission line, and continuing in the blue
(left) direction. These lines are due to Lymanα absorption by neutral hydro-
gen atoms in gas clouds that are along the line of sight to the quasar, and hence
at lower redshifts than the quasar. The few absorption lines to the red of the Ly-
manα emission line peak are due to heavier elements and are associated with
the system that produces the strong “damped Lymanα” absorption observed at
≈ 4650 Å. Data credit: W. Sargent and L. Lu, based on observations with the
HIRES spectrograph at the W. M. Keck Observatory.

tiple images8. Since the lensing objects in such cases are at cosmological distances
(∼ 1 Gpc), and the lensing masses are of order1011M¯, the Einstein angle (Eq.
6.25), which gives the characteristic angular scale of the split images, is of or-
der 1 arcsecond, i.e., resolved by telescopes at most wavelength bands, from radio
through X-rays (see Fig. 9.8). Modeling of individual systems can reveal the shapes
and forms of the mass distributions, both the dark and the luminous. The statistics
of lensed quasars (e.g., measurement of the fraction of quasars that are multiply
imaged by intervening galaxies) can provide information on the properties of the
galaxy population and its evolution with cosmic time (see Chapter 6, Problem 6).
Not only quasars serve as background light sources for galaxy lenses – there are
many known cases of galaxies that lens other galaxies that lie behind them (also
shown in Fig. 9.8), and such systems can be used for the same applications.

8Since galaxy mass distributions are generally not spherically symmetric, when they act as gravi-
tational lenses they can split background sources into multiple images, rather than just deforming the
sources into rings or splitting them into double images, as is the case for point masses and spherically
symmetric masses.
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Figure 9.8 Top two rows:Examples of quasars that are gravitationally lensed into multiple
images by intervening galaxies. In each case, the lens galaxy, at a redshift ofz ≈
0.04− 0.7, is the extended central object, and the two or four sources straddling
it are the multiply lensed images of a background quasar, atz ≈ 1.7 − 3.6.
Panels are 5 arcseconds on a side. Some image processing has been applied,
to permit seeing clearly both the bright, point-like, quasar images and the faint,
extended lens galaxies.Bottom row:Examples of foreground galaxies that lens
background galaxies into partial or full Einstein rings. In the cases shown, the
foreground galaxies are atz ≈ 0.2 − 0.4 and the background galaxies are at
z ≈ 0.5 − 1. Photo credits: The CASTLES gravitational lens database, C.
Kochanek et al.; NASA, ESA, J. Blakeslee and H. Ford,; and NASA, ESA, A.
Bolton, S. Burles, L. Koopmans, T. Treu, and L. Moustakas.
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In known systems in which a galaxy or a galaxy cluster operate as a powerful
gravitational lens, one can turn the problem around and use the lens as a “natural
telescope”. Once the properties of the lens have been derived, based on the posi-
tions and relative magnifications of the lensed images of the bright background
quasar or galaxy, one can search other regions of the lens that are then expected
to produce high magnification for lensed images of additional background objects.
This method of “searching under the magnifying glass” has been used to find and
study galaxies with luminosities as low as0.01L∗ out to redshiftsz ∼ 6, aided by
the natural magnification of galaxy clusters.

With these and other techniques, it is hoped that a detailed and consistent picture
of cosmic history will eventually emerge. Such an understanding would include
the nature of dark matter and dark energy, their interplay with baryons and with
supermassive black holes in the formation of the first stars and galaxies, the ele-
ment enrichment of the interstellar and the intergalactic medium by generations of
evolved stars and supernovae, and the evolution of galaxies and their constituents,
all the way to the world as we see it today.

PROBLEMS

1. In an accelerating or decelerating Universe, the redshiftz of a particular
source will slowly change over timet0, as measured by an observer.
a. Show that the rate of change is

dz

dt0
= H0(1 + z)−H(z),

whereH(z) ≡ Ṙe/Re is the Hubble parameter at the time of emission.
Hint: Differentiate the definition of redshift,1 + z ≡ R0/Re, with respect
to t0. Use the chain rule to deal with expressions such asdRe/dt0.
b. Show that, for ak = 0 universe with no cosmological constant,H(z) =
H0(1 + z)3/2. For this model, and assumingH0 = 70 km s−1Mpc−1, eval-
uate the change in redshift over 10 years, for a source atz = 1, and the
corresponding change in “recession velocity”.
Answers:∆z = −5.9× 10−10, ∆v = −18 cm s−1.

2. At a redshiftz = 1100, atoms were formed, the opacity of the Universe
to radiation via electron scattering disappeared, and the cosmic microwave
background was formed. Imagine a world in which atoms cannot form.
Even though such a universe, by definition, will remain ionized forever, after
enough time the density will decline sufficiently to make the universe trans-
parent nonetheless. Find the redshift at which this would have happened, for
a k = 0 universe with no cosmological constant. Assume an all-hydrogen
composition,ΩB = 0.04, andH0 = 70 km s−1Mpc−1. Note that this calcu-
lation is not so farfetched. Following recombination to atoms atz = 1100,
most of the gas in the Universe was reionized sometime betweenz = 6 and
z = 20 (probably by the first massive stars that formed), and has remained
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ionized to this day. Despite this fact, the opacity due to electron scattering is
very low, and our view is virtually unhindered out to high redshifts.
Hint: A “Universe transparent to electron scattering” can be defined in sev-
eral ways. One definition is to require that the rate at which a photon is scat-
tered by electrons,neσT c, is lower than the expansion rate of the Universe at
that time,H (or in other words, the time between two scatters is longer than
the age of the Universe at that time). To follow this path (which is called “de-
coupling” between the photons and the hypothetical free electrons), express
the electron densityne at redshiftz, by starting with the current baryon num-
ber density,ΩBρcr,0/mp, expressingρcr,0 by means ofH0, and increasing
the density in the past as(1 + z)3. Similarly, write H in terms ofH0 and
(1 + z) (recall that1 + z = R0/R, and in this cosmology,R ∝ t2/3 and
H ∝ t−1). Show that decoupling would have occurred at

1 + z =
(

8πGmp

3ΩBH0σT c

)2/3

,

and calculate the value of this redshift. Alternatively, we can find the red-
shift of the “last scattering surface” from which a typical photon would have
reached us without further scatters. The number of scatters on electrons that
a photon undergoes as it travels from redshiftz to redshift zero is

∫ l(z)

0

ne(z)σT dl.

Expressne, as above, in terms ofΩB , H0, and 1 + z, replacedl with
c(dt/dz)dz, using againR ∝ t2/3 to write dt/dz in terms ofH0 and1 + z.
Equate the integral to 1, perform the integration, show that the last scattering
redshift would be

1 + z =
(

4πGmp

ΩBH0σT c

)2/3

,

and evaluate it.
Answers:z = 65; z = 85.

3. Show that the angular-diameter distance for a flat space (k = 0; Eq. 9.37)
out to redshiftz,

DA = 3ct0[(1 + z)−1 − (1 + z)−3/2],

has a maximum with respect to redshiftz, and find that redshift. The angular
size on the sky of an object with physical sized is θ = d/DA. What is the
implication of the maximum ofDA for the appearance of objects at redshifts
beyond the one you found? Note that this peculiar behavior is simply the
result of light travel time out to different distances in an expanding universe;
an object at high redshift may have been closer to us at the time of emission
than an object of the same size at a lower redshift, despite the fact that the
high-redshift object is currently more distant.
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4. a. Consider the energy flux of photons from a source with bolometric lumi-
nosityL and with proper-motion distancerR0. The photons will be spread
over an area4π(rR0)2. Explain why the observed photon flux will be

f =
L

4π(rR0)2(1 + z)2
.

Hint: Consider the effects of redshift on the photon energy and cosmological
time dilation on the photon arrival rate. This relation is used to define the
“luminosity distance”,DL = rR0(1 + z).
b. FindDL(z) for a k = 0 universe without a cosmological constant. Plot,
for this world model, the Hubble diagram, i.e., the flux vs.z, from an object
of constant luminosity.

5. Show that in a Euclidean, non-expanding, universe, the surface brightness
of an object, i.e., its observed flux per unit solid angle (e.g., per arcsecond
squared), does not change with distance. Then, show that in an expanding
FRW universe, the ratio between the luminosity distance (see Problem 4)
and the angular-diameter distance to an object is always(1 + z)2. Use this
to prove that, in the latter universe, surface brightness dims with increasing
redshift as(1 + z)−4. This effect makes extended objects, such as galaxies,
increasingly difficult to detect at highz.

6. An object at proper-motion distancerR0 splits into two halves. Each piece
moves relative to the other, perpendicular to our line of sight, at a constant,
non-relativistic, velocityv. What is the the angular rate of separation, or
“proper motion” between the two objects (i.e., the change of angle per unit
time)?
Hint: Recall that we are measuring an angle, and so require the angular
diameter distance, but we are also measuring a rate, which is affected by
cosmological time dilation. You can now see whyrR0 is called the proper-
motion distance.

7. Use the first Friedmann equation with a non-zero cosmological constant (Eq.
8.95) to show that, in a flat, matter-dominated Universe, the proper-motion
distance is

rR0 =
∫

cdz

H0

√
Ωm,0(1 + z)3 + ΩΛ,0

.

Use a computer to evaluate this integral numerically withΩm,0 = 0.3 and
ΩΛ,0 = 0.7, for values ofz between 0 and 2. Plot the Hubble diagram, i.e.,
flux vs. z, from an object of constant luminosity, in this case, and compare to
the curve describingk = 0, Ωm = 1 (Problem 4). You can now see how the
Hubble diagram of type-Ia supernovae can distinguish among cosmological
models.
Hint: Setk = 0 in Eq. 8.95, replaceρ by ρoR

3
0/R3 (matter domination),

divide both sides byH2
0 , and substitute the dimensionless parametersΩm,0

andΩΛ,0. Change variables fromR to z with the transformation1 + z =
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R0/R, and separate the variablesz andt. Finally, use the FRW metric for
k = 0: cdt = Rdr = R0/(1 + z)dr, and hencerR0 =

∫
(1 + z)cdt, to

obtain the desired result.

8. Emission lines of hydrogen Hβ (n = 4 → 2, λrest = 4861 Å) are observed
in the spectrum of a spiral galaxy at redshiftz = 0.9. The galaxy disk is
inclined by45◦ to the line of sight.
a. The Hβ wavelength of lines from one side of the galaxy are shifted to the
blue by 5Å relative to the emission line from the center of the galaxy, and to
the red by 5Å on the other side. What is the galaxy’s rotation speed?
b. Analysis of the emission from the active nucleus of the galaxy reveals a
total redshift ofz = 1. If the additional redshift is gravitational, the result of
the proximity of the emitting material to a black hole, find this proximity, in
Schwarzschild radii.
Hint: Note that all redshift and blueshift effects are multiplicative, e.g.,
(1 + ztotal) = (1 + zcosmological)(1 + v sin i/c), or (1 + ztotal) = (1 +
zcosmological)(1 + zgravitational).
c. Find the age of the Universe atz = 0.9, assuming an expansion factor
R ∝ t2/3, and a current aget0 = 13.7 Gyr. What is the lookback time to the
galaxy?
Answers:230 km s−1; 11rs; lookback time 8.5 Gyr.

9. At some point back in cosmic time, the Universe was dense enough to be
opaque to neutrinos. Then, as the Universe expanded, the density decreased
until neutrinos could stream freely. A “cosmic neutrino background” (which
is undetected to date) must have formed when this decoupling between neu-
trinos and normal matter occurred, in analogy to the CMB that results from
the electron-photon decoupling at the time of hydrogen recombination. Find
the temperature at which neutrino decoupling occurred. Assume in your cal-
culation that decoupling occurs during the radiation-dominated era, photons
pose the main targets for the neutrinos, neutrino interactions have an energy-
dependent cross section

σνγ = 10−43 cm2

(
Eν

1 MeV

)2

,

and the neutrinos are relativistic. Use ak = 0, ΩΛ = 0 cosmology.
Hint: Proceed by the first method of Problem 2, i.e., by requiringnσv =
H. Represent the “target” density,n, by aT 4/kT , wherea is the Stefan-
Boltzmann (or “radiation”) constant. Useσνγ for the cross sectionσ, but
approximatingEν askT . The velocityv equalsc, because the neutrinos and
the target particles are relativistic. To representH, use the first Friedmann
equation,

H2 =
8πGρrad

3c2
,

with ρrad = aT 4.
Answer:kT = 1 MeV.
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10. It has been found recently that every galactic bulge harbors a central black
hole with a mass∼ 0.001 of the bulge mass. The mean space density of
bulges having1010M¯ is about10−2 Mpc−3.
a. Find the mean density of mass in black holes, in units ofM¯ Mpc−3.
b. If all these black holes were shining at their Eddington luminosities, what
would be the luminosity density, in units ofL¯ Mpc−3? How does this
compare to the luminosity density from stars?
c. The observed luminosity density of quasars and active galaxies, averaged
over cosmic time, is actually 100 times less than calculated in (b). If all
central black holes have gone through an active phase, what does this imply
for the total length of time that a black hole is “active”?

11. The most distant quasars currently known are at redshiftz ∼ 6, and have
luminositiesL ∼ 1047 erg s−1.
a. Find a lower limit to the mass of the black hole powering such a quasar,
by assuming it is radiating at the Eddington limit.
b. Find the age of the Universe atz = 6, assuming an expansionR ∝ t2/3

and a current aget0 = 13.7 Gyr.
c. Equate the Eddington luminosityLE(M) as a function of massM to the
luminosity of an accretion disk around a black hole with a mass-to-energy
conversion efficiency of 0.06. This will give you a simple differential equa-
tion for M(t), describing the growth of a black hole. Solve the equation (be
careful with units).
d. Suppose a black hole begins with a “seed” mass of10M¯ and shines at
the Eddington luminosity continuously. How long will it take the black hole
to reach the mass found in (a)? By comparing to the result of (b), what is the
minimum redshift at which accretion must begin?
Answers:∼ 109M¯; t(z = 6) = 740 Myr; M = Mseedexp(t/τ), with
τ = 26 Myr; 480 Myr, z(t = 260 Myr) = 13.
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Pretty Pictures (and More)

The Hubble Space Telescope has obtained visually stunning images of many of the
types of astronomical objects discussed in this book. See them at:
http://hubblesite.org

Equally beautiful pictures based on data from ground-based telescopes are dis-
played on the websites of the European Southern Observatory, the National Optical
Astronomy Observatory, and the National Radio Astronomy Observatory:
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Almost all research papers in astrophysics written nowadays are posted by their
authors on the arXiv e-print archive, from where they can be freely downloaded.
The main address below has many mirror sites.
http://xxx.arxiv.org/archive/astro-ph

The published versions of all papers that have appeared in the major astrophysics
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loading the full versions of recently published (past few years) articles often re-
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tion, the final or near-final versions of the papers can usually also be found in the
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tions, redshifts, photometry, literature, etc.) are the SIMBAD Astronomical Database
and the NASA/IPAC Extragalactic Database (NED):
http://simbad.u-strasbg.fr/Simbad
http://nedwww.ipac.caltech.edu
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accretion disk

luminosity, temperature, 101, 102
radiative efficiency, 101
temperature profile, 101

accretion powered phenomena, 98–112, 165–
171

acoustic oscillations, cosmic microwave back-
ground anisotropies, 219

active galactic nuclei (AGN), 165–171, 228–
231

adiabatic approximation, 59, 117, 219
affine connections, 194
age of Universe, 187, 201, 223

from cosmic clocks, 188–189
alcohol (methanol, ethanol, in ISM), 133
Algol-type, accreting binary, 99
ammonia, 133
Andromeda galaxy (M31), 163, 171
angular resolution, 2
angular-diameter distance, 221, 232, 233
angular-momentum transfer, in interacting bi-

naries, 106
anisotropy, of cosmic microwave background,

217
antipode, 193
aperture, of telescope, 2
asymptotic giant branch, 68
atmosphere, transmission windows, 20

backround, cosmic microwave, see cosmic mi-
crowave background, 223

Balmer series, 19, 20, 125, 126, 131, 148, 211
baryon density

mean in Universe, 216, 225
nucleosynthesis dependence on, 225

beryllium, cosmic abundance, 225
Big Bang

tests, 209–235
theory, 191–208

Big Crunch, 200
binary systems

Algol-type, 99
astrometric, 22
cataclysmic variables, 99

luminosity, temperature, 102
novae, 103
variability, 103

contact, 99
detached, 99
eclipsing, 22

as distance indicators, 182
mass measurement, 26

interacting, 98–107
evolution, 105–107
mass and angular momentum transfer, 106–
107

novae, 99
semi-detached, 99
spectroscopic, 23

mass measurement, 25
type-Ia supernovae, 99, 103
visual, 22

mass measurement, 25
X-ray binaries, 100, 104

BL-Lacertae objects, 169
black hole(s), 94–112

accretion efficiency of, 102
appearance of star collapsing to, 96
as dark matter candidates, 150
evaporation, 98
event horizon, 96
gravitational redshift, 96, 234
gravitational time dilation, 96
in accreting binaries, 99–104
in water-maser galaxy NGC 4258, 183
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information cannot emerge from, 96
last stable orbit around, 102
massive, in galactic centers, 145, 165, 228
stellar-mass candidates, 98

black-widow pulsars, 106
blackbody

peak of, 14
radiation, 11–46
Rayleigh-Jeans approx., 15
spectrum of cosmic microwave background,

214
Stefan-Boltzmann law, 13
Wien tail, 15, 21, 30, 123, 124

Boltzmann factor, 127, 129
bound-bound absorption, 46
bound-free absorption, 46
Brackett series, 19
Bremsstrahlung

absorption, 46
emission

as coolant in HII regions, 127, 129
in galaxy clusters, 173, 185

thermal, 149, 173
brightness temperature, 215
brown dwarfs, 22, 80

as dark matter candidates, 150
bulge, galactic, 144

microlensing toward, 161, 177

carbon
burning in massive stars, 57, 81
CNO cycle, 58
cooling of H II regions via “metal” lines,

126
monoxide, 133
shell in pre-supernova star, 81
white dwarf composition, 74

cataclysmic variables, 99
luminosity, temperature, 102
novae, 103
variability, 103

CCD (charge-coupled device), 5
Cepheids, 181
Cerenkov radiation, 64, 86
Chandrasekhar mass, 77, 103
charge-coupled device (CCD), 5
circularization, in close binaries, 99
closed Universe, 200
closure density, see critical density, 198
clusters, of galaxies, 171–174

as natural telescopes, 231
collision timescale, 171
crossing timescale, 171
distances to, Sunyaev-Zeldovich effect, 185
intracluster medium, 173
lensing mass, 172
virial mass, 171

CMB, see cosmic microwave background, 214
CNO cycle, 58
CO (carbon monoxide), 133

galactic rotation curves, 148
coasting expansion of Universe, 200
cold dark matter, 151
collision timescale

between galaxies, 163
between stars, in a galaxy, 143
in galaxy clusters, 171

collisional excitation/de-excitation, 126
color

meaning of, 17
temperature, 17

comets, 136
common-envelope, contact binaries, 99
comoving coordinates, 193
conduction, thermal, in white dwarfs, 78
convection, 59–64

condition for, 61
equation of energy transport by, 61

cooling
function, 127
in H II regions, 125, 126
of molecular gas, 133

coordinate speed of light, in Schwarzschild met-
ric, 96

Copernican Principle, 191
core collapse

of massive stars, 83
supernova, see supernovae, core-collapse, 85

cosmic microwave background, 201, 213–223
acoustic peaks, 220
baryon density from, 225
dipole, 217
isotropy, 189, 217
Olbers paradox solution, 215
photon number density of, 215
Planck spectrum of, 214
Sunyaev-Zeldovich effect, 185
temperature, 215
temperature anisotropy, 217

cosmic rays, 2, 131, 145, 167
cosmological

constant, 204–208, 212, 223
Principle, 191, 217
redshift, 209–213
time dilation, 213

cosmology
basic observations, 179–189
tests, 209–235
theory, 191–208

Coulomb repulsion
between nuclei in Sun, 51

Crab
nebula, 88

pulsar rotational energy source, 91
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total luminosity, 90
pulsar, 88

age, 92
magnetic field, 92
period, period derivative, 88

critical density
for closure of Universe, 198
for collisional de-excitation, 129

cross section
absorption or scattering, 38
collisional excitation, 126
hydrogen photoionization, 123
inverseβ process, 224
Lyman photon absorption, 125
microlensing, 158
nuclear reaction, 53
of star, Olbers paradox, 180
recombination, 121
stellar collision, 144, 165
Thomson, 39

crossing timescale
in galaxy clusters, 171
in star clusters, 119

curvature of space, 192, 198
from CMB acoustic peaks, 220

Dark Ages, 223
dark energy, 204–208, 212, 222
dark matter

alternatives, 161
density fluctuations, 217, 223
fraction of cosmic mass density, 226
in galaxies, 146–151
in galaxy clusters, 174
nature of, 149, 231

de Broglie wavelength, 71
degenerate electron gas, 71–75

equation of state
non-relativistic, 74
ultra-relativistic, 76

phase-space distribution, 73
density waves, as explanation of spiral arms,

144
deuterium

abundance
in Lyα clouds, 228
mean cosmic, 225

in stellar nuclear reactions, 50, 57
diffraction limit, 3
dinosaurs, extinction of, 136
disks

accretion, 98–112
galactic, 141
protoplanetary, 118

dissociation, of molecular hydrogen in collaps-
ing cloud, 116

distance

angular diameter, 221
Cepheids, 181
extragalactic, 180–185
ladder, 180–185
luminosity, 233
main-sequence fitting, 181
parallax, 15
proper, 193, 221
proper motion, 221, 233

Doppler shift
compared to cosmological redshift, 210
dipole of cosmic microwave background, 217
galactic rotation curves, 148
galaxy velocities, 186
in spectroscopic binaries, 23
line broadening in quasar spectra, 167, 211
of stars around Galactic center, 139

dredge-up, 68
dust

and gas disk of the Galaxy, 144
as dark matter candidate, 149
component of ISM, 133
extinction by, 144

eclipsing binaries, 22
as distance indicators, 182

Eddington luminosity, 105
in quasars, 165

Einstein
angle, 153
coefficient for spontaneous radiative emis-

sion, 129
equations of General Relativity, 95, 194
radius, 153
ring, 153
tensor, 95, 194

electron gas, degenerate, 71–75
electron scattering

cross section, 39
in Eddington luminosity, 104
in stars, 39, 46, 48, 57
in Universe, before recombination, 213

element abundances
cosmic, 225
in ionized gas, 131, 150, 228
in molecular gas, 133
in stars, 43, 45, 54, 119, 145

elliptical galaxies, 162
emission lines

[O III ]λλ 4959, 5007 doublet, 129
21 cm, 132, 133
in H II regions, 124
[O III ]λ 4363 singlet, 131

energy
conservation equation, in stars, 42
production rate, in stars, 49–58

energy-momentum tensor, 95, 195
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equation of state
cosmological, 195, 196, 205, 208, 217
in stars, 44–46
of degenerate electron gas, 71–75
of degenerate non-relativistic gas, 74
of degenerate ultra-relativistic gas, 76
of nuclear matter, 84

equations of stellar structure, 33, 64
solution of, 59

ethanol, 133
event horizon

in exponentially expanding Universe, 206,
207

of black hole, 96, 102
evolution

of interacting binaries, 105–107
of quasars, 171, 228
of Universe, 196–202

Exclusion Principle, Pauli’s, 72
extinction, by dust, 134

if dark matter is dust, 149
in galactic disk, 144

extinction, of species, 136
extragalactic distances, 180–185
eye

angular resolution, 8
as camera, 2
wavelength sensitivity of, 5

Faber-Jackson relation, 184
“failed” stars (brown dwarfs), 80
Fermi

energy, 73
momentum, 73

Fermi-Dirac distribution, 72
fine-structure constant, 53

gravitational analog of, 78
free-fall timescale

in massive star core collapse, 83
of molecular cloud, 117
of Sun, 34

free-free
absorption, 46
emission

as coolant in HII regions, 127, 129
Friedmann equations, 194–208
Friedmann-Robertson-Walker metric, 191–193
“frozen stars”, vs. black holes, 96
Fundamental Plane, of elliptical galaxies, 184

Galactic center
extinction to, 144
massive black hole in, 145

galaxies, 139–165
clusters of, 171–174

crossing timescale, 171
distances to, 185
intracluster medium, 173

lensing mass, 172
virial mass, 171

collision timescales, 163
in galaxy clusters, 171

elliptical, 162
fraction in clusters, 171
Fundamental Plane, 184

groups, 171–174
irregular, 163
Large Magellanic Cloud

distance via SN1987A light echo, 182
microlensing experiments, 157–161
SN1987A in, 86

luminosity function, 163
M31, 163, 171
M33, 171
Milky Way, 139–165
NGC 4258, 183
spiral, 139
structure, 139

bulge, 144
cosmic rays, 145
dark halo, 146–151
disk, 141
Galactic center, 145
gas and star halo, 144
spheroid, 144

types, 162
gamma-rays

bursts, 87, 98, 146, 189
from Galactic center, 145
from quasars and AGN, 167
in nuclear reactions in massive stars, 66, 81
in nuclear reactions in Sun, 50–57
opacity of atmosphere, 20
spectra of novae, 103

Gamow
energy, in nuclear reactions, 53
factor, in nuclear reactions, 53

General Relativity, Einstein equations, 95, 194
geodesic, null, 96, 97, 207, 209, 221
globular clusters, 120, 144

as cosmic clocks, 189
as distance indicators, 184

gravitational
analog of fine-structure constant, 78
extrasolar planet detection, 161
focusing, 143, 163, 176
lensing, 151–161

experiments toward LMC, 157–161
galaxy cluster masses, 172
magnification, 155, 157, 161, 231
microlensing, 153
natural telescopes, 231
of quasars by galaxies, 177, 228
of stars by the Sun, 152
surveys, 177
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radiation, 2, 109
redshift, near black hole, 96
time dilation, near black hole, 96
waves, 2, 109

groups, of galaxies, 171–174

H2O
masers, 133

distance to NGC 4258, 183
halo

gas and star, in galaxies, 144
Hawking radiation, 98
heating rate, in HII region, 124
Heisenberg’s Uncertainty Principle, 71
helium

absorption lines in stellar spectra, 21
abundance in stars, 43–45
cosmic abundance, 225
formation in Big Bang, 224
photodisintegration in pre-supernova star, 82
production in Sun, 50, 58, 65, 66
shell in pre-supernova star, 81
stellar abundance, 18
triple-alpha burning, 66
white dwarf composition, 74

Hertzsprung-Russell diagram, 28–30
main sequence stars, 28, 47, 49, 65
main sequence turnoff, 67, 145, 189
red giant stars, 28
white dwarf stars, 29

homogeneity, of Universe, 191
horizon

event, 96, 206
particle, 180, 206, 207
problem, of cosmic microwave background,

217
size, of Universe, at recombination, 217

horizontal branch, 68
Hubble

Law, 186, 193, 209–213
parameter,H0, 186, 187, 190, 198, 202,

206
time, 187, 202

hydrogen
21 cm, 132

galactic rotation curves, 148
absorption lines in stellar spectra, 20
abundance in stars, 18, 44
as dark matter candidate, 149
atomic, 21 cm emission, 132
Balmer series, 19, 20, 125, 126, 131, 148,

211
galactic rotation curves, 148
redshifted quasar emission lines, 210

Brackett series, 19
burning

in novae, 103

in stars, 50, 57, 58, 65, 66
energy levels, 18
H II regions, 120–131
ionization energy, 18
Lyman series, 19
Lymanα forest, 228
molecular

clouds, 113
inefficiency as radiator, 133

nuclear ignition temperature, 80
Paschen series, 19
Pfund series, 19
recombination cooling, 126
shell burning, in red giants, 68
shell in pre-supernova star, 81

hydrostatic equilibrium
in stars, 34, 35

hydroxyl, 133
hypersphere, 192
H II regions, 120–131
H I

21 cm emission, 132
galactic rotation curves, 148

ice radius, of planetary systems, 118
imaging, 6
inflation

prediction of CMB acoustic peaks, 219, 223
solution of horizon problem, 217

infrared emission
extinction by dust of, 134
from dust, if dark matter, 149
from Galactic center, 145
from interstellar dust, 134
from K and M stars, 21
from molecules, 133
from quasar host galaxies, 170
from quasars, 167
mean stellar photon density, 216
transparency of atmosphere, 20

initial mass function, stellar, Salpeter, 119
interacting binaries, 98–107

evolution, 105–107
mass and angular momentum transfer, 106–

107
interferometry, 7, 8, 22, 145
intergalactic medium, 223, 226, 228
interstellar medium, 113–134
intracluster medium, 127, 173

Sunyaev-Zeldovich effect, 185
ionization front, 122, 135, 138
ionized fraction, inside H II region, 123
iron

-group elements, 81
abundance in halo stars, 145
abundance in ISM and Sun, 137
catastrophe, in massive stars, 82



basicastro4 October 26, 2006

246 INDEX

cooling of H II regions via “metal” lines,
126

core of pre-supernova star, 81
irregular galaxies, 163
isotopes, radioactive, as cosmic clocks, 188
isotropy

of cosmic microwave background, 217
of Universe, 189, 191

Jeans
density, 115
mass, 115
radius, 115

jets
from quasars and AGN, 167
from young stellar objects, 118

Kamiokande, 108
Kelvin-Helmholtz timescale, 49
Kepler’s Law, 24, 106
Kerr metric, 102
Kramers opacity law, 47

laboratory astrophysics, 1
Lagrange Point, First, 99
Large Magellanic Cloud

distance
via Cepeheids, 182
via SN1987A light echo, 182

microlensing experiments, 157–161
SN1987A in, 86

large-scale structure, 174
last-scattering surface, cosmic microwave back-

ground, 214
lensing, gravitational

see gravitational lensing, 151–161
lifetime-mass relation, for stars, 65
light gathering area, 2
lithium, cosmic abundance, 225
Local Group (of galaxies), 171

distances, 182
local thermodynamic equilibrium, 124
luminosity

bolometric, 22
class, of stars, 29
distance, 233
function, of galaxies, 163

Lyman series, 19
emission and absorption in HII regions, 125
population of hyperfine-split ground level,

133
Lyman-α forest, 228

M31 (Andromeda galaxy), 163, 171
MACHOs (massive compact halo objects), 157–

161
magnetic dipole radiation, from pulsars, 92

magnification, by gravitational lensing, 155,
157, 161, 231

main sequence fitting, 181
main sequence, see Hertzsprung-Russell dia-

gram, 28
masers, 133

distance to NGC 4258, 183
mass

continuity, equation of, 37
transfer, in interacting binaries, 106

massive stars
nuclear reactions, 81
scaling relations, 48

matter-dominated era, 197
Maxwell-Boltzmann distribution

and equation of state, 74
of hot gas, 149
of nuclei in Sun, 52
of particles in H II regions, 124
of relative velocities, 54
vs. quantum distributions, 71

mean free path
between stellar collisions, 143
for photons before recombination epoch, 213
of neutrinos in collapsing star, 83
of photons in HII regions, 124
of photons in Sun, 38–42
Olbers paradox, 180

mergers, of galaxies, 165
“metals”

in stars, 43, 145
problems with dust as dark matter, 149
as thermostats in HII regions, 130
cooling of HII regions by, 126
in Lyα clouds, 228

metric, 95
Friedmann-Robertson-Walker, 191–193
Kerr, 102
Minkowski, 95
Schwarzschild, 95

microlensing, 153
experiments toward LMC, 157–161
extrasolar planet detection, 161
toward bulge, 161, 177

microwave
cosmic background radiation, see cosmic mi-

crowave background, 213–223
transparency of atmosphere, 20

Milky Way, 139–165
millisecond pulsars, 106, 111
Minkowski metric, 95
molecular clouds, 113–118

as candidates for dark matter, 149
collapse of, 116
free-fall timescale, 117
main coolants of, 133
stability of, 116
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moment of inertia, of neutron star, 91
MoND (Modified Netwonian Dynamics), 161
Moon, cratering record, 136

neon, production in massive stars, 66, 81
neutrino(s)

as dark matter candidates, 150
astronomy, 2
cosmic background, 201, 224, 234
detector, 64
flavor oscillations, 58
flux from Sun, 57
from core-collapse supernovae, 86
from Supernova 1987A, 86

neutron
dark matter, 150
freezeout, 224
lifetime, 224

neutron stars, 81–87
accreting, 104
accretion efficiency of, 101
as dark matter candidates, 150
binary, 137
birth kicks, 137
cooling time, 94
density, 84
formation, 84
identification with pulsars, 90
in accreting binaries, 94, 100
mass-radius relation, 84
maximum mass of, 84
moment of inertia, 91
old, 94
pulsars, 88–94

black-widow, 106
millisecond, 106, 111

radius, 84
rotation, 91

neutronization, in massive stars, 82
Newtonian

derivation of black hole horizon, 95
derivation of Friedmann equations, 203–204
Dynamics, Modified (MoND), 161

NH3 (ammonia), 133
nitrogen

CNO cycle, 58
cooling of H II regions via “metal” lines,

126
novae, 99, 103
nuclear reactions

in massive stars, 81
in stars, 49–58

cross section, 53
rates, 54

nucleosynthesis, of light elements, 224–235
null geodesic, 96, 97, 207, 209, 221

oceans, cometary source of, 119, 136

OH (hydroxyl), 133
masers, 133

[O III ]λλ 4959, 5007 doublet, 129
[O III ]λ 4363 singlet, 131
Olbers paradox, 179–180

cosmic microwave background, 215
opacity, 39

in stars, 46–47, 57, 118
of Universe before recombination, 213

open clusters, 119
open Universe, 200
optical light, definition, 4
Orion nebula, 130
oxygen

4363Å emission line, use as thermometer
in H II regions, 131

4959, 5007Å doublet, 129
burning in massive stars, 81
CNO cycle, 58
cooling of H II regions via “metal” lines,

126
production in massive stars, 66
white dwarf composition, 74

p-p chain, in Sun, 50
parallax, 15, 180
parsec, definition, 15
particle horizon, 180, 206, 207
Paschen series, 19
Pauli’s Exclusion Principle, 72
Pfund series, 19
phase-space distribution

for degenerate electron gas, 73
photo-dissociation

of molecular hydrogen, 132
photoelectrons

in CCD detector, 5
photoionization

as opacity source in stars, 46
in H II regions, 120
of SN1987A ring, 183

photometry, 6
photosphere

absorption lines, 17
definition, 16

Planck spectrum, 11
of cosmic microwave background, 214

planetary nebulae, 69, 79, 131
as distance indicators, 184

planets
electrostatic forces in, 107
extrasolar, 26, 161
formation, 118
migration, 119

polarimetry, 8
population inversion, 133
power density, of stellar nuclear reactions, 56
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power spectrum, of CMB anisotropies, 219–
223

pressure
adiabatic compression, 204
conditions for convection, 59
dark energy equation of state, 205
equation of state, 43–46
hydrostatic equilibrium in stars, 34
in energy-momentum tensor, 95, 195
in Friedmann equations, 195
in matter dominated era, 197
in radiation dominated era, 197
magnetic and turbulent, in molecular clouds,

116
mean, inside star, 37
of degenerate electron gas, 71–75
of degenerate neutron gas, 84
of degenerate ultra-relativistic gas, 76
of ideal gas, 73
of pre-recombination baryon-photon fluid,

219
radiation, 45, 48, 61, 62, 66, 102, 112, 223
stellar scaling relations, 47
white dwarf scaling relations, 75

proper distance, 193
proper motion, 16
proper motion distance, 221
proper time, 96
proton decay, 86
protoplanetary disks, 118
pulsars, 88–94

binary, 137
birth kicks, 137
black-widow, 106
emission mechanism, 92
identification with neutron stars, 90
magnetic field, 92
millisecond, 106, 111
rotation, 91
rotational energy as source of Crab lumi-

nosity, 91
pulsations, stellar

as non-option for explaining pulsars, 90
Cepheids, 181

QSOs, see quasars, 170
quantum

forbidden transitions, 129
matter density, 70
structure of hydrogen atom, 18
tunneling, in nuclear reactions, 52

quasars, 165–171, 228–231
absorption lines, 226, 228
accretion rate, 170
cosmologically redshifted spectra, 210
evolution, 171, 228
host galaxies, 170, 228

radio-loud, (-quiet), 169
temperature of accretion disk, 170

radiation pressure, 45, 48, 61, 62, 66, 102,
112, 223

radiation-dominated era, 197
radiation-matter domination transition, 200
radiative transfer (transport), 38–42
radio emission

21 cm, 132
from Galactic center, 145
from molecules, 133
from pulsars, 88
from quasars and AGN, 167, 171
transparency of atmosphere, 20

radio galaxies, 169
radio-loud, (-quiet) quasars, 169
radioactive isotopes, as cosmic clocks, 188
random walk, 40, 108, 126
Rayleigh-Jeans

approximation, 15
side of cosmic microwave background, 215

recombination
case B, 122
coefficient, 121
cooling via, 126
era, 213
in H II regions, 120
rate, 121

red giants, 66
on H-R diagram, 28

reddening, by interstellar dust, 134
redshift

cosmological, 209–213
gravitational, near black hole, 96

reionization, of Universe, 223, 231
Ricci

scalar, 194
tensor, 194

Riemann tensor, 194
Roche lobes, 99
rotation curves, galactic, 146

Sagittarius A*, 145
Saha equation, 224
Salpeter initial mass function, 119
Schechter luminosity function, 163
Schr̈odinger equation, 52
Schwarzschild

metric, 95, 102, 151, 152
radius, 95–97, 100, 151, 234

seeing, 8
Seyfert galaxies, 169
sheets (of galaxies), 174
signal-to-noise ratio, 9
silicon

burning in massive stars, 81
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cooling of H II regions via “metal” lines,
126

in CCD detector, 5
singularity, att = 0 in Big Bang, 198
Sirius-B, 69
sky

as a source of noise, 4
why dark, Olbers paradox, 179

sound-crossing horizon scale, 220
spectroscopy, 7
spheroid, galactic, 144
spiral

arms, in galactic disk, 144
density waves, 144
galaxies, 139, 162

stars
absorption lines, 20, 21
binary systems, 22
boundary conditions, 43
clusters of, 119
convection in, 59–64
early type, 29
element abundances, 43, 145
energy source of, 49–58
equation of state, 44–46
equations of structure, 33–64

energy conservation, 42
hydrostatic equilibrium, 34, 35
mass continuity, 37
radiative energy transport, 38–42
solution of, 59

evolution, 65–69
formation, 113–119
initial mass function, 119
late type, 29
lifetime-mass relation, 65
luminosity class, 29
main sequence, 28
mass measurement, 22
minimum mass for nuclear ignition, 80
nuclear reactions, 49–58

in massive stars, 81
rates, 54

opacity in, 46–47
photosphere, 21
power density from nuclear reactions, 56
pressure

mean, 37
pulsations

Cepheids, 181
non-option for explaining pulsars, 90

radius, 22, 47–49
red giants, 66

on H-R diagram, 28
rotation speed, maximum, 91
scaling relations, 47–49
spectral types, 20

supergiants, 29
temperature, 21

mean, 37
virial theorem, 35, 36
white dwarfs, 69–80

on H-R diagram, 29
winds, 68, 118, 131, 134, 135, 145, 146,

150
Stefan-Boltzmann Law, 13
stimulated emission, masers, 133
Strömgren sphere, radius, 120, 122, 124, 125,

132, 135, 138
sulfur

cooling of H II regions via “metal” lines,
126

Sun
free-fall time, 34
Kelvin-Helmholtz timescale, 49
neutrino flux from, 57
properties, 33
spectral type, 22

Sunyaev-Zeldovich effect, distances to galaxy
clusters, 185, 190

super star clusters, 120
superclusters (of galaxies), 174
supergiants, 29
SuperKamiokande, 64
Supernova 1054, Crab nebula, 88, 93
Supernova 1987A

light echo, distance to LMC, 182
neutrinos from, 86

supernovae
core-collapse, 81–87

binding energy, 86
compared to type-Ia, 104
energies, 85
luminosity, 86
neutrinos from, 86

cosmic-ray acceleration, 145
dust production, 134
metal enrichment by, 145, 150, 188
remnants, 135

Crab nebula, 88
energy of ejecta, 85
in Galactic center, 145

type-Ia, 87, 100, 103, 109
as distance indicator, 185
Hubble diagram of, 212, 222

surface brightness
fluctuations, as distance indicators, 184
redshift dependence of, 233

surface of last scattering, cosmic microwave
background, 214

synchronization, in close binaries, 99
synchrotron emission

from Crab nebula, 90
from quasar jets, 167
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in X-ray binaries, 104

T Tauri stars, 118
telescopes, 2
temperature

accretion disk, 101
anisotropy, CMB, 217
brightness, 215
CMB, 214
color, 17
effective, 22, 49
mean, inside star, 37
of gas in HII region, 122
of Universe, 213
photospheric, 16

thermal
conduction, in white dwarfs, 78
radiation, 11

thermal pulses, 68
thermostat action

of metal lines in HII regions, 130
of nuclear reactions in stars, 57, 87

Thomson scattering
cross section, 39
in Eddington luminosity, 104
in stars, 46
in Universe, before recombination, 213
mean free path in HII regions, 124

tidal
disruption, of stars near black hole, 110, 165
forces

between colliding galaxies, 165
by Moon and Sun on Earth, 99, 110

locking, in binaries, 98
time dilation

cosmological, 213
gravitational, near black hole, 96

timescale
collision

in galaxy, 143
in galaxy clusters, 171

crossing
in galaxy clusters, 171
in star clusters, 119

free-fall, of Sun, 34
Kelvin-Helmholtz, of Sun, 49

triple-alpha reaction, 66
Tully-Fisher relation, 184, 189
tunneling, quantum, in nuclear reactions, 52
turnoff

main sequence, 67, 145, 189
two-photon decay, 126

ultraviolet emission
extinction by dust of, 134
extreme, from old neutron stars, 94
from cataclysmic variable accretion disks,

103

from O and B stars, 21
from quasars, 170
H2 absorption and scattering, 149
in H II regions, 120
in planetary nebulae, 69
ionizing SN1987A ring, 183
opacity of atmosphere, 20

Uncertainty Principle, Heisenberg’s, 71
uranium, isotope ratios as cosmic clocks, 188

vacuum energy, 204–208
Virgo Cluster (of galaxies), 171

distances, 182
virial theorem, 35, 36, 48, 49, 57, 61–63, 77,

78, 100, 109, 117, 172
viscosity, in accretion disks, 100
Vogt-Russell conjecture, 44
voids, of galaxies, 174

water masers, 133
distance to NGC 4258, 183

white dwarfs, 69–80
mass-temperature relation, 78
temperature, 78
ablated by black-widow pulsars, 106
accreting

luminosity, temperature, 102
novae, 103
type-Ia supernovae, 103
variability, 103

as dark matter candidates, 150
Chandrasekhar mass, 77, 103
cooling

as cosmic clock, 189
time, 79

low mass bound due to age of Universe, 78
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mergers, 109
on H-R diagram, 29
radius, 75
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tail, of blackbody, 15, 21, 30, 123, 124

WIMPS (weakly interacting massive particles),
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X-ray binaries, 94, 100, 104
X-rays
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from galaxy clusters, 173, 185
if dark matter were ionized gas, 149

from Crab pulsar, 88
from Galactic center, 145
from old neutron stars, 94
from quasars and AGN, 167
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opacity of atmosphere, 20
synchrotron emission

in X-ray binaries, 104

young stellar objects, 119


